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Abstract.Gravitational clustering in the nonlinear regime remains poorly understood. Grav-
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possible departure from the stable clustering ansatz and to arbitrary dimensions. Next, we
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relations for the hierarchical amplitudes: Q,Ra, Rb, Sa, Sb, Sc etc. as a functions of the scaled
peculiar velocity h. We also study the variants of popular halo models in this context. In
contrast to recent claims, none of these models, in their simplest incarnation, seem to satisfy
the consistency relations in the soft limit.
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1 Introduction

Recently completed CMB experiments, e.g. the Planck1 mission [1], have provided us with a
standard model of cosmology. However, the answer to many of the outstanding questions e.g.
the nature of dark matter (DM) and dark energy (DE) as well as any possible modification
of gravity on cosmological scales remain open. Ongoing and future large scale surveys (e.g.
BOSS2 [2], WiggleZ3 [3], LSST4, DES5 [4], EUCLID6 [5]) will be able to answer many of these
questions. However, for the the maximum science exploitation of data from these surveys,
it will be important to understand the nature of gravitational clustering - if possible using
available analytical tools.

Many analytical techniques have been developed in recent years to understand nonlinear
gravitational clustering, including but not limited to, approaches based on the renormalized
perturbation theory [10], renormalized group techniques [11, 12], Eulerian and Lagrangian
effective field theories [13–18] and more recently the time-sliced perturbation theory [19].
However, these approaches typically are only applicable in the quasi-linear regime or in the
intermediate regime. There are no theoretical prescription to understand the highly nonlinear
regime of gravitational clustering. All known perturbative approaches and their extensions
fail and numerical simulations are only tools to understand the highly nonlinear regime.
Indeed few well-motivated scaling relations involving the two-point correlation functions,
and hierarchical ansätze, that express higher-order correlation functions in terms of two

1Planck: https://www.cosmos.esa.int/web/planck
2Baryon Oscillator Spectroscopic Survey: http://www.sdss3.org/surveys/boss.php
3WiggleZ Survey : http://wigglez.swin.edu.au/
4The Large Synoptic Survey Telescope : http://https:/www.lsst.org/
5Dark Energy Survey: http://www.darkenergysurvey.org/
6EUCLID: http://www.euclid-ec.org/
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point correlation function do exist, and provide useful clues in the highly nonlinear regime
[20].

In a different context, it was recently discovered that strongly-coupled conformal field
theories (CFT) can be studied using their weakly-coupled Anti-de Sitter (AdS) gravitational
dual, also known as the AdS/CFT duality [21]. The symmetries of the CFTs manifests itself
as the symmetries of the gravitational background. In recent years, many phenomenological
applications of such duality have been suggested including the study of quark-gluon plasma to
explain the large viscosity. The idea has also been explored in many other direction including
e.g. to understand the non-relativistic condensed matter systems [22–25].

The gravity dual of the large scale structure (LSS) has recently been introduced in
[26]. In this scenario, the Universe, is pictured as a four-dimensional brane immersed in
a six-dimensional bulk. It is expected that such a formalism may allow us to understand
the poorly understood highly nonlinear gravitational clustering in terms of a weakly-coupled
gravitational system in six dimensions. It was demonstrated that the metric in six-dimension
is a solution to AdS gravity coupled to a massive gauge field. The corresponding scalar field
can take the role of holographic dual of dark matter in the brane. The scale related to the
dual field is mapped into an extra radial dimension and its co-ordinate rescaling realises the
Lifshitz coefficient in the brane.

In a separate but related development, many authors in recent years have contributed to
the development of consistency conditions [27–32] for gravity-induced higher-order correlation
functions. The consistency relations are kinematic in nature. They encode correlations be-
tween large-scale linear modes and small-scale nonlinear modes and are a direct consequence
of the equivalence principle. They are valid despite our poor analytical understanding of
the nonlinear gravitational clustering and are unaffected by the complicated astrophysics
of star formation and supernovae feedback. This makes them particularly interesting from
an observational point of view. These relations have recently been derived in many differ-
ent context, including e.g. in redshift space [38], as well as in the presence of primodial
non-Gaussianity[39]. The density-velocity consistency relations were derived in [40]. The
consistency relations for the CMB secondaries were investigated in [41, 42]. The consistency
relations can also act as important diagnostics for detection of any departure from predictions
of General Relativity [43]. In this paper we will show how the consistency relations can be
used to constrain any analytical models of higher-order correlation hierarchy including the
halo models or the hierarchical ansätze.

This paper is organised as follows: In §2 we outline the Lifsthiz symmetry of the Boltz-
mann equation coupled to the Poisson equation. In §3 we review Hamilton’s scaling ansatz
for gravitational clustering generalised to arbitrary dimension and without the assumption
of stable clustering. The ward identities and their link to multiplet conservation equation
are discussed in §4. The equations for Lifshitz flow of dynamical exponents are numerically
solved in §5. The concept of consistency relation is introduced in §6. We discuss our results
in §7.

2 Lifshitz Transformation and Gravity Dual of LSS

In this section we will review the Lifshitz symmetry of the Schrödinger space-time and their
use as gravity dual of LSS. Next, we will also discuss the Lifshitz symmetry of the Boltzmann-
Poisson system in this context.
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2.1 Lifshitz Transformation and the Schrödinger metric

In the context of non-relativistic holography Lifshitz [44, 45] and Schrödinger [22, 23] metrics
have recently been studied in great detail. It was shown that the null energy condition does
not constrain the effective radius L(r) (the variable r denotes the radial direction) of the
Lifshitz background. The Schrödinger metric on the other hand admits monotonic behaviors
of L(r) due to its additional symmetry. It was shown in ref.[46, 47] that the null energy
condition is sufficient to constrain the function L(r) to be monotonic. The Lifshitz and
Schrödinger metrices respectively defined in d + 2 and d + 3 dimensions have the following
forms:

ds2d+2 = −e2zr/Ldt2 + e2r/Ldx2
d + dr2 (Lifshitz); (2.1a)

ds2d+3 = −e2zr/Ldt2 + e2r/L(2dtdξ + dx2
d) + dr2 (Schrodinger). (2.1b)

The additional variable ξ in the Schrödinger metric in Eq.(2.1b) corresponds to the coordinate
conjugate to conserved particle number. The metric given in Eq.(2.1b) can be generalized
away from the fixed point using the following form:

ds2d+3 = −e2A(r)dt2 + e2B(r)(2dtdξ + dx2
d) + dr2. (2.2)

The anisotropic temporal and spatial scaling under Lifshitz and Schrödinger transfor-
mation on the other hand are charachterized in terms of a dynamical exponent z:

(r,x, t) → (r − L log λ, λx, λzt) (Lifshitz); (2.3)

(r,x, t, ξ) → (r − L log λ, λx, λzt, λ2−zξ) (Schrodinger). (2.4)

The Lifshitz symmetry corresponds to an isometry in the bulk. The Universe is typically
associated with a four-dimensional brane moving in this six-dimensional bulk. The dynam-
ics of the large-scale structure as encoded in a Boltzmann-Poisson system respects Lifshitz
symmetry during matter dominated epoch.

The scale corresponding to the dual field theory gets mapped into the extra radial
dimension r of the six-dimensional metric. Indeed, the rescaling of the extra co-ordinate r
is related to the Lifshitz transformation. The above six-dimensional metric is supported by
a massive gauge field coupled to AdS gravity which is supplemented by a bulk scalar field.
The bulk scalar field plays the role of holographic dual of the dark matter in the brane.
For arbitrary non-linear A(r) and B(r) functions the metric in Eq.(2.2) respects just SO(d)
symmetry - not any other symmetry.

The non-relativistic four-dimensional theories that admit anisotropic scale invariance
can flow to the Lifshitz fixed-points. The six-dimensional gravity dual theory has corre-
sponding fixed points. The Lifshitz fixed-points respectively in the UV (large r) and IR
(small r) reflect the corresponding linear stages of gravitational clustering at large scale and
the small scale clustering in the highly nonlinear regime. The flow from Lifshitz-fixed points
can be studied using Renormalization Group Evolution (RGE) flows. The flow represents
the breaking of Lifshitz symmetry and correspond to the intermediate regime of gravita-
tional clustering. One of our aim in this paper is to establish a formal relation of the RGE
description and the well known scaling relations of gravitational clustering.
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Figure 1. The left panel shows z and z̃ as a function of y. The dashed-lines correspond to 3D and
dotted-lines to 2D. The middle panel displays H , H ′, L, φ and φ′ as a function of the parameter
(see Eq.(5.6a)-Eq.(5.6d) that dictates the evolution). The right panel depicts V (φ) and W (φ) as a
function of φ.

2.2 Lifshitz symmetry of the Boltzmann-Poisson system

The phase-space distribution of collisionless self-gravitating dark matter particle in an ex-
panding background is described by coupled Boltzmann-Poisson (or Vlasov-Poisson) equa-
tions [48]:

df

dτ
≡ ∂f

∂τ
+ u · ∇xf +

dp

dτ
·∇pf = 0; (2.5a)

dp

dτ
= −am∇xΦ(x, τ); (2.5b)

△xΦ(x, τ) = 4πGa2ρ̄δ(x, τ); δ(x) =
ρ(x, τ)− ρ̄

ρ̄
; 〈ρ〉 = ρ̄. (2.5c)

Here f(x,p, τ) represents the phase space distribution, x is the comoving coordinate, p =
amu is the momentum, dx/dτ = u is the peculiar velocity, τ is the conformal time, m is the
mass of the dark matter particles and a corresponds to the scale factor of the Universe. The
above system admits a Lifsitz’s symmetry under the following anisotropic scaling:

τ ′ = λz̃τ ; x′ = λx. (2.6)

To admit Lifsthiz symmetry [Eq.(2.5a)-Eq.(2.5c)] the following transformations need to be
satisfied:

f ′(x,p, τ) = f(x′,p′, τ ′); (2.7a)

δ′(x, τ) = δ(x′, τ ′); (2.7b)

p′(x, τ) = λ−(z̃+1)p(x′, τ ′); (2.7c)

Φ′(x, τ) = λ2(z̃−1)Φ(x′, τ ′). (2.7d)

As a consequence of the Lifsitz symmetry the power spectrum P (k, τ) is expressed through
the following scaling function P:

〈δ(k, τ)δ(k′ , τ)〉c = δ3D(k+ k′)P (k, τ); (2.8a)

P (k, τ) = τ3/z̃P(k/τ3z̃). (2.8b)
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Here P is an arbitrary function. Indeed, generic initial conditions break scaling symmetry.

The Lifsthiz exponent in the brane will be denoted by z̃ and that in the bulk will be
denoted by z.

A few comments about the Lifshitz symmetry are in order. Strictly speaking, Lifshitz
symmetry is only valid in a matter dominated case. In case of two component system e.g.
involving a cosmological constant or quintessence, such a symmetry is lost. However, in the
deeply non-linear regime the dynamics is dominated by the dark matter and contributions
from quintessence can be ignored, which justifies the validity of the Lifshitz symmetry.

Indeed, it’s worth pointing out that the validity of the Lifshitz symmetry does not
depend on any specific value of the exponent z̃. The exponent z introduced in Eq.(2.4) is
defined in the bulk and z̃ in Eq.(2.6) in the brane. Typically in the perturbative regime, a
fluid approximation to the Boltzmann equation is employed. The Boltzmann-Poisson system
of equation is replaced by the Continuity-Euler-Poisson system of equations. The continuity
and Euler equations are related respectively to the 0-th and 1-st order moments of the
Boltzmann equation. These systems inherit the Lifshitz’s symmetry from the Boltzmann
equation. However, the validity of the Boltzmann-Poisson system extends beyond the quasi-
linear regime when such a fluid approximation breaks down and shell crossing occurs.

3 Pair Conservation and Scaling Ansätze

We will start with the pair conservation equation and present the derivation of the two-
point correlation function in arbitrary dimension and without the usual assumption of stable
cluster. These results will be used later in the derivation of scaling exponents to generalize
known results.

The BBGKY hierarchy provides an ideal set-up to study n-point correlation functions
of a system of self-gravitating collisionless particles in an expanding background. For the
two-point correlation function ξ2 the resulting equation, related to pair conservation, has the
following form in 3D [48]:

∂ξ̄2
∂t

+
1

ax2
∂

∂x
[x2(1 + ξ̄2) v] = 0; ξ̄2(a, x) =

3

x3

∫ x

0
y2 dy ξ2(a, y). (3.1)

Here, v(a, x) denotes the mean relative velocity of pairs at a comoving separation x and epoch
a. Thus, the pair conservation equation above relates the mean relative velocity of a pair of
particles and the time evolution of the correlation function in a self-gravitating system. We
will introduce a dimensionless pair velocity h(a, x) ≡ −v(a, x)/ȧx. Here overdot represents
derivative w.r.t time. This equation can be simplified to the following form in an arbitrary
dimension d:

∂Ξ

∂A
− h

∂Ξ

∂X
= hd. (3.2)

The following variables are used in Eq.(3.2): Ξ = ln[1 + ξ̄2(x, a)]; A = ln a; X = ln x.
To make progress it is generally assumed h(a, x) depends on a, x only through ξ̄(a, x) i.e.
h(a, x) = h(ξ̄2(a, x)). The stable clustering ansatz corresponds to the assumption h = 1
which amounts to assuming evolution gets frozen or stabilizes at smaller separation where
ξ̄2 ≫ 1 (equivalently ℓ ≫ x). Indeed in the limit of large separation ξ̄2 ≪ 1 (i.e. ℓ ≈ x),
linear theory holds and Eq(3.2) can be solved analytically.
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In general, it can be shown that a direct outcome of Eq.(3.2) is that the evolved Eu-
lerian ξ̄E(x) correlation function ξ̄E(ℓ) can be expressed as a function of its linearly evolved
Lagrangian counterpart ξ̄L(ℓ) but at a different length scale ℓ which is expressed through the
following implicit expression:

ξ̄E(a, x) = u[ξ̄L(a, ℓ)]; ξL(a, ℓ) = U [ξ̄E(a, x)]; ℓ = [1 + ξ̄E]
1/dx. (3.3)

Such an expression was first suggested in [49]. Many authors have reported more accurate
forms for the fitting function F (see [50–55] for early results). Analytical progress can be
made if we assume h to be constant at least for a limited range of ξ̄2. In this case a solution
to Eq.(3.2) takes the following form:

1 + ξ̄2(a, x) ≈ ξ̄2(a, x) = ahdF (ahx) (3.4)

Here F is an arbitrary function. The power-law index γ can be fixed by matching the
nonlinear ξ̄2 and the linear ξ̄2 ∝ a2x−(n+3). The two-point correlation function can be
expressed in terms of the power-law index:

γ =
hd(n+ d)

h(n+ d) + 2
. (3.5)

Now it is possible to write the two-point correlation function as:

ξ̄2(a, x) ∝ a2hd/[2+h(n+d)]x−hd(n+d)/[2+h(n+d)]. (3.6)

Numerical simulations suggests h = 2, 1 respectively for the intermediate and highly nonlinear
regime. It can be shown that in general in the intermediate and highly nonlinear regime
ξ̄2(a, x) ∝ [ξ̄2(a, l)]

hd/2 (see ref.[56] for a unified description of different regimes). Strictly
speaking, validity of such a scaling can not be established rigorously in the Fourier domain,
nevertheless, a similar scaling was found to hold in the numerical simulation [57], where it
takes the following form:

∆2(kNL, a) = f [∆2
L(kL, a)]; ∆2

L(kL, a) = F [∆2
L(kL, a)]. (3.7)

The above expression relates the dimensionless nonlinear ∆2
NL power spectrum∆2(k, τ) =

k3/2πP (k, τ) at highly nonlinear regime kNL as a function of linear ∆2
NL power spectrum at

a linear wave-number kL. The two are related through the following implicit expression:

kL = [1 +∆2
NL(kNL, a)]

1/dkNL. (3.8)

In the linear regime, ∆2(kNL, a) ≤ 1, we have the following expression:

f(x) = x ; (3.9)

The intermediate and nonlinear regime is characterized by ∆2(kNL, τ) ≥ 10, we recover
Eq.(3.5):

f(x) = xdh/2; (3.10)

The inverse fitting function F is uniquely defined once the function h is specified [58]:

F (z) = exp

[

2

3

∫ z

0

ds

(1 + s)h(s)

]

(3.11)
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Two possibilities are generally considered: h = 1 and h(n + d) = const.

As is well known, the stable clustering approximation h = 1 leads to an imprinting of
initial conditions on the nonlinear regime and thus leads to an explicit break down of uni-
versality of clustering. Indeed, the study of stable clustering and it breakdown is intimately
related to the question of the existence of universal features in nonlinear gravitational clus-
tering, i.e., independence of nonlinear structures of initial conditions and/or cosmological
background evolution.

Despite many years of continued investigations the validity of the stable clustering ansatz
remains disputed. Early studies in ref.[50] and ref.[59] provide clear evidence of departure
from stable clustering. In ref.[60, 61], on the other hand, conclusions were drawn in favour
of the stable clustering ansatz in the highly nonlinear regime. Indeed, in more recent years,
evidence was found against the stable clustering ansatz using large simulation [51]. However
see recent claims of validity of stable clustering [62, 63] It is also interesting to note here that
the most popular halo model based approaches do not predict stable clustering at smaller
scales [64]. A different but equivalent parametrization was introduced in ref.[57]:

f(x) = x1+α; 3.5 < α < 4.5; (3.12a)

∆2
NL ∝ D(6−2γ)(1+α)/3kγ ; (3.12b)

γ =
3(3 + n)(1 + α)

3 + (3 + n)(1 + α)
. (3.12c)

The above expression can be recovered from Eq.(3.10) by using h/2 = (1+α)/3. For α = 1/2
we recover the stable clustering ansatz of h = 1 in the highly nonlinear regime.

The stable clustering ansatz amounts to assuming that once a collapsed object is formed,
it decouples from the cosmological expansion and stops evolving in physical co-ordinate
[48, 65]. Self-similar evolution can be used to show that the two-point correlation function
takes a power-law form at small physical separation. When coupled to the stable clustering
ansatz, it can be used to make exact prediction about the slope of the power law at high k.
Interestingly, stable clustering means the gravitational clustering at deeply nonlinear scale
remembers the initial power spectrum through its spectral index n. The phenomenological
approaches developed in ref.[49] and ref.[57] are direct consequences of the validity of the
stable clustering ansatz.

According to ref.[36] the nonlinear index γ can be expressed in terms of parameters
α and β that define a particular halo mode e.g. Press-Schechter (PS) the nonlinear power
spectrum has the following form:

△2
NL(kNL, a) ∝ kγ ; γ =

18β − α(n + 3)

2(3β + 1)
. (3.13)

It can be shown that assuming only the one-halo terms contribute for the power spectrum
and bispectrum, enforcing a hierarchical form for the bispectrum dictates that only possible
solution is characterized by α = 0 and β = (3 + n)/6. This value of α is not compatible
with predictions of PS mass functions that reproduces numerical results. This result can
be generalized to take into account h 6= 1 in which case we get β = (3 + n)h/6 but the
conclusions remains the same.

Starting with ref.[66], the generalization of stable clustering ansatz and its consequences
for the hierarchical form of higher-order correlation function has been investigated using
the BBGKY hierarchy in many different context [67]. The connection to halo profile was
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investigated in [68]. Many studies of stable clustering were performed in lower dimensions 1D
[69], 2D [70, 71]. Attempts have been made in deriving stable clustering based on stability
arguments [72]. However, in numerical simulation, due to complex interplay of scale of
nonlinearity, the box size and grid size make it difficult to confirm or discard the stable
clustering ansatz with high degree of confidence. Theoretically, closure schemes of BBGKY
are the only way to study the issue but any such scheme is bound to eventually break down.

4 Ward Identities and Conservation of Multiplets

The ward identities reflect the statistical invariance of n-point correlators ξn under a infinites-
imal Lifsthiz symmetry (defined as δsτ = z̃λτ and δsx = λx) transformation δs.

ξ1···n ≡ 〈δ(x1) · · · δ(xn)〉c; δsξ1···n = 0. (4.1)

Rotational symmetry demands that ξn(xi, τ) ≡ ξn(xij , τ) and the Lifshitz symmetry n-point
correlators implies [33] :



z̃τ
∂

∂τ
+
∑

i<j

xij · ∇ij



 ξ1···n(xij , τ) = 0. (4.2a)

The generic solutions of Eq.(4.1) for ξn can be written in terms of (arbitrary) functions Fn

and depend on τ and xij only through the combinations (τ/xzij) and are symmetric under
the permutation i ↔ j. They can be written as:

ξ12(x1,x2; τ) = F2

(

τ

xz̃12

)

; ξ123(x1,x2,x3; τ) = F3

(

τ

xz̃12
,
τ

xz̃13
,
τ

xz̃23

)

. (4.3a)

By matching these results with linear predictions it is possible to fix the scaling exponent z.

Indeed the Ward identites and the Lifshitz symmetries are nothing but a restatement of
the fact that one-point distribution function f(x, p, t) admits self-similar solution f(x, p, t) =
t−3−3αf̂(x/tα, p/tβ+1/3) with β = α + 1/3 [65]. The two-point correlation function can be
expressed as a function of arbitrary function f : ξ2 = f2(x/t

α).

The Ward identites are thus a reformulation of the multiplet conservation equations [65].
The triplet conservation equation generalizes the pair conservation equation of Eq.(3.1):

∂h123
∂τ

+ 〈∇12 · (h123 w12,3)〉c + 〈∇23 · (h123 w23,1)〉c = 0. (4.4a)

We have introduced the following quantities:

w12,3 ≡
〈A123(u1 − u2)〉c

h123
; A123 ≡ (1 + δ1)(1 + δ2)(1 + δ3); δi = δ(xi); (4.5a)

h123 ≡ 〈A123〉c = 1 + ξ12 + ξ23 + ξ13 + ξ123. (4.5b)

In the highly nonlinear regime 1 << ξ2 << ξ3 and if we assume wij,k = −hHxij (H = aH)
that generalizes the stable clustering ansatz:

ξ2(x, τ) = ahdf(ahx); ξ3(x1,x2,x3) = a2hdf3(a
hx1, a

hx2, a
hx3). (4.6a)
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For h = 1 we recover the well known results. By construction all hierarchical models that we
will study also satisfy the following scaling [73]:

ξN (λx1, · · · , λxn) = λn−1ξn(x1, · · · ,xn). (4.7)

By comparing Eq.(4.3a) with expressions of ξ12 in the linear regime ξ12 = a2x
−(n+3)
12 , and

highly nonlinear regime [Eq.(3.6)] we can fix the values of z̃ for the fix points:

z̃ =
n+ 3

4
. (4.8)

Thus z̃ is same both in the linear ξ2 ≪ 1 and highly nonlinear regime ξ2 ≫ 1. In the highly
nonlinear regime the z̃ do not depend on h. Previous results were derived assuming stable
clustering h = 1.

5 Lifshitz Flow of the Dynamical Exponent

We have identified the mapping between the Lifshitz dynamical exponent z for the bulk and
that for the brane z̃ in quasi-linear, intermediate and highly nonlinear regime without the
stable clustering ansatz and in arbitrary dimension, we next study the renormalization group
flow between fixed points. The variable r in the dual theory (see Eq.(2.3)-Eq.(2.4)) from an
initial condition at large r where the perturbations are in the linear regime to small r. These
correspond to UV and IR Lifshitz fixed points respectively in the dual system.

S =

∫

dd+3x
√−g

[

R− 2V (φ)− 1

2
(∂φ)2 − 1

4
FµνF

µν − 1

2
W (φ)AµA

µ

]

(5.1)

The renormalized group flow is triggered and controlled by a scalar filed φ and potential
V (φ). The coupling to the Gauge field is dictated by W (φ).

ds2 = − exp [2A(y)]dt2 + exp[2B(y)](2dtdy + dx2) + dy2; (5.2a)

dr2 = exp[−2B(y)]dy2 (5.2b)

φ = φ(y); Aµ = H(y) expA(y)δ0µ. (5.2c)

For a d-dimensional space the equations for the vector and scalar fields Aµ and φ are [47]:

φ′′ + (d+ 2)φ′B′ − 2∂φV = 0; (5.3a)

A′′H +A′2H + 2A′H ′ + dB′(H ′ +A′H) +H ′′ −WH = 0. (5.3b)

Einsten’s equations can be expressed as [47]:

A′′ −B′′ + 2A′2 + (d− 2)A′B′ − dB′2 = 0;−1

2
[(H ′ +A′H)2 +WH2]; (5.4)

(d+ 1)B′′ +
1

2
φ′2 = 0. (5.5)
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Using the change of variable L(r) = 1
B′(r) ; z(r) =

A′(r)
B′(r) [47]:

(z′L− L′z)
H

L2
+

z2

L2
H +

2z

L
H ′ +

d

L
(H ′ +

z

L
H) +H ′′ −WH = 0 ; (5.6a)

φ′′ +
d+ 2

L
φ′ − 2∂φV = 0 ; (5.6b)

1

L2
[z′L+ (1− z)L′ + (d+ 2z)(z − 1)]− 1

2

[

(H ′ +
z

L
H)2 +WH2

]

= 0 ; (5.6c)

−d+ 1

L2
L′ +

1

2
φ′2 = 0. (5.6d)

The primes denote derivative w.r.t. y. The constraint equation takes the following form:

(d+ 1)(d + 2)

2L2
+ V − 1

4
φ2 = 0. (5.7)

The fixed points correspond to the following values:

L(r) = L0; z(r) = z0; φ(r) = φ0. (5.8)

W (φ0) =
z0(z0 + d)

L2
0

; V (φ0) = −(d+ 1)(d + 2)

2L2
0

; ∂φV (φ0) = 0. (5.9)

The correspondence between bulk and brane relates the two scaling exponents [26]:

z̃ =
1

2z − 1
(5.10)

The bulk enhanced symmetry point can be made to corresponds to z = 2, z̃ = 1
3 with specific

choice of paramters. These fixed points are given by:

H = 0, z = −d

2
; H = 0, z = 1 (5.11)

H2 =
1

L2W

(

2L2W − d∓
√

d2 + 4L2W
)

, z = −d

2

(

1∓
√

1 +
4L2W

d2

)

. (5.12)

These generalizes the results derived in ref.[26] to arbitrary dimension. We will use the
following forms for the potential V (φ) and gauge coupling W (φ):

V (φ) = V0 + V1φ+
1

2
V2φ

2 +
1

3!
V3φ

3 +
1

4!
V4φ

2(φ− φ0)
2; (5.13)

W (φ) = W0 +W1φ+
1

2
W2φ

2 +
1

3!
W3φ

3; (5.14)
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The boundary conditions impose the following constraints on the coefficients appearing in
Eq.(5.13) and Eq.(5.14) (see ref.[47] for details):

V0 = −(d+ 1)(d+ 2)

2L2
IR

; W0 =
zIR(d+ zIR)

L2
IR

; (5.15a)

V1 = 0; W1 = 0; (5.15b)

V2φ
2
0 = −3(d+ 1)(d + 2)

[

1

L2
UV

− 1

L2
IR

]

; (5.15c)

W2φ
2
0 = 6

[

zUV

(

d+ zUV

L2
UV

)

− zUV

(

d+ zIR
L2
IR

)]

; (5.15d)

V3φ
3
0 = 6(d+ 1)(d + 2)

[

1

L2
UV

− 1

L2
IR

]

; (5.15e)

W3φ
3
0 = 12

[

zIR

(

d+ zIR
L2
IR

)

− zUV

(

d+ zUV

L2
UV

)]

. (5.15f)

The values we choose for numerical studies are: zIR = zUV = 2; L0 = 1, LUV =
11L0/10, LIR = L0 and φ0 = 1.

6 Consistency Relations

We will use consistency relations to test variants of halo models and various hierarchical
ansatze generally used to model higher-order correlation functions. At the level of the bis-
pectrum the consistency relation relates the bispectrum in the squeezed limit with the power
spectrum [27]:

〈δq(τ)δk1
(τ)δk2

(τ)〉′q→0 = PL(q, τ)

[

1− 1

3

∂

∂ ln k1
+

13

21

∂

∂ lnD(a)

]

P (k1, τ). (6.1)

The limit q → 0 is also known as the soft limit k1 ≈ k2 ≪ q and for the perturbative kernel
(to be introduced later in §6.2; see Eq.(6.14)) both LHS and RHS of Eq.(6.2) reduces to
[47/21 − 1/3(n+ 3)]PL(q)P (k1) [76].

For higher-order [27]:

〈δq(τ)δk1
(τ) · · · δkn

(τ)〉′q→0 =

PL(q, τ)

[

1− 1

3

n
∑

i=1

∂

∂ ln ki
+

13

21

∂

∂ lnD+(a)

]

〈δk1
(τ) · · · δkn

(τ)〉′ (6.2)

Next we will impose these constraints on models of higher-order multispectra.

Next, we will investigate the consequence of these consistency relations for lower order
correlation functions in various models of correlation hierarchy.

6.1 Hierarchical Ansatz̈e

We will consider the hierarchical models prescribed by [73–75] as a test case to show the
predictive power of consistency relations. We will establish the consistency relations among
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hierarchical amplitudes of a specific model developed in ref.[73]:

B2(k1,k2,k3) = Q3(P (k1)P (k2) + cyc.perm.); (6.3a)

B3(k1,k2,k3,k4) = Ra(P (k1)P (|k12|)P (|k123|) + cyc.perm.)

+Rb(P (k1)P (k2)P (k3) + cyc.perm.); (6.3b)

B4(k1, · · · ,k5) = Sa

[

P (k1)P (|k12|)P (|k123|)P (|k1234|) + cyc.perm.
]

+Sb [P (k1)P (k2)P (|k123|)P (|k1234|) + cyc.perm.]

+Sc [P (k1)P (k2)P (k3)P (k4) + cyc.perm.] . (6.3c)

The corresponding squeezed limits are [76]:

lim
q→0

B2(k,−k,q) = 2Q3PL(q)P (k); (6.4a)

lim
q→0

B3(k1,k2,k3,q) = (Ra + 2Rb)PL(q) (P (k1)P (k2) + cyc.perm.) ;

lim
q→0

B4(k1,k2,k3,q) = PL(q)[(Sa + 3Sc)[P (k1)P (|k12|)P (|k123|) + cyc.perm.)

+2(Sb + Sc)(P (k1)P (k2)P (k3) + cyc.perm.]. (6.4b)

Notice that in the squeezed limit, multispectra of a given order, behaves as a multispectra
of one order less, with its topological amplitudes renormalized e.g. the squeezed trispectra
in Eq.(6.4a) is an effective bispectrum with the hierarchical amplitude Q′

3 determined by
Ra and Rb that determine the trispectra: Q′

3 = (Ra + 2Rb)PL(q). Similarly, the squeezed
fifth order multispectra in Eq.(6.4b) can be expressed as a trispectrum with the amplitudes
redefined as R′

a = (Sa + 3Sc)PL(q) and R′

b = 2(Sb + Sc)PL(q).
Assuming a power-law power spectrum initial power spectrum P (k) ∝ kn and using the

scaling relation Eq.(3.10) to express γ in terms of n and finally using the consistency relation
Eq.(6.2) we arrive at:

2Q3 =

[

1− 1

3
(γ − 3) +

13

21

2γ

(n+ 3)

]

; (6.5a)

2Ra +Rb = Q3

[

1− 2

3
(γ − 3) +

13

21

4γ

(n+ 3)

]

. (6.5b)

Sa + 2Sb + 5Sc = (4Ra + 12Rb)

[

1− (γ − 3) +
13

21

6γ

(n+ 3)

]

. (6.5c)

Thus using Eq.(6.2) we have established a tower of consistency relations for the correlation
hierarchy. These relations depend on the initial spectral slope of the power spectrum n as
well as the final power law index of the two-point correlation function γ. Notice that even if
we further impose the condition h(n+3) = 1, the residual dependence on n in these relations
will ensure that the memory of the initial condition is retained in the final stages of the
evolution.

A simplified hierarchical model was developed in ref.[74] where the hierarchical am-
plitudes of a given order was assumed to have identical value i.e. at the fourth order
Ra = Rb = Q4, and similarly at fifth order we have Sa = Sb = Sc = Q4. The corresponding
consistency relations can be established using Eq.(6.5a)-Eq.(6.5c) with similar identification.
Assuming a specific for γ, the expressions with Eq.(6.5a)-Eq.(6.5c) can be used to made
quantitative predictions.
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Figure 2. The left panel shows γ as a function of n. The topological amplitude ν2 [ν2 ≡ Q3,
see Eq.(6.6a) for definition, is plotted as a function of γ. Assuming stable clustering h = 1 and
using consistency condition Eq.(6.5a) gives ν2 = 1.08 for γ = 1.8 which is remarkably close to the
(phenomenological) value typically used in the literature ν2 = 1. However such agreement seems to be
valid for a narrow range of (observationally interesting) spectral index n = 0 for which γ = 1.8 as can
be see from right panel where we compare numerical fits from Hyper Extened Perturbation Theory
(HEPT) [20] and the same predictions from the HA. The level of agreement is rather insensitive to
change in h.
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Figure 3. The left panel shows ν3 as a function of ν2 using the consistency relation of Eq.(6.6c) and
the right panel shows ν4 as a function ν3 Eq.(6.6c). Different values of h give nearly identical result.

If we further assume a more specific model of hierarchical clustering where Q3 = ν2,
Rb = ν22 , Ra = ν3, Sa = ν32 , Sb = ν2ν3 and Sc = ν4, rewriting Eq.(6.5a)-Eq.(6.5c) we have:

ν2 =
1

2

[

1− 1

3
(γ − 3) +

13

21

2γ

(n+ 3)

]

; (6.6a)

ν3 = −2ν22 + ν2

[

1− 2

3
(γ − 3) +

13

21

4γ

(n + 3)

]

; (6.6b)

ν4 = −1

5

(

ν32 + 2ν2ν3
)

+
1

5
(4ν3 + 12ν22 )

[

1− (γ − 3) +
13

21

6γ

(n+ 3)

]

. (6.6c)

These equations completely determine the coefficients ν2, ν3, ν4 once h is specified. Alter-
natively assumption of a specific form for higher-order correlation hierarchy can constrain
h.
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Figure 4. We compare the predictions for lower order cumulants S3 (left panel), S4 (middle panel)
and S5 (right panel) from consistency relations and the phenomenological fit using HEPT. Different
values of h give nearly identical result.

6.2 Halo models

In this section starting with a review of halo model we will derive the squeezed limit of halo
model bispectrum. The halo models remain the most successful in modeling gravitational
clustering in the highly nonlinear regime. Basic ingredients of the halo models include the
halo profile ρ(r) (or its Fourier transform ρ̂(k,m) ) [64]:

ρ(r) ≡ ρs
(r/rs)(1 + r/rs)2

; (6.7a)

ρ̂(k,m) = 4π

∫

drr2ρ(r,m)
sin(kr)

kr
; lim

k→0
ρ̂(m,k) → m; (6.7b)

c =
Rv

rs
; ∆v = 200; m =

4π

3
R3

v∆vρ̄. (6.7c)

Individual halos are characterized by the mass m and concentration c(m). The parameters
rs and ρs can be expressed in terms of these parameters:

rs =

(

3m

4πc3∆vρ̄

)1/3

; ρs =
1

3
∆v ρ̄ c

3

[

ln(1 + c)− c

(1 + c)

]

−1

. (6.8a)

The 1-halo and 2-halo contributions to the total power spectrum P (k) from 1-halo P1h(k)
and 2-halo terms P2h(k) depends on the number density of halos n(m, z) and ρ̂(k,m) [20]:

P1h(k) =
1

ρ̄2

∫

dmn(m, z) ρ̂2(k,m); (6.9a)

P2h(k) =
1

ρ̄2

[

2
∏

i=1

∫

dmi n(mi, z) ρ̂(k,mi, z)

]

Phh(k;m1,m2); (6.9b)

Phh(k;m1,m2) = b1(m1)b1(m2)Pδ(k); (6.9c)

P (k) = P1h(k) + P2h(k) = ǫ
[1]
2 (k) + [ǫ

[b1]
1 (k)]2PL(k). (6.9d)

We have defined the weighted moments of the Fourier transform ρ̂(m, z, k) for an arbitrary
function Ψ(m, z):

ǫ[Ψ]
s (k) ≡ 1

ρ̄s

∫

dmn(m) [ρ̂(mk)]sΨ(m). (6.10)
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The bias functions bi(m) satisfy the following relations:

1

ρ̄

∫

dmmn(m) = 1;
1

ρ̄

∫

dmmn(m) bi(m) = δi1. (6.11)

For the halo models we will consider following parametrization [20]:

νf(ν) = A

√

aν2

2π

[

1 +
1

(aν2)p

]

e−aν2/2; ν =
δc

σ(m)
; δc = 1.68; (6.12a)

b1(ν) = 1 +
aν2 − 1

δc
+

2p

δc(1 + (aν2)p)
. (6.12b)

For the Press-Schechter (PS) mass function we have p = 0 and q = 1. The Sheth-Tormen(ST)
mass function correspond to p = 0.3, a = 0.707 and A = 0.322. The following biasing scheme
is assumed:

δh(m) ≡
∑

s

1

s!
bs(m)δs = b1(m)δ +

1

2
b2(m)δ2 + · · · (6.13)

The second-order perturbative kernel has the following form [20]:

BPT(k1,k2,k3) = 2F2(k1,k2)PL(k1)PL(k2) + cyc.perm.;

F2(k1, k2) =
5

7
+

1

2

(

k1 · k2

k1k2

)(

k1
k2

+
k2
k1

)

+
2

7

(

k1 · k2

k1k2

)2

. (6.14)

In the halo model the total bispectrum gets contributions from terms that correspond to
single, double and triple halo terms.

〈δh(k1)δh(k2)δh(k3)〉c ≡ Bhhh(k1,k2,k3)

= B1h(k1,k2,k3) +B2h(k1,k2,k3) +B3h(k1,k2,k3). (6.15)

The individual expressions in Eq.(6.15) take the following form [64]:

B1h =
1

ρ̄3

∫

dmn(m) ρ̂(m,k1)ρ̂(m,k2)ρ̂(m,k3). (6.16a)

B2h =
1

ρ̄3

[

∫

dm1 n(m1 ρ̂(m1, k1)

∫

dm2 n(m2) ρ̂(m2, k2)ρ̂(m2, k3)
]

×Phh(k1,m1,m2) + cyc.perm. (6.16b)

B3h =
1

ρ̄3

[

3
∏

i=1

∫

dmi n(mi) ρ̂(mi, ki)

]

Bhhh(k1, k2, k3;m1,m2,m3). (6.16c)

The halo bispectrum in Eq.(6.16a) is related to the underlying dark matter bispectrum
through the following expression:

B3h(k1,m1;k2,m2;k3,m3) ≡ b1(m1)b1(m2)b1(m3)BPT(k1,k2,k3)

+[b1(m1)b1(m2)b2(m3)PL(k1)PL(k2) + cyc.perm.]. (6.17)
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The explicit expressions for the various terms are [27]:

lim
q→0

B1h(k,−k,q) =
1

ρ̄
ǫ
[m]
2 (k); (6.18a)

lim
q→0

B2h(k,−k,q) = ǫ
[b1]
2 (k)PL(q); (6.18b)

lim
q→0

B3h(k,−k,q) = 2

[

13

14
+

(

4

7
− 1

2

∂ lnPL

∂ ln k1

)(

q · k
qk

)2

+
ǫ
[b2]
1 (k)

ǫ
[b1]
1 (k)

]

PL(q)P2h(k).

(6.18c)

In the limit of k → 0 the 3-halo term dominates and in this limit ǫ
[b2]
1 = 0 so the third term

in Eq.(6.18c) do not contribute and result agrees with perturbative calculations.
Following ref.[34] we can express various contributing terms in the squeezed limit as

follows: In the limit of k → ∞ the 2-halo term dominates.

〈δq(τ)δk1
(τ)δk2

(τ)〉′q→0 = 〈b1〉(k1)PL(q)P1h(k1); (6.19a)

〈b1〉(k) =
∫

dmn(m) ρ̂2(m,k)b1(m)
∫

dmn(m) ρ̂2(m,k)
=

ǫ
[b1]
2 (k)

ǫ
[1]
2 (k)

. (6.19b)

The primes denote the fact that the vectors q, k1 and k2 satisfy the triangular equality. The
one-halo power spectrum P1h in the nonlinear regime takes the following form [35]:

P1h(k) ≈ [D(a)]
6

n+5
−(1−2p)kγ−3; (6.20a)

γ =
3(n + 3)

n+ 5
− (1− 2p)

3 + n

5 + n
= 2(1 + p)

3 + n

5 + n
. (6.20b)

The first term in Eq.(6.20b) represents the prediction of stable clustering ansatz where as
the second term corresponds to departure from it. It has the origin in the second term of
Eq.(6.19b). The term doesn’t vanish unless α = 0 or n = −3.

Using the expressions Eq.(6.20a)-Eq.(6.20b) in Eq.(6.2):

〈δq(τ)δk1
(τ)δk2

(τ)〉′q→0 =

[

1− 1

3
(γ − 3) +

13

21

(

6

n+ 5
− (1− 2p)

)]

PL(q)P1h(k).

(6.21)

Thus comparing Eq.(6.19b) and Eq.(6.21) we get:

〈b1〉 =
[

1− 1

3
(γ − 3) +

13

21

(

6

n+ 5
− (1− 2p)

)]

. (6.22)

For n = −1 we get 〈b1 ≈ 2 which is lower than the value 〈b1〉 ≈ 3.5 obtained by direct
integration of the ST mass function [27]. A more detailed study will be presented elsewhere.

In the presence of primordial non-Gaussianity, which we have ignored here, the b(ν)
parameter in general will be non-local and have a k dependence.

7 Discussions and Conclusions

In this paper we have studied two recently introduced analytical methods to analyse gravita-
tional clustering in the highly nonlinear regime. We use the gravity dual of LSS formation to
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characterize the evolution of the nonlinear power spectrum. Beyond power spectrum, we use
the consistency relations in the highly nonlinear regime to test validity of analytical models
such as the halo model predictions and variants of HA.

• Evolution of Power Spectrum: The isometry of the six-dimensional bulk manifests
as Lifshitz symmetry of the Boltzmann-Poisson equation in Eq.(2.5a)-Eq.(2.5c) which
governs the poorly understood gravitational dynamics of LSS on the brane. We have
related the bulk Lifshitz dynamical exponent z with its counterpart in the brane. Previ-
ous results were derived using a stable clustering ansatz. We show how this assumption
can be lifted and using phenomenological scaling arguments more generalized relations
can be derived in an arbitrary dimension. In particular, we find that the exponent z is
independent of h. Thus the system settles in the fixed point irrespective of whether or
not the stable clustering ansatz is violated. We also solve Eq.(5.6a)-Eq.(5.6d) numer-
ically to study the RGE flow from the fixed point z = 2 and back to z = 2. The flow
represents the evolution of perturbations from quasi-linear regime to highly nonlinear
regime through the intermediate regime. The resulting evolution of z̃ (equivalently z)
is shown in Figure -1. We have shown that z̃ is independent of the scaled peculiar
velocity h and hence of the stable clustering ansatz. In the intermediate regime h = 2,
as z̃ is independent of z, it implies that the self-gravitating system is always also in a
fixed point in the intermediate regime. The evolution of h - defined in Eq.(3.2) - is well
studied in numerical simulations as it determines the power-law index of the nonlinear
correlation function through Eq.(3.6). Such a correspondence of z̃ and h will be useful
in building a more realistic gravity dual of LSS formation in intermediate and highly
nonlinear regime.

• Consistency Relations and Evolution of Higher-order Multispectra:

1. Hierarchal Ansatz (HA): We have used the recently derived consistency re-
lations to put constraints on commonly used HA, described in momentum space
by Eq.(6.4a)-Eq.(6.4b), generally used in the highly nonlinear regime to model
higher-order correlation functions. We derive a tower of hierarchical relation that
depends on the scaled peculiar velocity h through the power-law index γ of the
nonlinear two-point correlation function [see Eq.(3.6)]. The results are derived for
generic HA in Eq.(6.5a)-(6.5c) and a specific model was considered in Eq.(6.6a)-
Eq.(6.6c). In Figure -2 the left panel shows the γ for different initial power law
index n. The middle panel shows the lowest order hierarchical amplitude ν2 as a
function of γ for various values of h. The comparision against HEPT is shown in
the right panel. We compare the results with HEPT predictions known to repro-
duce the results of numerical simulations in Figure -3. In particular we show that,
when the hierarchical amplitudes νn satisfy the consistency relations, they fail to
reproduce numerical results. The HA matches with HEPT for an observationally
interesting range of γ ≈ 1.8. The results are relatively insensitive to the value of
h chosen and do not depend on the assumption of stable clustering. In Figure
-4 we compare the predictions beyond the lowest order in non-Gaussianity. In-
deed, while variants of HA provide useful toy-models for gravitational clustering,
it is important to realize that in the squeezed limit they do not reproduce the
perturbative results.
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2. Halo Models: We have also used the more realistic halo model in §6.2. We have
derived the bispectrum of the popular halo model. The bispectrum gets contri-
bution from single, double and triple-halo terms. Previous studies have pointed
out using theoretical arguments as well as using the numerical results that the
two-halo term dominates in the squeezed limit. By using the same arguments we
re-derive the squeezed limit bispectrum in the halo model. However, our results
do not match with that presented in ref.([27]). In contrast to results presented
in ref.([27]) our results in the limit of p = 0, do recover the correct the stable-
clustering results. However, we find that with this correction, the halo model (PS)
no longer satisfies the lowest order consistency relation. More detailed analysis
both analytical as well as numerical is required to investigate this intriguing result.
In particular, the result we present here only corresponds to z = 0 and the spectral
index at which the pre-factor 〈b1〉 appearing in squeezed limit bispectrum is eval-
uated for n = −1. Indeed, more detailed study is required to check the sensitivity
of the lower limits of the mass of halos that are included in the computation of the
integrals in Eq.(6.22). Other variants of mass functions or different formulations
may provide a better agreement with the consistency relations.
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