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Spectral Analysis of the Spin-Boson
Hamiltonian with Two Photons for Arbitrary
Coupling

Orif O. Ibrogimov

Abstract. We study the spectrum of the spin-boson model with two pho-
tons in R? for arbitrary coupling o > 0. It is shown that the discrete
spectrum is finite and the essential spectrum consists of a half-line, the
bottom of which is a unique zero of a simple Nevanlinna function. Besides
the simplicity and more abstract nature of our approach, the main novelty
is the achievement of these results under minimal regularity conditions
on the photon dispersion and the coupling function.

1. Introduction

The spin-boson model is a well-known quantum-mechanical model which
describes the interaction between a two-level atom and a photon field. We
refer to [20] and [25] for excellent reviews from physical and mathematical
perspectives, respectively.

Despite the formal simplicity of the spin-boson model (from the physics
viewpoint), its dynamics is rather complicated and rigorous spectral and scat-
tering results are usually very difficult to obtain, especially in the case when the
number of photons is unbounded. For weak coupling, starting with the pioneer-
ing work of Hiibner and Spohn [21] spectral and scattering properties of the
full spin-boson model as well as of its finite photon approximations have been
investigated extensively; see, for example, [1-5,8,9,11,16-18,21,26,29, 30, 32]
and the references therein.

In this paper, we are concerned with the case of two photons which resem-
bles the standard three-body situation. The Hilbert space of our system is
C? @ F2, where F2 is the truncated Fock space

F2:=Cao L*RY @ L2(R? x RY) (1.1)
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with L2(R? x R?) standing for the subspace of L*(RY x R?) consisting of
symmetric functions, and equipped with the inner product

(6,9) = = / / ok, ko) Ra) dhrdky, o) € L2(RY x RY).  (1.2)
2 Jra Jpa

For f = ( éa), fl(a), 2(0)) € C?® F2, where 0 = = is the discrete variable, the
Hamiltonian of our system is given by the formal expression

D) = oefi” o [ M@s
(Ha£){7(k) = (02 + w(k) £7k) + aA(k) £
o [ 5Nk da a3)

(Haof)S k1, k) = (02 + w(ky) + w(ka)) fs7 (1, k2)
(k) fika) + ad(ka) f1 k).

Here ¢ (e > 0) are the energy levels of the atom corresponding to its excited
and ground states, respectively, w(k) = |k| is the photon dispersion relation,
a > 0 is the coupling constant and A is the coupling function given by the
product of y/w(k) with a cut-off function for large k. The spatial dimension,
d > 1, plays no particular role in our analysis and is left arbitrary.

In general, the dispersion relation w > 0 and the coupling function A
are fixed by the physics of the problem. Motivated by different applications of
(1.3) (e.g. in solid state physics, see [30]), one likes to consider them as free
parameter functions and impose only some general conditions such as

A
Ae LA(RY), = e L*R? 1.4
€ L®Y), = eLi®) (1.49)
whenever infw = 0. To the best of our knowledge, every study on the

spectrum of the spin-boson model in the up-to-date literature assumes at
least (1.4) or its strengthened version where the second condition in (1.4) is
replaced by

3 € L*(RY), (1.5)

which is known as the infrared regularity condition (see, for example, [10,18]).
There are many papers in the current literature containing rigorous
results on the spectrum of H, for small coupling. It is known that, under
appropriate conditions in addition to (1.4)—(1.5), there exists a sufficiently
small coupling constant gy > 0 such that for all & € (0,qap) the spectrum of
H,, consists of a unique simple discrete eigenvalue separated by a gap from the
purely absolutely continuous part of the spectrum which is a half-line. This
result was obtained in [26] by means of the scattering theory and also in [21] by
means of the conjugate operator method (here we would like to note that [21]
as well as [19,20] treat also the case of arbitrarily finite number of photons).
On the other hand, not much is known for general coupling, without
any assumptions about its smallness. There are rather few papers devoted to
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the spectral theory of the spin-boson model (with or without particle number
cut-off) as well as more general abstract models sometimes called Pauli-Fierz
models or generalized spin-boson models; see, for instance, [4,12,15,17,19,
20]. In these studies, the location of the essential spectrum is given for any
value of the coupling constant, and results including finiteness of the point
spectrum or absence of the singular continuous spectrum are proven under
various assumptions in addition to (1.4). There is a recent related work [27] on
the location of the bottom of the essential spectrum and the finiteness of the
number of eigenvalues on the left of it. Although [27] does not need assumptions
such as (1.5), it is required that the underlying domain is a compact subset of
the real line and that the parameter functions \ and w are real-analytic.

In the present paper, we aim to establish the finiteness of the discrete
spectrum along with an explicit description of the essential spectrum under
fairly weak regularity conditions on the parameter functions w and A by devel-
oping a new, simple and instructive approach. It turns out that the conti-
nuity of w and the condition A € L?(R%) are sufficient to achieve our goal.
In particular, neither the infrared regularity (1.5) nor the second condition
in (1.4) is needed. We would also like to emphasize that our main result—
Theorem 1—holds even if the level set of w corresponding to the photon mass
is of positive Lebesgue measure, whereas it was always assumed to be a finite
or a Lebesgue null set in the up-to-date literature. The methods we employ
to achieve these results are direct and of abstract nature, allowing for simpler
proofs. In particular, we benefit from block operator matrix techniques involv-
ing Schur complements and the corresponding Frobenius—Schur factorizations
combined with the standard perturbation theory.

The paper is organized as follows. In Sect. 2, we give precise formulations
of our main results (Theorems 1-2). In Sect. 3.1, we explain the reduction of
the problem to the spectral analysis of a 2 X 2 operator matrix and describe
the Schur complement of the latter. The detailed proofs of the main results
are given in Sects. 3.2-3.3.

Throughout the paper, we adopt the following notations. For a self-
adjoint operator T" acting in a Hilbert space and a constant p € R such that
1 < minoess(T), we denote by N(p; T) the number of the eigenvalues of T
less than p (counted with multiplicities). Note that N (u; T') coincides with the
dimension of the spectral subspace of T' corresponding to the interval (— oo, i)
(see [7, Section IX]). The integrals with no indication of the limits imply the
integration over the whole space R? or R? x R%. The Euclidean and operator
norms are denoted by | - | and || - ||, respectively.

2. Summary of the Main Results

Throughout the paper, we assume the following hypotheses.
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Assumption (A). The parameter ¢ > 0 is fixed, the photon dispersion relation
w : R — R is an unbounded continuous function with

= inf w(k) >0 2.1
mi= inf w(k) >0, (2.1)

the coupling function A : R? — C is not identically zero and satisfies

A € LA(RY). (2.2)
Remark 1. If A = 0 on R%, then the photons do not couple to the atom and
the description of the spectrum is straightforward. As the relativistic photon

dispersion relation w(k) = v/k? + m? suggests, the constant m defined in (2.1)
may play a role of the “mass” of the photon.

The natural domain of the unperturbed operator Hy is given by

Dom(Hy) := C? ® {C® H; @ Ha} (2.3)
with H; and H, standing for the weighted L2-Hilbert spaces
M= {f e @Y [P0 dk < oo} (24)

and
Hy = {g € LA (R x RY) : /|w(k1) +w(k2)?|g(k1, ko)|? dkydks < oo}. (2.5)

The condition (2.2) implies the boundedness of the perturbation and thus
the expression for H, given in (1.3) generates a self-adjoint operator in the
Hilbert space C? ® F2 on the natural domain of Hy (see [24, Theorem V.4.3]).
For notational convenience, we denote the corresponding self-adjoint operator
again by H,.
Consider the continuous functions
2

()= —0e—z—0a? / M, z € (—oo,m + o¢) (2.6)
w(q) +oe—z
with the discrete variable ¢ = + and the constant € > 0 corresponding to
the excited state energy of the atom. It is easy to see that <I>£f) are strictly
decreasing and

lim &) (z) = 4o0. (2.7)

z|—o0
Moreover, the monotone convergence theorem implies the existence of the (pos-
sibly improper) limits
lim &) (z) = ) (m + o¢). (2.8)
zlm+oe
We distinguish the two cases:

Case 1 It holds that \

Vw —m
In this case the limits in (2.8) are negative infinity for all a > 0.
Hence, (2.7) and the monotonicity imply that each of the continuous

¢ L*(R7). (2.9)
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functions <I>((f) has a unique zero, denoted by E,.(«), in the interval
(=00, m + o¢) for all & > 0. We define

E(a) := min{E.(a), E_.(a)}. (2.10)
Case 2 It holds that
A . L*(RY). (2.11)

w—m
In this case the limits in (2.8) are finite for all @ > 0 and given by

) (m + oe) = =206 —m — o / m (2.12)

We distinguish the two subcases:
(a) Either m > 2e and « > 0 is arbitrary, or m < 2¢ and a > ag,

where
V2e—m

=T >
H\/ﬁHm(Rd)

In this case @g")(m + 0e) < 0 for each ¢ = +. Hence, (2.7) and

the monotonicity again imply that each of the continuous functions

(2.13)

Qer -

&) has a unique zero (again denoted by) E,.(«) in the interval
(—o0,m + oe). Once again, we define E(a) as in (2.10).

(b) The case m < 2¢ and 0 < o < agp. In this case @Ef)(m —g) >0
and <I>g,+)(m + &) < 0. Consequently, (2.7) and the monotonicity of

)

the continuous functions ‘IJSf imply that ‘IJSI) does not vanish in

the interval (—oo,m — €), whereas 35" has a unique zero, denoted
by E.(a), in the interval (—oo, m + ¢). In this case, we define

E(a) := E.(a). (2.14)
The following theorems summarize the main results of the present paper.

Theorem 1. Let Assumption (A) hold. Let the coupling constant o > 0 be
arbitrary and let E(a) be defined as in one of (2.10) and (2.14). Then

(i) the essential spectrum of H, is given by
Oess(Ha) = [m + E(a), 00). (2.15)
(ii) the discrete spectrum of H, is finite.

The next result provides more explicit description of the bottom of the
essential spectrum for weak coupling.

Theorem 2. Let Assumption (A) hold. Assume that either (2.11) is satisfied
orm > 0. Then, for all sufficiently small a > 0, we have

Oess(Ho) = [m + Ec (), 00). (2.16)

Moreover, the asymptotic expansion holds

E.(a) a?), alo. (2.17)

2
+of
L2(R4)

A
2
=—c—a||—
H\/w—i—%‘
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Remark 2. (1) Whenever (2.11) is satisfied, one can make it more explicit
how small should the coupling constant be so that F(a) = E.(a) holds.
In fact, it follows from the proof of Theorem 2 that E(«) = E.(«) for all

a > 0 satisfying
\V2e

175 2 ey
In the massless case (2.18) is equivalent to a < a, and E(a) = E.(«)
holds trivially (see (2.14)).

(ii) There is no difficulty in verifying that E(a) corresponds to the ground
state energy of the one-boson Hamiltonian (see Sect. 4.2). In the massless
case m = 0 Theorem 1(i) is thus an analogue of the Hunziker—van Winter—
Zhislin (HVZ) theorem of the standard three-body Schrodinger operators,
see [28, Section XIII] and [20].

(2.18)

3. Proofs of the Main Results

Unless specified, we assume throughout this section that the discrete variable
o = =+ is fixed.

3.1. Preliminaries
By means of the unitary transformation U : C? @ F2 — F2 @ F2, defined by

AN AN RN
. ((f“) ’ (f“) ’ (f“)) W) e
0 1 2 (+) (=)

f fa
we can block-diagonalize the Hamiltonian H, in (1.3), that is,
U*H,U = diag{HP, H} (3.2)

where
Hég) OéHOl 0
HY) == | aHy Hl(tf) aHis (3.3)
0 aHy HY
is the tridiagonal operator matrix acting in the truncated Fock space F2 on
the domain
Dom(H(")) := C & Hy & Hs (3.4)

with the weighted Hilbert spaces Hi, Ha given in (2.4)—(2.5). The operator

entries of H, (Ef’)

H fo = 0cfo,  Horfs = / M) fi(@) g, (Hyofo)(k) = for(R).

are defined by

(HS f)(k) = (—oe +w®) fi(k),  (Hiafo)(k / F2(k, @) M(q) dg, D)
(Ho1 f)(k1, ko) = A1) f (ko) + N(k2) f (K1)
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and

(HS fo) (K1, k2) = (¢ + w(ky) + w(ka)) folki, ka),  (fo, fu, f2) € F2.

It follows from the condition (2.2) that Hys : L2(R? x R?) — L%*(R%) and
Hpp : L?(RY) — C are bounded operators with Hyg = H, and Hay = Hjy.
Hence, HY is self-adjoint on the domain (3.4) (see [24, Theorem V.4.3]).
Denoting by P : F2 — Hy & Ha the projection operator onto the last two
components in the Hilbert space F2, we can decompose H) as follows

H(gg) OéH()l 0
HO =PHDP+ |aH; 0 0], (3.6)
0 0 0

where
H(o) . (Hl(i) aHyo

o ] Dom(H(")) = Hy & Hs. (3.7)
affy, Hy

The second operator on the right-hand-side of (3.6) maps F2 onto the two-
dimensional subspac C & Span{\} & {0} C F2. Since the essential spectrum
as well as the finiteness of the discrete spectrum of self-adjoint operators are
invariant with respect to finite-rank perturbations (see, for example, [7, Chap-

ter 9]), in view of (3.2), it follows that

Uess(Hoc) = aess(ﬁ(g—”) ) Uess(ﬁé_)) (38)
and
N(z H,) < N(z;ﬁfj)) +N(z;ff((;)) +4 (3.9)

for all z < minoess(H,) provided that the right-hand-side of (3.9) is finite.
That is why, from now on we completely focus on the 2 x 2 operator matrix
HY defined in (3.7) and acting in the Hilbert space

H := L*(RY) @ L2(R% x RY). (3.10)

It is easy to see that Hz(g) : L2(R? x RY) — L2(R? x RY) is a self-adjoint
operator on the domain Dom(Hyg’) = Ha with the spectrum

o(HD) = [2m + o¢, 00). (3.11)

As it was mentioned in Introduction, our approach is based on the so-
called Schur complement and the corresponding Frobenius—Schur factorization.
This has proven to be a powerful and natural tool when dealing with spectral
properties of 2 x 2 operator matrices such as H” (see, for example, [31]). We
would like to mention that the Schur complement method employed in this
paper was used previously in the spectral analysis of Pauli-Fierz Hamiltonians
under the name Feshbach method or Feshbach—Schur method in [6] and [13],
for instance.
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For the rest of this subsection, we assume z € (—o0,2m + o¢) = p(Hz(g))
to be fixed. The Schur complement of HQ(g) — 2z in the operator matrix Y — 2
is defined by
S&U)(z) = Hl((lj) oy 042H12(H2(g) _ Z)_leza DOHI(S((IU)(Z)) = H.

It can be checked easily that

SE(2) = AL (2) - 2K @)(2), (3.12)
where, A((f)(z) : L?>(RY) — L2(R?) is the operator of multiplication by the
function

AP (ks 2) := @) (2 —w(k))

=w(k) —oe —z— oﬂ/ RO (3.13)
w(k) +w(q) +oe—z
on the domain
Dom(A{7(2)) = H, (3.14)
and K(”)(Z) c L2 (Rd) — L? (Rd) is the integral operator with the kernel
7 A(k1)A(K2)
B ka2 = w(kr) + w(ks) + 0e — 2 (3.15)
on the domain
Dom (K (7 (z2)) := H,;. (3.16)

Since F(7)(z) := H12(H2(g) — 2)71 is a bounded operator from L2(R? x R%) to
L*(R%), the following Frobenius—Schur factorization holds

ﬁég’) S VCSU)(Z)WST) (Z) (VCSU)(Z))* (3.17)
where
I oF© S, 0
v (1 FTE e - ) (3.18)
0 I 0 HY -

see [31, Chapter 2]|. One of the important consequences of this factorization is
the relation R
Oess(H) N p(Hs3)) = 0ess(SL7) O p(HS3)). (3.19)
Moreover, we have the following result.
Lemma 3. Let z < 2m + oe. Then
N(z H) = N(0;807(2)). (3.20)
Proof. Note that the map VOSU)(Z) : H — H is bounded and bijective. Since
z < min J(Hz(g))7 it is obvious that
N(0;Hs3) — =) =0. (3.21)
The Frobenius—Schur factorization (3.17) yields
N(z H) = N(0; (V(2) " (H = 2) (VI () 7))

[e3

= N(0; W) (2)) = N(0; S9)(2)),
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where the last equality is an immediate consequence of (3.21). g

Remark 3. In view of Assumption (A) it follows that, for each z < 2m + o,

(i) the operators S (2): L2(RY) — L2(RY) and AL (2): L2(R?) — L2(R9)
are bounded from below and self-adjoint on H;;

(ii) the integral operator K(7)(z) : L*(R?) — L?*(R%) is self-adjoint and
Hilbert-Schmidt as its kernel p(?)(-, - z) belongs to L?(R?x R?) with

Y-

U — 3.23
XRd)_Qm—i—oe—z ( )

||P(U)( " ';Z)HLZ(Rd

3.2. Proof of Theorem 1

We recall that the function <I>,(f) defined in (2.6) is strictly decreasing in the
interval (—oo, m + o¢). Hence,

inf A(U) k- — inf (I)(U) —w(k :(I)(U) _ < 2 . (3.24
inf AD(ki2) = inf @) (=~ w(k) = 8z —m), = < 2m +oe. (3.24)

Conceptually, the proof of the first part of Theorem 1 is similar to that of [22,
Theorem 3.1], but the technical details are quite different.

3.2.1. Proof of Theorem 1(i). The proof will be done in three steps.
Step 1 In this step, we show that

[2m + 0£,00) C Oess(H). (3.25)

Let zy € (2m + 0¢,00) be arbitrary. Then zy = 2w(kg) + o¢ for some ko € R9.

Further, let ¢ € C(R?) be an arbitrary function supported in the annulus

{k € R?: 0.5 < ||k| < 1} and such that [¢||z2@re) = 1. Then, the sequence
{wn}nGN defined by

n(k) =27 0(2"(k — ko)), kR, (3.26)

is an orthonormal system in L?(R?). Tt follows that the sequence {t, }nen
defined by

Un(ki, k) = V20u (k) en(ka), k1, ke € R, (3.27)
is an orthonormal system in L?(R? x R?) and the Lebesgue’s dominated con-
vergence theorem implies that

”(HQ(g) - ZO)"/’nHLg(Rded) — 0, as n — oo. (3.28)

On the other hand, in view of (2.2), the weak convergence (to zero) of the
orthonormal system {©, }nen in L?(R?) yields

[H12¢n |2 (re) < \/5’//\(61)%((1) d(J‘ —0, n— oo (3.29)

It is obvious that the sequence {W, },en := {(0,%,)" }nen is an orthonormal
system in H = L%(RY) & L2(R? x R?). Hence, the relation

I(H = 20) 03, = a2 Higton|2 zay + I (HSS) = 200132 e o)

together with (3.28)—(3.29) imply that {U,},en is a singular sequence for
I;Tc(f) — zp. That is why 2o € Jess(ﬁgf’)L see [7, Theorem I1X.1.2]. Because
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20 € (2m + o€, 00) was arbitrary, the claim follows from the closedness of the
essential spectrum.

Step 2 In this step, we prove that the set JESS(I?I&U)) N (—o0,2m+ oe) is empty
if (2.11) holds together with m < —2¢¢ and 0 < o < «, and consists of
[m+ Eye(), 2m+ o¢), otherwise. To this end, let z € (—o0, 2m+ oe) be fixed.
Recalling the relation (3.19), we obtain

2 € 0es(H?)) = 06€ 0es(5(2)). (3.30)

Because K(7)(z) : L?(R?) — L?*(R%) is compact operator and the essential
spectrum is invariant with respect to compact perturbations, we have

UESS(SéU)(Z)) = UeSS(A((XJ)(Z) - K(U)(z)) = O'eSS(AgI)(Z))’ (3'31)

see (3.12), Remark 3 and [14, Theorem IX.2.1]. On the other hand, Ag)(z) is
the operator of multiplication by the continuous function A((f)( -3 z) and thus
aess(AgT)(z)) coincides with the closure of the range of the function Aff)( 3 2)
over RY. Hence, we infer from (3.30) to (3.31) that z € Uess(ﬁ((f)) if and only
if 0 is a limit point of the range of the function Ag’)( -1 2) over R%. Since w is

unbounded, the monotonicity of the function (Déf’) implies that

sup AL (k; z) = sup ) (z — w(k)) = +oo. (3.32)
keRd keRd

Recalling (3.24) and the continuity of Aﬁ;’)( -3 z) in z, we thus obtain
aess(ﬁ&")) N(—00,2m +o¢e) = {z < 2m + o¢ : ) (z—m) < 0}. (3.33)

On the other hand, <I>§:’>(~ —m) is strictly decreasing in (—o0,2m + o¢) and
thus &) (z — m) > &) (m + o) > 0 for each z < 2m + o¢ whenever (2.11)
holds together with m < —20¢ and 0 < a < a;. Otherwise, <I)((f) (m+o0e) <0
and @&U)(z —m) < @gg)(E(,E(a)) = 0 for all z € (m + Eye(a),2m + o¢).
However, <I>Ef)(z —m) > @SXU)(EUE(a)) =0 for all z < m + E,.(a). In view of
(3.33), these observations yield the desired result.

Step & In this step, we combine previous two steps to derive (2.15). To this
end, first we recall that m > 0 and € > 0. Hence, the two steps yield

Oess(H(D) = [m+E- (), 00) for all a >0, (3.34)
whereas
e (AC)) = [2m—e,00) if (2.11.) holds, m<2e and a < a,
[m+E_.(a),00) otherwise.

(3.35)
It is easy to see that m—e > F.(«) for all @« > 0, which is a simple consequence
of the relation

B (m —e) = —m — o’ / m <0. (3.36)

Therefore, combining (3.35), (3.35) and (3.8), we obtain (2.15). O
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3.2.2. Proof of Theorem 1(ii). First we recall that
min oes(HY) =m + E-() forall a>0

and that
min oo (HS)) = {2’” —€ if (2.11) holds, m < 2¢ and a < av,

m+ E_.(«a) otherwise.

If (2.11) holds together with m < 2e and 0 < @ < @, then the claim follows
by (3.9) if we show only the relation N (m + E.(a); fly)) < oo. To see this
one should observe that m + E.(a) < 2m — ¢ for all & > 0 (see (3.36)) and
recall that the eigenvalues of a self-adjoint operator cannot accumulate below
the bottom of its essential spectrum. Otherwise, the claim follows by (3.9) if
we show both of the relations

N(m+ Eye(a); H?)) < 00, o=+ (3.37)
In fact, there is no loss of generality in focusing on the latter case as the proof
we give below does not require any restrictions in the case ¢ = +. To this
end, we fix the discrete variable o and denote m + E,.(«) by 2o for notational
convenience. Further, let z < 2y be fixed for a moment. Since (—oo, 2] C
(—00,2m + o¢) = p(HQ(g)), the integral operator K(?)(z) : L?(R%) — L?(R%)
is well-defined and compact (see Remark 3). Consider the decomposition
1

= U (ky ks 2) + U8 (kb 3.38
w(ky) + w(ks) +oe — 2 10 (k1 ko 2) + W57 (K, ks 2), ( )
where
(o) N 1 1 1
Uk, k = — 3.39
! ( b 2’2) W(k1)+m+0'8_z + w<l€2)+m+0'€_z 2m+05_2 ( )
and

1
~ w(ky)+w(ke)+oe—2

\I/gg)(k‘l, ko; Z) : — \I’ga)(kl, ko; Z), ki, ko € R, (340)
Let us denote by ng)(z) and Kég)(z) the integral operators in L?(R%) whose
kernels are, respectively, the functions (k1, k) — az)\(kl))\(kg)\llga)(kl, ka; z)
and (ki,k2) — Oz2)\(l€1>)\<k‘2)\l/éa)(k’1, k25 z). Then, we have the corresponding
decomposition

K@) (2) = K9) + K7 (2). (3.41)
Since each term of the right-hand-side of (3.39) is uniformly bounded by the
constant m, we infer from (2.2) that K§0)(z) is a well-defined rank-two

operator in L?(R%). In fact, its range coincides with the subspace of L?(R%)
spanned by the functions A and m Therefore, Lemma 3 combined
with [7, Theorem IX.3.3] yield
N(zH) = N(0;8(2)) = N(0; AL (2) — 02K (2))
= N(0:A0(2) - o*Ki7(2) - o* K7 (2)

N(0; A (2) — a® K57 (2)) + 2. (3.42)

[e3

IN
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In particular, (3.37) will follow immediately if we show that
N(0; A9 (2) — 02K57 (20)) < o0 (3.43)

To this end, let © denote the complement of the level set of w corresponding
to m, i.e.

Q:={k e R :w(k) #m}. (3.44)
In view of Assumption (A), it is clear that Q is an open subset of R? with
positive Lebesgue measure.

For z < 2, we denote by A((fs))(z) and Kgg(z) the restrictions of the
operators ALY (z) and Kég)(z) to L?(Q), respectively. Further, we denote by
A((fgz(,z) the restriction of the function AY(-:2) to Q so that A((;s)z(z)
is the operator of multiplication by the function AS}Z( -;2) in L?(Q). Since
) (Eye(a)) = 0, by expressing A&U)(k; 20) as A((f)(k; 20) — o) (Eye()) and
doing some elementary calculations, we obtain

Ak 20) = (w(k) — m) (1+a2 / o

This implies that

IA(g)[* dg )
+oe—zo+m)(w(q)+w(k)+oe—2) )

ALY (k; 20) > w(k) —m >0 forall ke Q (3.45)

)

and Agf’)( 520) = 0 on the level set of w corresponding to m. In particular,
the restriction of A (z) to L2(R?\Q) is the zero operator. Moreover, it is

casy to see from (3.39)(3.40) that the restriction of K{”)(z) to L2(RI\Q) is
the zero operator, too. That is why (3.43) is equivalent to

N(O; Ag?)(zo) - onKéfg(zo)) < 00. (3.46)

To show the latter, first we recall the monotonicity of the function 3 in

(=00, m + o¢). For all z < zp, this together with (3.24) implies that
inf AL (k;2) > 3 (2 —m) > 27 (29 — m) = B (E,e(a)) = 0. (3.47)
nf A,

(o
a7

the integral operator Kégsg(z) : L2(Q) — L?() is well-defined and Hilbert—
Schmidt, it follows that the operator

T (2) = (AL} (2))

is also well-defined and Hilbert—Schmidt for all z < zg.
Next, we define 7" (20) to be the integral operator in L?(§)) with the
kernel

Hence, the multiplication operator A gl(z) is positive for all z < zg. Since

PR (ALY ()T (3.48)

a,

(o)
AR A (ko) Wy 7 (K1, kaj 2
O (K1, k) = ((;)) (F2) Vs ((10) 25 20)
\/Aa,Q(kl; ZO)\/AQ,Q(kz; 20)

s ky, ko € QL (349)
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We have the following elementary, yet quite important inequality

Vab
2¢2

1 1 1 1
0< — — + -
a+b+c a+c b+c c

which holds for all real numbers a > 0, b > 0 and ¢ > 0. Its proof is left to

“Appendix”. Applying this inequality with a = w(k1) —m, b = w(ks) —m and

c = 2m + oe — zg, we obtain the estimate
1

(o) .
0 S \IIQ (kla k27 ZO) é 2(2m T oe— 20)2 \/w(kl) - m\/w(kQ) —m (351)

< (3.50)

for all ki, ko € Q. Using (3.45) and (3.51), we can estimate the kernel O in
(3.49) as follows

1
(2m + oe — 2p)

87 (k1 k2)| < 7 5 (AR A(R2)] (3.52)

and thus we infer from (2.2) that 05 € L2(Q x Q) with

- 1
~ 2(2m 4 oe — 29)

1057 z2(2xe) S IA 22 gy < 0. (3.53)

Therefore, T,ia)(zo) . L2(Q) — L?(Q) is Hilbert-Schmidt operator and the

Lebesgue’s dominated convergence theorem guarantees the left-continuity

(with respect to the operator norm) of the operator function To(ff)( -) at zp.
This observation and the Weyl inequality

N(=L=a®T{")(2)) < N(-0.5;—a*T " (20)) + N(=0.5;0*T " (20) — T {7)(z)),

see [7, Chapter IX], together with the left-continuity (with respect to the
operator norm) of the operator functions A((fgz( -) and KQ(US%( -) yield

a7

N(O; A(‘%(zo) — aQKéf}%(zo)) = llTI;lJ N(O; A ng(z) — azKé?z(z))

= lim N(-1; —042T(§U)(z))

2Tz0

< N(-0.5; —onT(gg)(zO)). (3.54)

However, N(—O.5; —azTéU)(zo)) must be a finite number because of the com-

pactness of the operator Ty)(zo)7 justifying (3.46). O

Remark 4. The finiteness of the discrete spectrum can be shown by even
simpler way whenever the condition (2.11) is satisfied. We can proceed in the
same way as in the above proof, the only exception being that there is no need
for the “special” decomposition (3.41). Instead of (3.48), we can consider the
operator function

—1/2 —1/2

T (z) == (A (2)) K@ (2)(AD)(2)) (3.55)
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for z < 2y and continuously extend it up to zo by defining féa)(zo) to be the
integral operator in L?(R?) with the kernel

~ 27
8 (ky, ko) 1= o A(k1)A(k2) .
A((yg)(kl; Z())(w(kl) + w(kQ) + oe — Z(]) A((j)(kQ; Z())

In fact, (3.45) together with the obvious inequality w(k1) 4+ w(k2) > 2m yields
the estimate

< o \)\(lﬁ)| |A(k2)|
T 2m+oe — 20 Jw(ky) —m \Jw(ks) —

1647 (ky, ko) : (3.56)

which in turn implies O € L2 (R? x R?) whenever (2.11) is satisfied.

Remark 5. The kernel splitting trick used in the proof of Theorem 1(ii) is
inspired by [23].
3.3. Proof of Theorem 2

First we prove the asymptotic expansion (2.17). To this end, consider the

function
_ IMg)l* dg

for (z,y) € [0,v/m + 2¢) x[0,v/m + 2¢). It is easy to see that 1) is continuously
differentiable and
o

0.0 =0, 5

Therefore, the implicit function theorem applies and yields the existence of a
constant 5 € (0,v/m+ 2¢) and a unique contmuously differentiable function
: [0,6) — R such that E(0) = 0 and t(c, E(a)) = 0 for all o € [0,6).

Moreover, we have
[Ag)]* dg
(0+) / )2 (3.59)

(0,0) = —1. (3.58)

On the other hand, one can easily verify that
) (—e 4+ aE(q)) = atp(a, E(a)) =0 for all «a € [0,6). (3.60)

Since —e+aE(a) < —& < e+m for all a € [0,6) and E.(a) is the unique zero
of the function 57 in the interval (—o00,e +m), we conclude that E.(«a) =
—&+aE(a) for all a € [0,). This implies that E. : [0,8) — R is continuously
differentiable and that the asymptotic expansion (2.17) holds.

To prove (2.16), we first note that

2
) (m—¢) = —m —a? / _R@lfde (3.61)
w(q) —m+2e
and thus
E.(a)<m—c¢ (3.62)
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for all & > 0. Next, assume that (2.11) is satisfied and let a > 0 be such that
(2.18) holds. Using (3.62) and (2.18), we obtain

D) (B () = 07 (E() — @57 (E-(a))
(12 A(@)[? dg
=2 <1 / @) —¢c—E <a>><w<q>+s—Es<a>>>

SRR RN

Therefore, for all o > 0 satisfying (2.18) a possible zero E_.(«a) of @&7)( -) lies
on the right of E.(«).
Now assume that (2.11) is not satisfied but m > 0. Let us consider the

function a — (I)&*)(E (a)) for small a > 0. Using (2.17), we obtain

2
d
o) (E.(a)) > — E. /m_€_| g B
QP (3.63)
=2 2 [Mo)ldg _ =2 .
c+o(a) —a m+ o(a) e+o(a), al0
Therefore, E. (o) < E_.(«) for all sufficiently small o > 0. O
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4. Appendix
4.1. Proof of the Elementary Inequality (3.50)

The inequality holds trivially if one of a, b is zero. So assume that ¢ > 0 and
b > 0. Elementary manipulations yield
1 1 1 1 ab(a + b+ 2¢)

— — - = . 4.1
a+b+c a+c b+c+c clat+c)(b+c)(a+b+c) (41)
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Applying the AM-GM inequalities ¢ > \/ac and %< > V/be, we obtain

ab(a + b+ 2c¢) <\/@(a+b+20)<\/(%
clatce)b+c)la+b+c) = 4c2(a+b+c) 2c¢% "

(4.2)
The first inequality in (3.50) is a straightforward consequence of (4.1). O

4.2. Spectrum of the One-Boson System

The Hilbert space of the one-boson system is C? @ F1, where F! is the trun-
cated Fock space

Fl:=Ca L*RY). (4.3)

For f = (foo),fl(a)) € C?® Fl, where 0 = + is the discrete variable, the
one-boson Hamiltonian is given by the formal expression

(T = 0ef) +a / @) £ g) dg,
(T )7k = (02 + w(k)) £R) + aX(k) £5.

By means of the unitary transformation V : C? @ F! — F! @ F!l, defined by

S

o (4 A
o ((fé_)> ’ (f{—>>> w (( 1<—>> ( 1<+)>>, (4.5)

we can block-diagonalize the Hamiltonian T, in (4.4), that is,

(4.4)

VAT,V = diag{T ", {7} (4.6)
where
()
() . (Hoo” o (4.7)
OéHlO Hl((lj)

are 2 x 2 operator matrices acting in the truncated Fock space F! on the
domain

Dom(T\")) :=C & H, (4.8)

with the weighted Hilbert space H; given in (2.4). The operator entries of T, (o)
are defined as in (3.5). By the same perturbation argument as in Sect. 3.1 it
follows that

ess(T)) = 0 (H(J)) = [m — e, 00). (4.9)
Furthermore, for all z < m — e we have
zea(T) < 0co(HY —2—a?Hyu(HS -2 Hy)

(4.10)
— o I(z) =0,

where the functions <I>E;">( -) are defined as in (2.6). In view of the analysis
from Sect. 2 on the zeros of @gﬂ)( -), we conclude that

JdiSC(Tc(y_)) = JPP(TD(L_)) ={E:(a)} (4.11)



Vol. 19 (2018) The Spectrum of the Spin-Boson Hamiltonian 3577

which holds for all @ > 0 and independently of the condition (2.9), whereas

E_.(a)} in Cases 1 and 2(a)
isc T(+) = T(+) = { ’ 4.12
Oaise(Ta™) = opp(Ta™) %) in Case 2(b). (4.12)
Altogether, combining (4.6), (4.9), (4.11) and (4.12), we obtain
Oess(To) = [m — €,00) (4.13)
and
{E_(a), B ()} in Cases 1 and 2(a),
isc(Ta) = To) = 4.14
Oaise(Ta) = opp(Ta) {{Eg(oz)} in Case 2(b). (4.14)
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