CHARACTERIZATION OF CYCLICALLY FULLY
COMMUTATIVE ELEMENTS IN FINITE AND AFFINE
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ABSTRACT. An element of a Coxeter group is fully commutative if any two of
its reduced decompositions are related by a series of transpositions of adjacent
commuting generators. An element of a Coxeter group is cyclically fully com-
mutative if any of its cyclic shifts remains fully commutative. These elements
were studied by Boothby et al. In particular the authors precisely identified
the Coxeter groups having a finite number of cyclically fully commutative el-
ements and enumerated them. In this work we characterize and enumerate
those elements according to their Coxeter length in all finite and all affine
Coxeter groups by using an operation on heaps, the cylindric closure. In finite
types, this refines the work of Boothby et al., by adding a new parameter.
In affine type, all the results are new. In particular, we prove that there is a
finite number of cyclically fully commutative logarithmic elements in all affine
Coxeter groups. We also study the cyclically fully commutative involutions
and prove that their number is finite in all Coxeter groups.

INTRODUCTION

Let W be a Coxeter group. An element w € W is said to be fully commuta-
tive (FC) if two reduced words representing w can be transformed into each other
only using commutation relations, that is relations of the form st = ts. These ele-
ments were introduced and studied independently by Fan in [5], Graham in [7] and
Stembridge in [13, 14, 15]. In particular, Stembridge classified the Coxeter groups
with a finite number of fully commutative elements and enumerated them in each
case. Fully commutative elements appear naturally in the context of (generalized)
Temperley—Lieb algebras, as they index a linear basis of those objects. Recently,
in [1], Biagioli, Jouhet and Nadeau refined Stembridge’s enumeration by counting
fully commutative elements according to their Coxeter length in any finite or affine
Coxeter group.

In this paper, we focus on a certain subset of fully commutative elements, the
cyclically fully commutative (CFC) elements. These are elements w for which every
cyclic shift of any reduced expression of w is a reduced expression of some FC
element (not necessarily the same as w). They were introduced by Boothby et al.
in [3], where the authors classified the Coxeter groups with a finite number of CFC
elements (they showed that they are exactly the groups with a finite number of FC
elements) and enumerated them. The main goal of [3] was to establish necessary
and sufficient conditions for a CFC element w € W to be logarithmic, that is to
satisfy £(w*) = kf(w) for any positive integer k. This is the first step towards
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studying a cyclic version of Matsumoto’s theorem, which says that two reduced
words representing the same element in W can be transformed into each other only
using braid relations. Here we will focus on the combinatorics of CFC elements. We
introduce an operation on heaps which we will call cylindric closures and which,
roughly speaking, adds relations between some maximal and minimal points in a
heap H, as was done in a more general setting in [4]. This will allow us to give
a new characterization of CFC elements in all Coxeter groups (see Theorem 1.14).
For finite or affine Coxeter groups, this characterization can be reformulated in
terms of words by using the work from [1]. From this, we will be able to enumerate
the CFC elements by taking into account their Coxeter length. We will also prove
that the number of CFC involutions is finite in all Coxeter groups.

This paper is organized as follows. We recall in Section 1 some definitions and
properties of Coxeter groups. Then we introduce the aforementioned cylindric clo-
sure of heaps, and deduce a new characterization of CFC elements in terms of
pattern-avoidance for these cylindric closures. In Section 2, we use this charac-
terization to obtain a complete classification (in terms of words) of CFC elements
in the affine type A,_;. We also deduce a classification of CFC elements in type
A, _1, and use this to enumerate CFC elements according to their Coxeter length
in both types. The same work is done for the types C,, By, Dy, Bn+1, and
Dn+2 in Section 3. In Section 4, we will focus on CFC involutions. The main result
is that there is a finite number of CFC involutions in all Coxeter groups. We also
give a characterization of CFC involutions for all Coxeter groups and enumerate
them according to their Coxeter length in finite and affine types. We end the paper
in Section 5 by a few questions.

1. CYCLICALLY FULLY COMMUTATIVE ELEMENTS AND HEAPS

1.1. Cyclically fully commutative elements. Let W be a Coxeter group with
finite generating set S and Coxeter matrix M = (mg)ses. Recall (see [2]) that
this notation means that the defining relations between generators are of the form
(st)™st = 1 for mg # oo, where the matrix M is symmetric with mgs = 1 and
mst € {2,3,...}U{oco}. The pair (W, 5) is called a Cozeter system. We can write,
for any pair (s,t) of distinct generators, the relations as sts--- = tst---, each side
having length mg; these are usually called braid relations when mg > 3. When
mg = 2, this is a commutation relation or a short braid relation. We define the
Coxeter diagram T associated with (W, S) as the graph with vertex set S, and edges
labelled mg; between s and t for each mg > 3. As is customary, edge labels equal
to 3 are usually omitted.

For w € W, the Cozeter length ¢(w) is the minimal length of any expression (or
word) w = 87 ... 8, with s; € S such that the element corresponding to w is w. For
clarity, we will write w for elements in W, and w for expressions. An expression
is called reduced if it has minimal length. The set of all reduced expressions of
w will be denoted by R(w). A classical result in Coxeter group theory, known as
Matsumoto’s theorem (see [2, Theorem 3.3.1]), is that any expression in R(w) can
be obtained from any other one using only braid relations. An element w is said
to be fully commutative if any expression in R(w) can be obtained from any other
one using only commutation relations. We will often abbreviate the term fully
commutative by FC in the rest of the paper.
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Definition 1.1. ([3, Definition 3.4]) , The left (respectively right) cyclic shift of
the word s, ... Sq, 1S Sq, - - - Sa, Sa, (respectively s, Sq, ...Sa, ). A cyclic shift of
Say - - - Sa, is either sq, ...S,, itself or sq, ...Sq,_, for k € {2,...,n}. An element
w € W is cyclically fully commutative if every cyclic shift of any expression in R(w)
is a reduced expression for a FC element (which can be different from w).

n

For short, we will from now on often write CFC for cyclically fully commutative.
We denote the set of CFC elements of W by WFC,

1.2. Heaps and FC elements. We follow Stembridge [13] in this section. Fix a
word W = $4, ...84, in S*, the free monoid generated by S (note that the word
need not be reduced). We define a partial ordering of the indices {1,...,¢} by i < j
if i < j and Mg, 50, 2 3orifi < jand a; = aj, and extend by transitivity and
reflexivity. We denote by Hy, this poset together with the labelling i — s,,, and
we will call Hy, the heap of w. We will also often call the elements of Hy, points.
In the Hasse diagram of Hy,, elements with the same labels will be drawn in the
same column. The size |H| of a heap H := Hy, is the cardinality of the underlying
poset. Given any subset I C S, let H; be the subposet induced by all elements
of H with labels in I. In particular Hy := Hy, for s € S is a chain of the form
H, =51 <52 < ... <50 where k = |H,|. We also denote by |w,| the number
|Hs| (note that this also counts the number of occurrences of s in w). In H, there is
a chain covering relation between two different integers 7 and j, denoted by i <. j,
if ¢ < j and one of the two following conditions is satisfied:
(i) Mg, 50, 2 3 and there is no element z with the same label as ¢ or j such
that ¢ < z < j, or
(ii) sa, = sq, and there is no element z such that i < z < j.
Note that the set of chain covering relations corresponds to the set of edges in
the corresponding Hasse diagram. In Figure 1, we fix a Coxeter diagram on the
left, and we give two examples of words with the corresponding heaps.

4 4
oO—0—10—06—0—10°0 Hy, = Hy, =
Sop S1 S92 S3 S4 S5 Sg N

808152835485 S6 S0518258354S5S56
W1 = §251505655535254555356 W2 = §253505655545453

F1GURE 1. Two different heaps. The higher row names the column labels.

If we consider heaps up to poset isomorphisms that preserve the labels, then
heaps encode precisely commutativity classes. That is, if the word w’ is obtained
from w by transposing commuting generators then there exists a poset isomorphism
between Hy, and Hy (see [13, Proposition 2.2]). In particular, if w is FC, the
heaps of its reduced words are all isomorphic, and thus we can define the heap of
w, denoted H,,.

Let w = s4, ...Sq, be a word. A linear extension of the poset Hy, is a linear
ordering 7 of {1,...,¢} such that 7(i) < w(j) implies ¢ < j. Now let L(Hy,) be the
set of words Saray - - Sane where 7 ranges over all linear extensions of Hy,.

Proposition 1.2. [13, Proposition 1.2] Let w be a fully commutative element. Then
L(Hy) is equal to R(w) for some (equivalently, any) w € R(w).
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This proposition is not true for non FC elements. For example, in the Coxeter
group of type As (see Figure 6 for the corresponding Coxeter diagram), the ele-
ment w having w = s1s951 as a reduced expression is not FC. Indeed, we have
L(Hs, sp5,) = {515251} while R(w) = {s15251, 828152}

A chain iy < -+ < 4, in a poset H is convex if the only points u satisfying
i1 = u =X i, are the points i; of the chain. Notice that if a chain iy < -+ < iy,
is convex, then we have i1 <. -+ <. ;. The next result characterizes FC heaps,

namely the heaps representing the commutativity classes of FC elements.

Proposition 1.3. [13, Proposition 3.3] A heap H is the heap of some FC element
if and only if the two following conditions are satisfied:
(i) there is no convex chain iy <¢ -+ <¢ im,, 0 H such thats;, = s, =---=5
and s;, = s;, = -+ =1 where 3 <mg < 00, and
(ii) there is no chain covering relation i <. j in H such that s; = s;.

1.3. Cylindric closure of heaps and CFC elements. In this section, we fix
a Coxeter system (W,S). Now, we will focus on CFC elements. Before this, we
need to define an operation on heaps, which we call the cylindric closure. Roughly
speaking, the underlying idea is to add relations between some maximal and mini-
mal points in a heap H, as was done in [4] in the more general context of hyperplane
arrangements. Nevertheless, our approach in terms of cylindric closures fits more
with our enumerative purpose, as we will encode the whole set of cyclic shifts of a
reduced word by a unique diagram.

Definition 1.4. Let H := H,, be a heap of a word w = sg, ...54,. The cylindric
closure H® of H is the labelling i — s,, and a relation on the indices {1,...,¢},
made of the chain covering relations <. of H, together with some new chain covering
relations defined as follows:

e for each generator s, consider the minimal point a and the maximal point b
in the chain Hy (for the partial order <). If @ is minimal and b is maximal
in the poset H, and a # b, then add a new relation b <. a.

e for each pair of generators (s,t) such that my > 3, consider the minimal
point a and the maximal point b in the chain Hy,;y (for the partial order
<). If these points have different labels (one is labelled s and the other is
labelled t), then add a new relation b <. a.

Example 1.5. For the simply laced linear Coxeter diagram with 7 generators,
consider the word w = s951505655535254555356. The heap Hy and its cylindric
closure H¢, are represented in Figure 2.

Remark 1.6. The cylindric closure H¢ is not a poset, even if we extend the relation
<. by transitivity. Indeed, each point in H¢ would otherwise be in relation with
itself.

The following definition naturally extends the definition of poset isomorphisms
to cylindric closures.

Definition 1.7. Let Hf and H§ be two cylindric closures. They are isomorphic if
there is a bijective map f : Hf — HS which preserves the labelling and the relation
¢ In other words, if we denote by a; (respectively b;) the label of the point ¢ in
Hf (respectively HS), then a; = by;y; and if 4 and j are two points of Hf, then
i <ed & F0) <e F0)-
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50515283545556

FIGURE 2. A heap and its cylindric closure. The dotted oriented
edges correspond to the new relations we add in the definition of
HS,. The orientation indicates that each point ¢ on the bottom
and each point j on the top connected by a dotted edge satisfy
7 <ct.

Lemma 1.8. Let Hy and Hs be two heaps. If ¢ : Hi — Hs is a poset isomorphism
preserving the labelling, then ¢ is also an isomorphism between HY and HS.

Proof. The poset isomorphism ¢ preserves the maximality and the minimality of a
point, as well as the labelling and the chain covering relations. It then follows from
Definition 1.4 that ¢, considered as a bijective map from Hf to HS, also preserves
the relation <.. [l

As HF¢ is not a poset, we can not draw its Hasse diagram. Nevertheless, we
define the diagram of H¢ as the Hasse diagram of H, together with oriented edges
representing the new relations described in Definition 1.4.

Let us explain the name “cylindric closure”. Consider the Coxeter system (W, S)
corresponding to the linear Coxeter diagram I',, of Figure 3. The diagram of H¢
should be considered on a cylinder as opposed to planar Hasse diagrams of heaps.
On this cylinder, each chain H for a generator s can be seen as a circle.

mo1  Mi12 Mp—1n
0—O0—O0—----- —o0—o0
0 1 2 n—1 n

F1GURE 3. The linear Coxeter diagram.

If H¢ is a cylindric closure of a heap, then the size |H€| is its cardinality. Given
any subset I C S, we write Hf for the set of points in H¢ with labels in /. Unlike
in the definition of Hj, the set H} does not include the relations <. between those
points.

Proposition 1.9. Let wy and wo be two words. If wo is commutation equivalent
to some cyclic shift of wy, then Hg, and Hg, are isomorphic.

Proof. Let ws be a word which is commutation equivalent to wg and such that wg
is a cyclic shift of wy. According to [13, Proposition 2.2], the heaps Hy,, and Hy,
are isomorphic. Then Lemma 1.8 ensures that there is an isomorphism between
HS,, and Hg  preserving the labelling and the relation <.. Therefore to finish the
proof, it remains to prove that Hy, and Hg, are isomorphic.

First, we assume that wg is the left cyclic shift of w4, and we write w; = sw
and wg = ws, with a generator s € S and w an expression involving £ — 1 > 0
generators. We will show that the cyclic permutation f := (¢,£—1,...,2,1) is an

isomorphism between Hy, = Hg, and Hy = Hg..
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The fact that f is bijective is immediate. We first show that f preserves the
labelling. Let ¢ be an integer between 1 and ¢, and denote by a; the labelling of the
point i in Hy, and by b; the labelling of the point i in Hg, . We want to show that
byiy = a;. We consider two cases. First, if i = 1, then a; = s. By definition of f,
we have f(i) = ¢, and by definition of ws, we have bs;y = by = s. Second, if i # 1,
then we have f(i) =i — 1. As Hy, = Hg, and Hy, = Hg,, we have a; = b;_1,
and thus by = a;.

Now we show that f preserves the relation <., that is if 1 < 4,5 < £ are two
points of Hy, , we have i <. j < f(i) <. f(j). If i = j, the relation i <. 7 is not
satisfied in Hy, , and the relation f(i) <. f() is not satisfied in Hy,_ . Otherwise,
we have i # j, and we first show the direct implication. Let 1 < 4,5 < £ be two
distinct points in Hy, such that i <. j.

Assume that ¢+ = 1. The relation 1 <. j is necessarily also satisfied in Hy,,, as
during the construction of Hg, , we only add relations of the form j" <. ' with
i’ < j’. Recall that we have f(1) = £ and f(j) = j — 1. We now have to examine
whether 1 and j have the same label or not.

e If 1 and j have the same label, then this label must be s. Moreover, 1 < j
implies by definition that j corresponds to the first occurrence of s in w,
and before this occurrence, all generator of w commute with s. Thus the
point j — 1 of Hy,, has label s and is minimal in the poset Hy,,. As the
point ¢ has label s and is maximal in Hy,,, the step (i) of Definition 1.4
ensures that the relation ¢ <. j — 1 is satisfied in Hg,_ . Thus we have
1) = £05).

e If j has label ¢t # s, then 1 <. j implies that j is minimal in Hy, among
all the points having label t. So j — 1 is also minimal in Hy,, among all the
points having label t. As ¢ is maximal in Hy,, among all the points having
label s, the step (i) of Definition 1.4 ensures that the relation ¢ <. j —1 is
satisfied in Hg, . We then have f(1) <. f(j).

Assume now that j = 1. As i > 1, the relation ¢ <. 1 is not satisfied in Hyw,. So
this relation is added in Hg, during the step (i) or (ii) of Definition 1.4. We have
fli)=1i—1and f(1) = £. We consider two cases according to the label of i.

e If i has label s, we deduce that ¢ is maximal in H,, and so ¢ — 1 is
maximal in Hy,. So there is a chain covering relation between the two last
occurrences of s in Hy,. In other words, we have f(i) =i—1 <. ¢ = f(1)
in Hys = Hy,. This relation is also satisfied in Hg,, .

e If i has label t # s, then i is maximal in Hg, among the points having
label ¢. Therefore the relation f(i) <. f(1) is satisfied in Hys, and also in
HG o = Hg,.

Finally, if 4,7 # 1, we immediately check that the relation i — 1 <. j — 1 is
satisfied in Hg, . This concludes the proof of i <. j = f(i) < f(j)-

Conversely, by comparing this time the values of f(i) and f(j) with ¢, the same
discussion holds. This shows that f is an isomorphism between Hy, and Hy, .

To conclude, if wg is a general cyclic shift of wy, we write W1 = S4,54, - - Sa,

and W3 = Sq, Saj,, """ Sa,_, With k& € {2,...,¢}. By using the above result, we
successively prove that all the cyclindric closures Hg, = kaalswmsae, Hsca2 SagrSay?

.  rre - .
.. ,Hsak.,_sak_l = Hg,, are isomorphic.

O
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Now we aim to characterize CFC elements in terms of cylindric closures of heaps.
For this we need to define the analogues of a chain and a convex chain in a heap
for cylindric closures.

Definition 1.10. Let H be a heap and let H® be its cylindric closure. Let m be
a positive integer and let iy,142,...,4,, be integers. We say that i1 <. -+ <¢ im
is a c-chain in H¢ if and only if the relations i, <. ix41 hold in H€ for all k €
{1,...,m — 1}. The length of this c-chain is m. The c-chain is proper if all the
integers ¢; are distinct.

An illustration is given in Figure 4.

W = §1528351S52

FIGURE 4. In HS,, 1 <. 2 <. 4 <.b5and 4 <. 5 <. 1 <. 2 are two
differents distinct proper c-chains of length 4, although they have
the same points.

Definition 1.11. Let H be a heap and let s,t be two generators such that mg > 3.
Consider a proper c-chain i1 <¢ -+ <¢ @m In H® with m > 3 such that s,; = sq,, =

- = s and 84, = 8q,, = --- =t (here m is not necessarily equal to ms). Such
a c-chain is called cylindric convex if the only proper c-chains i; <. u; <¢ - <¢
Ug < &y in H® are such that for all £ € {1,...,d} we have u; € {io,...,0m_1}-

Example 1.12. In the cylindric heap of Figure 4, the proper c-chain 1 <, 2 <,
4 <. 5 is not cylindric convex as we have 1 <. 2 <. 3 <. 5. The proper c-chain
4 <.5 <.1 =<2 is cylindric convex.

Next, we prove the following lemma, which shows that cylindric convex c-chains
naturally extend to cylindric closures the notion of convex chains in a heap.

Lemma 1.13. Assume there exists a convex chain iy <. « - <¢ im of length m > 3
in a heap H, such that all points ij are distinct and sq; = Sq;,, = -+ = s and
Sas, = Sa;, = '++ = t. Then this chain, considered as a (proper) c-chain, is also
cylindric convex in the cylindric closure HC.

Proof. Let i1 <. -+ <¢ iy, be such a convex chain in H. Assume for the sake of

contradiction that there is a proper c-chain i1 <. - -+ <¢ i <c UL <e - <e UG <e

im in HC, for an integer k € {1,...,m — 1}, with uy # ix+1. Two cases can occur:

Case 1. i # i;m—1: as iy is not a maximal point among the points with label a;,
(that is, i is not maximal in Hs“ik ), the relation é; <. w; holds in H.
Consequently, the relation iy <. u1 < g2 holds in H. So i1 <¢ -+ <¢ im
is not a convex chain in H, which is a contradiction.

Case 2. i = im—1: @S &y, is not a minimal point among the points with label a;,,
(that is, 4,, is not maximal in Hs,, ), the relation ug <. 4y, holds in H.
Consequently, the relation i,,_o < T&d <¢ 4m holds in H. As the c-chain
i1 <e 0 <ol <o UL <+ = Ug <¢ by 18 proper, we have ug # ipym_1. SO
11 <¢ -+ < b, 1S DOt a convex chain in H, which is a contradiction.
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d

The following result now extend Stembridge’s characterization of Proposition 1.3
to CFC elements in terms of cylindric closures. This theorem is the main goal of
this section, and will be useful for our enumerative purposes in the next sections.

Theorem 1.14. A heap H is the heap of some word w corresponding to a CFC
element w if and only if the two following conditions are satisfied:

(i) there is mo cylindric conver c-chain iy <. -+ =<¢ im., in the cylindric
C — p— _ — — —
closure H® such that sq; = Sa,, =+ =5 and Sq,, = Sq;, = -+ =1, where
3 <mg < 005

(ii) there is no chain covering relation i <. j in the cylindric closure H® such
that sq;, = sq;-

Proof. Let w be a word and let H := Hy, be its heap. Assume that w is a reduced
word of a non CFC element. There exists by Definition 1.1 a cyclic shift of w that
is commutation equivalent to w’ = wisswy or W' = wy st - - - st ws.
—_——
mst

Let H; be the heap of w’. In the first case, by Proposition 1.3, H; contains a
chain covering relation i <. j such that s,, = s,; = s, and in the second case,
H; contains a convex chain 4; <. :-+ <¢ %m,, such that Sa;, = Saz, = =S and
Saiy, = Sa;, = - =1, where 3 < mg < co. By Lemma 1.13, these two cases give
respectively a chain covering relation and a cylindric convex c-chain in Hf. But
w’ is commutation equivalent to a cyclic shift of w, so there is an isomorphism
between H¢ and HfY by Proposition 1.9. This isomorphism preserves the cylindric
convex c-chains, and this concludes the proof.

Conversely, if H® contains the cylindric convex c-chain iy <. -+ <¢ ip,,, let W
be the cyclic shift of w beginning by s,, , and let H; be its heap. As all elements in
the cylindric convex c-chain are distinct, H; contains the convex chain i1 <. - -+ <.
im,,. Lherefore H; does not correspond to a FC element by Proposition 1.3 and H
is not the heap of a CFC element. The same argument also holds if H® contains a
relation i <. j such that s, = s,,, by letting this time w’ be the cyclic shift of w
beginning by s,;. ([

For example, this theorem ensures that the heap H in Figure 2 does not cor-
respond to a CFC element, as its cylindric closure H¢ contains a chain covering
relation 7 <. j such that s,, = s,;, = s¢. The example in Figure 5 corresponds to
a CFC element, according to Theorem 1.14.

Before ending this section, let us introduce a specific subset of CFC elements
and recall the definition of alternating words which was defined in [1], and will be
useful later.

Lemma 1.15. Let W be a Cozxeter group. The words in which each generator
occurs at most once are reduced expressions of CFC elements of W.

Proof. As each generator occurs at most once, we can not use any braid relation of
length at least 3. O

This lemma justifies why this subset will be treated separately from other CFC
elements in the rest of the article.

Definition 1.16. In a Coxeter group with linear Coxeter diagram I',,, a reduced
word is called alternating if for i = 0,1,...,n — 1, the occurrences of s; alternate
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4 4
o0—0O0—10—10—0—10-°0
So S1 S2 S3 S4 S5 Sg

W = S0S2515053555452515356555456

FIGURE 5. A reduced expression of a CFC element in Cg, and the
cylindric closure of its heap.

with those of s;11. A heap is called alternating if it is the heap of an alternating
word. If the Coxeter group is of type A,_; (see Figure 6 for the Coxeter diagram),
the diagram is not linear but we define the alternating word in the same way by
setting sg = Sy,

2. CFC ELEMENTS IN TYPES A AND A

In this section, we will give a characterization and the enumeration of CFC
elements in both types A,,_1 and A,,_;. The corresponding Coxeter diagrams are
given in Figure 6.

S1 ~ Spn—1

FicUre 6. Coxeter diagrams of types A, _1 and A,

The elements of AT were enumerated in [3] by using recurrence relations. Our
characterization in terms of heaps allows us to take into account the Coxeter length.
Actually, we can compute the generating functions W (q) = Y wewcFe ¢"™) for
W =A,_, and W = A,,_;. In particular, when ¢ = 1 and W = A,,_;, we get back
the enumeration from [3] (recall that the number of CFC elements in type 4, is
infinite). Our strategy is the following: first, we obtain a characterization of CFC
elements in type A,_;, we deduce from it a characterization of CFC elements in
type A,_1, then we derive the enumeration of CFC elements in type A,_; and
deduce from it the enumeration in type A,

2.1. Characterization in type A, _1. Note that, in this type, the diagram of a
cylindric closure of a heap can be seen as drawn on a torus.

Theorem 2.1. Let n > 3 be an integer. An element w of the Cozeter group of
type An—1 is CFC if and only if one (equivalently, any) of its reduced expressions
w satisfies one of these conditions:
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(a) each generator occurs at most once in w, or
(b) w is an alternating word and |ws,| = |wWg, | =+ = |w,, _,| > 2.

Proof. As said in Lemma 1.15, if each generator occurs at most once in w, then w
is a CFC element. So let w be a reduced expression of a CFC element w having a
generator occuring at least twice in w. Recall that according to [1, Proposition 2.1],
w € A,_1 is fully commutative if and only if w is an alternating word. Let 55 be
a generator that occurs at least twice in w and such that for all k € {0,1,...,n —
1}, [ws,| > [wg,|. We will prove that |w, | = |w,, | where we set s, = s, which
is sufficient to show that each generator occurs the same number of times. As w is
alternating, there are three possibilities:

Case 1. |w,| = |w,,,,| — 1. This contradicts the maximality of |w,|.
Case 2. |wg,| = |w,,,, |+ 1. By maximality of |wy,|, there are two possibilities for
He: |w,| = |ws, .| or [wg,| = |w,, |+ 1. We obtain either a cylindric

convex c-chain x <. y <. z where x and z have label s; and y has label
5j—1, or a chain covering relation between two indices p and ¢ with label s;.
Therefore w is not a CFC element by Theorem 1.14 (see Figure 7, where
we have circled the points z, y, z, and p, ¢, respectively).

Sj—1 85 Sj+1 Sj—1 85 Sj+1
FIGURE 7. The two possible cylindric closures.

Case 3. |ws,| = |ws,,,| which is the expected condition.

Conversely, let w be an alternating word such that |ws,| = |ws,| = -+ =
|[Ws,_,| > 2. The cylindric closure H, can not contain a cylindric convex c-chain
T <y < 2 of length 3 such that s,, = s,, = s,, and Sa, = Sm+1 (respectively
Sm—1): indeed, the required condition on w implies that there exists an index ¢ such
that © <. ¢ <. z with s,, = s;,—1 (respectively s,,11), which is a contradiction
with the cylindric convexity of the c-chain. The same argument holds for chain
covering relations involving indices with the same labellings. (]

2.2. Characterization and enumeration in type A, ;. In this case, we will
both characterize the CFC elements and compute the generating function

AT (@) = 3 AT (@
n>1

We begin with a lemma which is a consequence of Corollary 5.6 in [3]. Never-
theless, we will give an alternative proof using Theorem 2.1.
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Lemma 2.2. Let n > 3 be an integer. The CFC elements in type A,_1 are those
having reduced expressions in which each generator occurs at most once.

Proof. Let w be a reduced word of a CFC element in type A,_;. By definition
of the Coxeter diagram (see Figure 6), it is a reduced word of a CFC element in
type A,_1 in which the generator sy does not occur. According to Theorem 2.1,
the only such CFC elements in type A,_; are those in which each generator occurs
at most once. Conversely, if all generators occur at most once in w, Lemma 1.15
ensures that w is a reduced expression of a CFC element. a

Theorem 2.3. We have A§FC(q) =1, ASFC(q) =1+ q and forn > 2,
AT (@) = (20 + DATES (0) — ¢ATES (a). (1)
Equivalently, we have the generating function:

1—gqx
(2q + 1)z + qz?’

ACFC(JJ) _ xl —

Proof. According to [1, Proposition 2.7], FC elements of type A,,_; are in bijection
with Motzkin type paths of length n, with starting and ending points at height 0,
where the horizontal steps are labeled either L or R (and horizontal steps at height
0 are always labeled R). We recall the bijection, which is defined as follows: let w
be a FC element in A,,_1, set w one of its reduced expressions and set H its heap.
To each s; € S, we associate a point P; = (i, |H,,|). As w is alternating, three cases
can occur:

Case 1. |H,,| = |H,,,,| — 1, corresponding to an ascending step.
Case 2. |H,,| = |Hs, ,| + 1, corresponding to a descending step.
Case 3. |H,,| = |Hs,,,|, corresponding to an horizontal step, labelled by R if s;

occurs before s;11 in w, and by L otherwise.

7:+1|

According to Lemma 2.2, the restriction of this bijection to CFC elements is a
bijection between CFC elements and the previous Motzkin paths, having length
n, whose height does not exceed 1. By taking into account the first return to the
z-axis (see Figure 8 for an example), we obtain the following recurrence relation
for n > 3:

n
ATEC (q) = AT () + > 2m 2t ASEE (), (2)
m=2
where we write A°TC(g) = 1 (which fits with ASFC(q) =1, A{FC(¢) = 1 + q and
the expected recurrence relation).

0 m n

FiGure 8. Motzkin path corresponding to the reduced expression
515256555759511512 in type Ajoa.
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Rewriting (2) with n replaced by n — 1 gives:
n—1
ATES (q) = AT () + > 2m 2 ASES L (g). (3)
m=2
Multiplying this by 2¢ and substracting the result to (2) allows us to eliminate the
sum over m, and leads to

ASEE (q) — 2qASFS (q) = ASES (0) — ¢ASTS (a), (4)

n n—3

which is equivalent to (1).
Classical techniques in generating function theory and the values AS¥¢(q) = 1,
ASTC(q) =1 + q enable us to derive from (1) the desired generating function. [

Notice that, as expected, if ¢ — 1, we find the odd-index Fibonacci numbers
generating function of [3]. This g-analog was already known: the sequence A105306
in [12] counts permutations that avoid the patterns 321 and 3412, which are exactly
permutations such that in a reduced expression, all the generators occur at most
once.

2.3. Enumeration in type A,_1. We enumerate here the CFC elements in type
A,,_1 according to their length. As for FC elements (see [1, 8]), the coefficients of
the corresponding generating series are ultimately periodic.

Proposition 2.4. We have forn >3

2" —2

A (@) = Paa(@) + T @ (5)

where P,_1(q) is a polynomial of degree n satisfying for n > 4
Pu(q) = (3¢ + 1) Pu—1(q) — (2q + 2¢°) Pa—2(q) + ¢*Pu—3(a), (6)

with Py(q) = 1+2q+2¢%, Pa(q) = 1+ 3q+6¢> + 64>, and P3(q) = 1 +4q+ 10¢*> +
16¢% + 14¢*. Moreover, we can compute the generating function:

- n o x(1 42+ 2¢% — (29 + 2¢°)z + ¢*a?)
) '*;P"(q” T (1 qn)(1 - (2¢ + Da + g2?)

Therefore the coefficients of A,CL‘_Ff’(q) are ultimately periodic of exact period n,
and the periodicity starts at length n.

Proof. In the same way as for the finite type A, _1 (see [1, Proposition 2.1]), FC
elements of type A,,_1 are in bijection with Motzkin type paths of length n satisfying
the following conditions:

(i) the starting point Py = (0,|Hs,|) and the ending point P, = (n,|H,, | =
|Hs,|) have the same height,
(ii) horizontal steps at height 0 are always labeled R,
(iii) if the path contains only horizontal steps at height > 1, the steps must have
not all the same labelling.

The construction of the path corresponding to a FC element is the same as in
type A if we set s, = sg. In Theorem 2.1, the alternating CFC elements in which
all generators occur at least twice and in the same number correspond to Motzkin
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type paths which have only horizontal steps. Therefore there are 2™ — 2 such paths
for all fixed starting height A > 2. This leads to the generating function

—+oo

> o2 =2)(@")"

h=2

which can be summed to obtain the second term on the right hand side of (5).

In Theorem 2.1, the CFC elements which correspond to reduced expressions with
at most one occurrence of each generator correspond to Motzkin type paths which
stay at height < 1, starting and ending at the same height. We denote by P,_1(q)
the generating function of such elements. The computation of Pi(q), P2(¢) and
Ps3(q) can be done by enumerating exhaustively these particular Motzkin paths.
Let i (respectively j) be the first (respectively last) eventual return to the z-axis
(see Figure 9 for an example).

FIGURE 9. Motzkin path corresponding to the element
$1451805286555759511512 in type Aiy.

We get

Pa_1(q) =(2" — 2)¢" + ng" 2" 2

n—2 n—1
Y D T IATEC (o) + AT (), (D)
i;ﬁ(:)r JJ#::ltll

where the first term counts paths that stay at height 1, the second term counts paths
such that 7 = j, and the last term counts paths such that i = 0 and j = n — 1.
Rewriting (7) with n — 1 replaced by n — 2 gives

Poo(q) =(2""" =2)¢" " + (n—1)¢" 22"

n—3 n-—2
+ YD @RI IATES () + ATE  (0). (8)
S

Multiplying (8) by 2¢ and substracting the result to (7) allows us to simplify the
double sum:

n—2
Po_1(q) = 2qPa—a(q) = 2¢" + 2" %¢" ' + AJTE () + ) 271" ATFY (). (9)
1=2
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The relation (2) in Theorem 2.3 allows us to rewrite the sum on the right hand
side of (9) in the following way:

n—2
> 2 ATEY (q) = 2q (ASFS (q) — ASFS (q) — 2 3¢"72) . (10)
=2
Combining (9) and (10) gives
Po-1(q) = 2qPa-2(q) = 2¢" + (24 + DATIT (@) — 204755 (@), (11)
which can be rewritten through (1) in the following way:
Po_1(q) = 2qP,_2(q) + 20" + AT (q) — ¢ATTS (). (12)

Next, we multiply (12) by "~1. We sum over n > 5 and use the generating
function A“F(z) obtained in Theorem 2.3 and the values of P;(q), Px(q), Ps(q)
to derive the expected generating function P(x). As P(x) is a rational fraction, the
recurrence relation (6) for P, comes directly from its denominator.

Next, we prove by induction on n that P,_1(q) is a polynomial in ¢ of degree
n with leading coefficient (2™ — 2). This is true for Pi(g), P»(q) and Ps(q). If
Pn—1(q), Pn-2(q), Pn—3(q) satisfy the induction hypothesis, then by (6), P,(q) is a
polynomial of degree n with leading coefficient 3(2" —2) —2(2"~1 —2) = 27+l 2,

Finally, we prove our claims about periodicity. The second term on the right
hand side of (5) is periodic of exact period n: starting at length n+ 1, the sequence
of coefficients is of the form:

(0,...,0,2" —2,0,...,0,2" — 2,0,...).
———
n—1
As P,_1(q) is a polynomial in g of degree n with leading coefficient (2™ — 2),
the periodicity of the coefficients of ASFC(q) starts at length at least n. Since

[¢" Y P,_1(q) is the number of CFC elements of length n — 1, it is not zero, and
the periodicity starts exactly at length n. O

The situation in type A,y is very different from all other types that we study,
as we will see later: this is the only case where the generating series P, (q) of CFC
elements whose reduced expressions have at most one occurrence of each generator
do not satisfy the recurrence relation f,(q) = (2¢ + 1) fn—1(q) — ¢fn—2(q).

3. Types C,B,D,B AND D.

There are three other infinite families of affine Coxeter groups, they correspond
to types B,C, D. All these groups contain an infinite number of CFC elements. In
any of these cases, we can use Theorem 1.14 to derive a characterization of CFC
elements and to compute the generating function W (q) = Y wewcFc gt
We also show that this series is always ultimately periodic. The remaining classical
finite types B and D are treated as consequences of the types C' and B, respectively.

3.1. Types C, and B,,. The Coxeter diagram of type C, is represented below.

o—0—0—"10—---—0—"0—90
t s1 ~ Sp—1U

Ch

FIGURE 10. Coxeter diagram of type C,,.
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According to [1, Theorem 3.4], the heaps of FC elements in type C are classified
in five families, the alternating heaps, the zigzags, the left-peaks, the right-peaks
and the left-right-peaks. As the definitions of the three last families are very close
(and so the proofs involving these elements are similar), we only recall here the
definition of left-peaks (and we refer to [1, Definition 3.1] for the others, examples
being given in Figure 11 below).

Definition 3.1. Let H be a heap in type C,. We say that H is a left-peak if
there exists an integer j € {1,...,n — 1} such that all the following conditions are
satisfied:
(i) The heap Hyy g, ... s} is the heap of the word s;s;_1...81ts1...5;_18;.
(ii) If j # n — 1, then there is no point labelled s;;1 between the two points
labelled s; and if j = n — 1, then there is no point labelled u between the
two points labelled s,,_1.
(iii) The heap H,, .sn_1,u} 18 alternating when we delete a point labelled
Sj.

8415

1515253545586S87U 15152535458586S87U ts1S283 ... S9SioU
(left-peak) (right-peak) (left-right-peak)

FIGURE 11. A left-peak, a right-peak and a left-right-peak. In
the left-peak, we have j = 3.

Theorem 3.2. Let n > 2 be an integer. An element w of the Coxeter group of
type Cy, is CFC if and only if one (equivalently, any) of its reduced expressions w
satisfies one of the three following conditions:

(a) each generator occurs at most once in w, or

(b) w is an alternating word and |w¢| = |ws, | =+ = |ws, | = |Wu| > 2, or
(¢) w is a subword of the infinite periodic word (t$18g -+ Sp_1USp—_1 - - $281)°,
where |Wg, | =+ = |ws,_,| > 2 and |wi| = |wy| = |Ws,|/2 (that is we have
W = 8;Si41°°°8;—28i—1 OT W = S§;§;—1...85;425i+1; fO’I’ a1 € {O, ‘e ,n},

where so =t and s, = u).

Proof. Let w be a CFC element in the Coxeter group of type C,, and let w be one
of its reduced expressions. We denote by H the heap of w and by H¢ its cylindric
closure. In [1, Theorem 3.4], heaps of FC elements are classified in five families, the
first corresponding to alternating elements. As before, we distinguish two cases for
elements in this first family:

Case 1. each generator occurs at most once in w. According to Lemma 1.15, w is
CFC as no long braid relations can be applied. These elements satisfy (a).
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Case 2. w is an alternating word in which a generator occurs at least twice. In this
case, the proof will essentially be the same as for alternating words in type

A, 1. Recall that we write t = s and u = $,,. Let {ig, i +1,...,9} bea

maximal interval such that [ws, | =---=|w, [ >2and Vj € {0,1,...,n},
|ws;| < |ws,,|. Assume ip < n — 1. By maximality of |wy, | and the fact
that w is alternating, we have |ws, | = |w,, ,,[ + 1 and there are two

possibilities in H€: |H§ie = |H§1:(—1| or |H§7Z = |Hsci,{_1| + 1. We obtain
either a cylindric convex c-chain v <. x <. y <. z of length 4 where v,
y both have label s;, and z, z both have label s;, ,, or a chain covering
relation between two indices p and g with label s;,. This allows us to
conclude that w is not CFC by Theorem 1.14 (see Figure 12 below; in each
case, we have circled the points v, z, y, z and ¢, r respectively).

Sig_1Sip Sigya Sig_15ip Sigqn

FIGURE 12. The two possible cylindric closures.

So, i¢ has to be equal to n for w to be CFC. The same argument for iy,
will lead to iy, = 0, and so |wg,| = |Ws, | =+ = |ws,_,| > 2. Such a word
w satisfies (b).

Next, we will show that among the four remaining families from [1], the CFC
elements must satisfy (c).

First, we assume that H belongs to the family called zigzag in [1], that is w is a
subword of the infinite periodic word (¢$182...8p—1USp—1...8251)% with at least
one generator that occurs more than three times (actually, this condition will not
be used in this proof). Denote by s; (respectively s;) the first (respectively last)
letter of w. We assume that the second letter is s;_1, and therefore i > 1 (the case
where the second letter is s,41 is symmetric and can be treated similarly).

If s; ¢ {si—1,8i+1}, HC necessarily contains either a cylindric convex c-chain
of length 3 involving points in H ESifl,s,i} or a chain covering relation between two
points with label s;.

If s; = s;_1, then the last but one letter in w is either s; or s;_5, so H¢ takes
one of the two forms I and IT of Figure 13.

In case I, H¢ contains a cylindric convex c-chain of length 4 involving points in
H {Csiihsi} , given by the two first and the two last letters of w (the corresponding
points are circled in Figure 13, left). By Theorem 1.14, w is not CFC. In case II, H¢
contains a cylindric convex c-chain of length 3 involving points in H fsiihsi}, given
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W = 8;8;—1"""5i5i—1 W = §i8;i—1 """ 5i—25i—1

(form I) (form 1T)

FIGURE 13. The two possible cylindric closures for s; = s;_1.

by the two first letters of w and the last one (they are circled points in Figure 13,
right). By Theorem 1.14, w is not CFC unless s; = u, and therefore w satisfies (c).

If s; = s;11, then the last but one letter in w is either s; or s;42, so H¢ takes
one of the two forms III and IV of Figure 14.

W = 8i;8;—1""*8iSi41 W = 8;8;—1"""5i425i+1
(form IIT) (form IV)

FIGURE 14. The two possible cylindric closures for s; = s;11.

In case III, H¢ contains a cylindric convex c-chain of length 3 involving points in
H {Csi’siﬂ}? given by the first and the two last letters of w (the corresponding points
are circled in Figure 14, left). By Theorem 1.14, w is not CFC unless s; = sg = ¢
or s;11 = S, = u. The first possibility is not satisfied as ¢ > 1. For the second
possibility, w satisfies (c). In case IV, w satisfies (c).

Finally, we assume that H belongs to one of the three remaining families, that is
the left-peaks, right-peaks and left-right-peaks defined in [1, Definition 3.1]. First,
if H is a left-peak, there exists a unique integer j € {1,...,n — 1} satisfying the
conditions of Definition 3.1. Three cases can occur for |w,, |
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Case 1.

Case 2.

Case 3.
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If [ws,,,| = 0, then H¢ contains a relation k <. ¢ such that k and ¢ have
label s; (as illustrated in form V of Figure 15 below). Therefore w is not
CFC.

If |ws,,,| = 1, then H® contains a cylindric convex c-chain of length 3
involving the points with labels s; and s;11 (see form VI of Figure 15
below, where involved points are circled). Consequently, w is not CFC
unless j = n — 1. But if j = n — 1, then the condition (c) is satisfied, and
w is of the form us,,_18,—2...81681...8,—1 O Sy,—18p—2...81L81 ... 8p—1U
(this is illustrated in Figure 15, form VII).

If |ws,,,| = 2, then, as the word remaining after the deletion of the occur-
rences of ¢,s1,...,5;_1 and one occurrence of s; in w is alternating, the
same reasoning as for alternating words allows us to prove that all the gen-
erators s;j42,8;43,...,5,—1, % occur twice in w. Both occurrences of s;41
and the last occurrence of s;1 5 form a convex c-chain of length 3 (see form
VIII in Figure 15 below, where involved points are circled), which prevents
w from being CFC, unless j+1=n—1. But if j+1 = n — 1, then the two
occurrences of s,,_1 and the two occurrences of u form a convex c-chain of
length 4 starting at the first occurrence of u. Therefore w is not CFC.

N A N
A A A
N A N
t sy SjSj41 t st S;8j+1 t s1 Sp—1U t st SjSj+1
(form V) (form VI) (form VII) (form VIII)

FiGURE 15. The different left-peak cylindric closures.

If H is a right-peak, the same reasoning as for left-peaks applies to show that w
is not CFC unless w has one of the two following forms: tsiss...8,_1USp—1...851
Or $182...8p—1USp—1 - ..S1t, and so satisfies (c).

If H is a left-right-peak, let j,k € {1,...,n — 1} be the two corresponding

unique

integers in [1, Definition 3.1]. Two cases can occur for j and k. If j # k—1,

the same discussion as in the case of left-peaks about |ws,, | allows us to prove
that w is not CFC (as the case j = n — 1 is impossible). If j = k — 1, then w
satisfies (c), and takes one of the two following forms: sjs;j_1...t...8;8...u... S
Or SkSk41---U...8kSj...1...8; .



CHARACTERIZATION OF CYCLICALLY FULLY COMMUTATIVE ELEMENTS 19

Conversely, any w satisfying one of the three conditions (a), (b), or (c) is a
reduced expression for a CFC element. Indeed, the corresponding cylindric clo-
sure H¢ can not contain a relation ¢ <. j such that ¢ and j have the same label.
Moreover, H¢ contains a cylindric convex c-chain of length 3 only if the involved
points belong to Hft’sl} or Hfsn,l,u}' Finally, H¢ does not contain any cylindric
convex c-chain of length 4: this comes from the definition of (a) and (c), and for
w satisfying (b), the same proof as in type A holds (see the end of the proof of
Theorem 2.1). O

Corollary 3.3. For n > 2, we have the generating function:

2n 2(n+1) 2n
gt ? T 1—g¢*n

G %) = AT (o) + ¢, (13)
The coefficients of C’SFC (q) are ultimately periodic of exact period n(n+ 1) if n is
odd, and 2n(n + 1) if n is even. Moreover, periodicity starts at length n + 1.

Proof. Notice that the sets of elements whose reduced expressions satisfy condition
(a), (b) or (c) of Theorem 3.2 are disjoint. The first term in (13) corresponds to
CFC elements satisfying (a). Indeed, they are in bijection with A¢ flc according to
the Coxeter diagrams of types 4,1 and C,.

Now we show that the second term in (13) corresponds to CFC elements whose
reduced expressions satisfy (b). If we fix an integer h > 2, there are 2™ such
elements with h = |w;| = |ws, | =+ = |ws,_, | = |wy|. Indeed, for each generator
t,s1,...,8,—1 in W, there are two possibilities: s; appears before or after s;;; for
1=0,1,...,n — 1, where s =t and s, = u. The generating function of elements
satisfying (b) is then equal to

on

n_ h(n+1) _ 2(n+1)

22" 1ot :
h>2

With the condition on the number of occurrences of each generator, we can
see that the length of an element whose reduced expressions satisfy (c) must be a
multiple of 2n, and there are 2n such elements for each possible length (the first

two letters in w can be ;8,41 or s;8;,—1 for all i € {1,...,n — 1} or ts1 or us,_1).
This gives the term
2n
2nh __ 2n
Z 2nq - 1— q2n T
h>1

and establishes (13).
Now, we prove the periodicity. The coefficients of
2™ 2n
g O g
are ultimately periodic; starting at length n + 2, the sequence of coefficients is of
the form:
(0,...,0,2n,0,2",0,...).
——
n—2
The period is the least common multiple of n+ 1 and 2n, which is n(n+1) if n is
odd, and 2n(n+1) if n is even. In the same way as in the proof of Proposition 2.4,
we can use (1) to do an induction on n to prove that ASF'C(q) is a polynomial in ¢
of degree n + 1 with leading coefficient 2™ . According to this and (13), periodicity
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starts at length at least n+ 1. As [¢"]AS¥ (¢) is the number of CFC elements of
length n in type A, 41, it is non-zero according to Lemma 2.2. So the periodicity
starts exactly at length n + 1. O

We can deduce the characterization in type B,,, whose corresponding Coxeter
diagram is recalled below.

FI1GURE 16. Coxeter diagram of type B,,.

Corollary 3.4. Let n > 3 be an integer. The CFC elements in type B, are those
having reduced expressions in which each generator occurs at most once. Moreover,

BT (q) = AT ().

Proof. Let w be a CFC element in type B,, and let w be one of its reduced
expressions. By comparing the Coxeter diagrams, w is a CFC element of type C),
such that the generator u does not occur in w. But, according to Theorem 2.1, the
only such CFC elements are those for which w satisfies (a) (and has no w): indeed,
if w satisfies (b) (respectively (c)), all generators appear the same number of times
(respectively u must appear in w). Conversely, if all generators occur at most once
in w, we already saw in lemma 1.15 that w is a CFC element. O

3.2. Types Bn+1 and D, ;. We will first obtain a characterization of CFC el-
ements in type Bn+1; we deduce a characterization and the enumeration in type
D,,11, and we finally deduce the enumeration in type Bn+1~

In what follows, by “w is an alternating word”, we mean that if we replace t;
and to by sg, and u by s,, w is an alternating word in the sense of Definition 1.16,
and t; and to alternate in w.

tl tl
4
---—0—7"30 ---—0
S1 82 ~ Spn—1 U S1 S2 Sn—1
to Bn+1 to Dn+1

FIGURE 17. Coxeter diagrams of types Bn+1 and D,,y1.

Theorem 3.5. Let n > 3 be an integer. An element w of the Cozeter group of
type B,11 is CFC if and only if one (equivalently, any) of its reduced expressions
w satisfies one of these conditions:

(a) each generator occurs at most once in w, or
(b) w is an alternating word, |Ws,| = -+ = |Ws, _,| = |Wu| > 2, and |wy,| =
|We, | = |ws,|/2 (in particular, |ws,| is even), or
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(¢) w is a subword of (t1t28182...8p_1USp—_1 -..S251)°°, which is an infinite
periodic word, where t1 and to are allowed to commute, such that |ws,| =
o= ws, | > 2, and |wy,| = |wy, | = [Wu| = |Ws,|/2 (that is w takes one
of the five forms: $;S;41...5;—28;—1 OT S;Si—1 ...S;42S;41 OT t181 ...S1t2 or
t981...t1 ortitesy...sy forai € {1,...,n—1}).

Proof. The steps of this proof are the same as for Theorem 3.2. Let w be a CFC
element in type Bn+1 and let w be one of its reduced expressions. We denote by H
the heap of w and by H€ its cylindric closure. In [1, Theorem 3.10], FC elements
are classified in five families. The first corresponds to alternating elements. As
before, we distinguish two cases:

Case 1. each generator occurs at most once in w. These elements satisfy (a).

Case 2. w comes from an alternating word of type C,,, where we applied the re-
placements (¢,¢t,...,t) — (t1,t2,t1,...) or (ta,t1,...). The same proof as
for type C gives |w;| = |ws,| = -+ = |ws,_,| = |wu| (here, t is ei-
ther ¢, or t3). If |wy| is odd, assume that we applied the replacement
(t,t,...,t) = (t1,t2,t1,...) (the other case is symmetric). We can distin-
guish four cases: t; occurs before or after s; in w and s; occurs before or
after so in w. In all these cases, we find a cylindric convex c-chain of length
3 involving three of the four following points: the first and the last occur-
rence of ¢, and the first and the last occurrence of s;. (For example, if ¢;
occurs before s; and s; occurs before sy, the first and the last occurrence
of s1 and the first occurrence of ¢; form a cylindric convex c-chain.) So |wy|
is even, and as w is alternating, |wy,| = |wy, | = |ws,|/2. Such a word w
satisfies (b).

Next, we will show that among the four remaining families from [1], the CFC
elements must satisfy (c). There are two possibilities:

Case 1. w is a subword of (t1t28182...8,—1USp—1 ...S251)°°, which is an infinite
periodic word, where t; and t5 are allowed to commute, such that a genera-
tor occurs more than twice. The same cases distinction as in type C' yields
the required condition (c).

Case 2. H,, is a heap among special cases analoguous to the ones in type C,, which
are non CFC, except for those which satisfy (c) (and are of length 2(n+2)).
We omit the details here, as the proof is very similar to type C,.

Conversely, all elements w whose reduced expressions w satisfy one of the three
conditions (a), (b) or (c¢) are CFC. Indeed, HS, does not contain relations i < j
such that ¢ and j have the same label. The cylindric closure H, contains cylindric
convex c-chains of length 3 only if the involved points have labels s,,_; or u and
H¢, does not contain cylindric convex c-chain of length 4 (the same proof as for
Theorem 3.2 applies). |

Proposition 3.6. Let n > 3 be an integer. The CFC elements in type Dy1
are those having reduced expressions in which each generator occurs at most once.
Moreover, we have D{TC(q) = 1+¢q, DS¥C(q) = 1+2q+¢?, DSFY(q) = 1+ 3¢+
5¢% + 4¢> and for n > 3:

DS (q) = (2¢+ 1)DSFC (q) — ¢DSFE (). (14)
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In other words, we have

DEFC (g Z DEFC (g _(+q) —=zq(l+q)+ z?q*(1+ 2‘1)'
et 1—(2¢+ 1)z + qz?

Proof. Let w be a CFC element of type D,+1 and let w be one of its reduced
expressions. By checking the Coxeter diagrams, w is a CFC element of type Bn+1
such that the generator u does not occur in w. But, according to Theorem 3.5, the
only such CFC elements are those having reduced expressions satisfying condition
(a) (and having no w): indeed, if w satisfies (b) or (c), u must appear in w.
Conversely, if all generators occur at most once in w, we already saw that w is
CFC.

Using this characterization of CFC elements of type D, 1 allows us to compute
the polynomials D{¥¢(q), DSFC(q) and DS (q) by an exhaustive enumeration.

If n > 3, any CFC element of type D, 1 can be uniquely otained from a CFC
element w’ in A,,_; by adding to a reduced expression w’ of w’ either nothing, or
one occurrence of ¢; (with two choices: before or after s1), or one occurrence of o
(with two choices), or one occurrence of t; and ty (with four choices). However, if
s1 does not occur in w’, we have no choice for adding ¢, or/and t3, as t; and ts
commute with all other generators. This leads to the following recurrence relation:

DSEC () = (14 4q + 4¢*)ASTC () — (24 + 3¢%) ASES (q).

Next, we multiply this relation by 2™~ and we sum over n > 3. We compute
the generating function D¢¥“(z) by using DF(q), DS¥C(q), DSFC(q) and the
generating function A“F¢(z) in Theorem 2.3. As DYF%(z) is a rational fraction,
the recurrence relation (14) is extracted directly from the denominator of DEF¢ (z).

[l

Corollary 3.7. We have forn > 3:

2! 2(n+1) | 2(n+1) 241 (15)

CFC CFC
Bn+1 (@) =Dyiy (@) + m q 1— g2
Furthermore, the coefficients of Bgflc( ) are ultimately periodic of exact period
2(n+1)(2n+1) and the periodicity starts at length n + 3.

Proof. Notice that the sets of elements whose reduced expressions satisfy condition
(a), (b) or (c) of Theorem 3.5 are disjoint. The first term in (15) corresponds to
the set of CFC elements whose reduced words satisfy (a). By Proposition 3.6, this
set is in bijection with Dgff

The second term in (15) corresponds to CFC elements whose reduced expressions
satisfy (b): these have length a multiple of 2(n + 1), and there are 2"*! of them for
each possible length.

With the condition on the number of occurrences of each generator, we can see
that the length of elements satisfying (c) must be a multiple of 2n + 1, and there
are 2n+ 2 such elements for each possible length (the first two letters can be s;s;41,
$i8i—1, USp—1, t1ta, t181 or tas1). This establishes (15).

Now, we prove the periodicity. The coefficients of

2t 2(nt1) 4 2n+1) 5,4
1— q2(n+1) q 1— q2n+1
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are ultimately periodic; starting at length n + 3, the sequence of coefficients is of
the form:

0,...,0,2(n+1),2"*1,0,...).
2

The period is the least common multiple of 2(n + 1) and 2n + 1, which is 2(n +
1)(2n + 1). Using (14), an induction on n allows us to prove that DSF{ (¢) is a
polynomial in ¢ with degree n + 2 and leading coefficient 2"+, So, the beginning
of the periodicity is exactly n + 3. (]

3.3. Type l~)n+2. The situation is very similar to the previous one in type ﬁn+2
for the characterization, but the generating function takes a slightly different form,
due to the specificity of the Coxeter diagram.

t Ui

S1
t2 Dn+2 Us

F1GURE 18. Coxeter diagram of type Dn+2.

In what follows, by “w is an alternating word”, we mean that if we replace t;
and to by sg, and w; and us by s,, the image of w is an alternating word in the
sense of Definition 1.16, t; and to alternate in w, and u; and uy alternate in w.

Theorem 3.8. Let n > 2 be an integer. An element w of the Coxeter group of
type Dn+2 is CFC if and only if one (equivalently, any) of its reduced expressions
w satisfies one of these conditions:
(a) each generator occurs at most once in w, or
(b) w is an alternating word, |ws,| = - = |ws, _, | > 2, and |wy,| = |wy,| =
[Wu, | = [Wu,| = |Ws,|/2 (in particular, |ws,| is even), or
(¢) w is a subword of (t1t25182 . . . Sp_1ULU2SH_1 - - - $281)°°, which is an infinite
periodic word, where t1 and to, uy and us are allowed to commute, such that
|w51| == ‘WSn—1| > 2, and |Wt2| = |wt1| - ‘Wul‘ - |Wu2| - |W31|/2'

Proof. The same proof as for Theorem 3.5 holds, one only needs to add the replace-
ments (u,u,...u) = (ug,ug,...) or (ug,u,...) and to use [1]. Therefore we omit
the details. (]

Again, we can compute the corresponding generating function.
Proposition 3.9. We have forn > 2:

~ 272 4 2(n+2) o,
DSES (q) = Qua(q) + o g @y, (16)
where Qni2(q) is a polynomial in q of degree n + 3 such that Q4(q) = 1+ bq +
14¢% + 28¢° + 33¢* + 164°, Q5(q) = 1+ 6q + 20¢% + 46¢> + 73¢* + 72¢° + 324¢°, and
formn >4:

Qn+2(q) = (2¢ + 1)Qn11(q) — q@n(q)- (17)

Moreover, the coefficients ongff(q) are ultimately periodic of exact period 2(n+1),
and the periodicity starts at length n + 4.
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Proof. Notice that the sets of elements whose reduced expressions satisfy condition
(a), (b) or (c) of Theorem 3.8 are disjoint. The first term in (16) corresponds to the
set of CFC elements whose reduced expressions satisfy (a). Any such element can
be uniquely otained from a CFC element w of type D,,;1 having w as a reduced
expression by adding either nothing to w, or one occurrence of u; (with two choices:
before or after s,,_1), or one occurrence of us (with two choices), or one occurrence
of u; and uy (with four choices). However, if s,,_1 does not occur in w, we have no
choice for adding u; or/and wus, as u; and us commute with all other generators.
This leads to the following recurrence relation:

Qn+2(q) = (1+ 49+ 4¢°) DI (q) — (29 + 3¢°)DSFC (q).

Using this, the expected recurrence relation (17) for the polynomials @, (q) is
equivalent to the following recurrence relation involving the polynomials DS (q):

(1+4q +4¢*)DSEE (q) — (2¢ + 3¢°) DS (q)
= (2¢+1) [(1+4¢ +4¢°) D" (q) — (2¢ + 3¢°) DS (q)]
—q[(1+4q+4¢*)DSEE (¢) — (20 + 3¢*) DTS (q)] -

This is true by gathering on one side the terms with common factor (1+4q+4q¢?)
and on the other side the terms with common factor (2¢ + 3¢?), and noticing that
both sides vanish thanks to (14).

Elements satisfying (b) have length a multiple of 2(n + 1) and there are 2"+2 of
them. Elements satisfying (c) have also length a multiple of 2(n+ 1), and there are
2(n 4 2) of them (by inspecting the first two letters). This establishes (16).

The second term on the right hand side of (16) is periodic of exact period 2(n+1):
starting at length n + 4, the sequence of coefficients is of the form:

(0,...,0,2""2 1+ 2(n+2),0,...,0,2"" +2(n +2),...).
2
An induction on n using (17) allows us to show that @Q,12(¢) is a polynomial

in ¢ of degree n + 3 with leading coefficient 2"72. According to this property and
(16), the periodicity starts at length n + 4. O

Note that the generating function Q(z) of the polynomials @, (g) is computable
through classical techniques. However it does not have a nice expression.

3.4. Exceptional types. Exceptional finite types are Eg, E;, Eg, Fy, Ho, Hs,
Hy, Go, and Iz(m). Enumerating CFC elements according to the length in these
two last types is trivial, while other groups are special cases of the families F,,
(n >6), F, (n>4), H, (n > 3). It is shown in [3] that these families contain a
finite number of CFC elements. It is possible to apply our method to characterize
them in terms of cylindric closure of heaps and obtain recurrence relations for their
generating functions according to the length. However, as the parameter ¢ can be
inserted directly in the recurrences of [3], we leave this to the interested reader.

For exceptional affine types having a finite number of CFC elements (ES and
F4), generating functions of CFC elements are polynomials recursively computable
as in type A, because Fs = Ey and F, = F.

It remains to study three exceptional affine types having an infinite number of
CFC elements. Their Coxeter diagrams are represented below. For these types, we
only give the result without detailing the proof, but only sketching it: as for other
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affine types, we look at the classification of FC elements in [1, Lemmas 5.2-5.4],
and see that there exists CFC elements only for some explicit length, which must
be either bounded or an integer multiple of a constant depending on the considered

type.

!/

53
53 Soi
O—OEO
/ / 1! / !/ 1
s T u s§1 81t S2 sh s1 81 81t S2 sy s
GQ Eﬁ E?

FIGURE 19. Coxeter diagrams of types Go, Eg and Er.

Theorem 3.10. Let W be a Coxzeter group of exceptional affine type Go (respec-
tively Eg, respectively Fr).

We define in W the element wo as the one which admits utsut (respectively
S1t8] 5189185 8983t85 83, respectively s1ts)sos187ts)8152t85808285tshss) as a reduced
expression. An element w € W is CFC if and only if one (equivalently, any) of its
reduced expressions w satisfies one of these conditions:

(i) w belongs to a finite set depending on W, or
(il) w = wiwlws, where n is a non-negative integer, wo € R(ws) and wgwy =
Wao.

Consequently, the following generating functions hold:

ACFC 6g°
G5 "% (q) = Ra(q) + 1= o5
—4q
~ 23q12
5" (q) = Ralq) + T2
5 45(]18
EFF(q) = Rs(q) + T s

where R1(q), Ra2(q) and R3(q) are polynomials.

3.5. Logarithmic CFC elements. Here we study some particular elements of a
general Coxeter group W. Recall that for w € WEFC | the support supp(w) of w is
the set of generators that appear in a (equivalently, any) reduced expression of w.
It is well known that if w € W and k is a positive integer, then £(w¥) < kf(w). If
equality holds for all k € N* (that is w” is reduced for all k, where w is a reduced
expression of w), then w is logarithmic (see [3] for more information about loga-
rithmic elements). For example, there is no logarithmic element in finite Coxeter
groups, because there is a finite number of reduced expressions. By using our char-
acterizations for affine types in Theorems 2.1, 3.5, 3.2, 3.8, we derive the following
consequence. A generalization of this result was proved for all Coxeter groups in
[10, Corollary E], by using geometric group theoretic methods. Nevertheless, as our
approach is different and more combinatorial, we find interesting to give our proof,
although it only works for affine types.
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Theorem 3.11. For W a Coxeter group of type A,B,C, or D, ifweWisa CFC
element, w is logarithmic if and only if a (equivalently, any) reduced expression w
of w has full support (that is all generators occur in w). In particular, there is a
finite number of CFC elements which are not logarithmic.

Proof. Let w € WEFC and let w be one of its reduced expressions. Assume that
w has not full support. In this case, w belongs to a proper parabolic subgroup of
W, which is a finite Coxeter group by a classical property of affine Coxeter groups
(see [9, Section 5.5]). So w is not logarithmic, and there is a finite number of such
elements, which correspond to elements satisfying (a) in Theorems 2.1, 3.5, 3.2, 3.8
and such that at least one generator does not occur in w.

Conversely, assume that w is a CFC element with full support. According to
Theorems 2.1, 3.5, 3.2, 3.8, w must satisfy (b) or (c) or has to be a Coxeter element
(which means that each generator occurs exactly once in w). If w is a Coxeter
element, w is logarithmic (see [16]). If w satisfies (b) (respectively (c)), we check
that w” also satisfies (b) (respectively (c)) and is therefore reduced. It follows that
w is logarithmic. O

We can also notice that the powers of Coxeter elements are always CFC in affine
types A,_1 and C, because they satisfy the alternating word condition, but are
never CFC elements in types Bpy1 and Dy 4o (because they satisfy neither the
alternating word condition nor condition (c)).

4. CFC INVOLUTIONS

A natural question that arises in the study of FC elements is to compute the
number of FC involutions in finite and affine Coxeter groups. For instance, this
number is for some groups (including types A, B, D and E) the sum of the di-
mensions of irreducible representations of a natural quotient of the Iwahori-Hecke
algebra associated to the group, see [6]. Similarly, we now focus on CFC elements
which are involutions. The main result is that there is always a finite number of
such elements in all Coxeter groups, and we are able to characterize them in terms
of words. We also use the characterization of CFC elements to enumerate CFC
involutions according to their length in finite and affine Coxeter groups.

4.1. Finiteness and characterization of CFC involutions.

Theorem 4.1. Let W be a Coxeter group and let I(W ) be its subset of involutions.
The set WEFCNI(W ) is finite. Moreover an element w belongs to WEFCNI(W ) if
and only if one (equivalently, any) of its reduced expressions w satisfies, for any
generator s in supp(w), |ws| =1, and for all t such that mg > 3, |wy¢| =0 (which
means that two non commuting generators can not occur in w).

Proof. Let w be a CFC involution, let s be a generator in supp(w) and w be a
reduced expression of w. Assume that |wgs| > 2. Consider a cyclic shift w’ = swy
of w which begins with s. As w and s are involutions, w’ is an expression of an
involution. Moreover as w is CFC, w’ corresponds to a FC element w’. According
to [13], a FC element w is an involution if and only if R(w) is palindromic, which
means R(w) includes the reverse of all of its members. Applying this to w’ allows
us to say that w' is commutation equivalent to a word swgs. So a cyclic shift
of w is commutation equivalent to ssws, which is in contradiction with the CFC
property of w. Therefore we have |wy| = 1. We consider w’ as before. As R(w’)
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is palindromic, we can conclude that all generators in supp(w’)=supp(w) commute
with s.

Conversely, any element of W with reduced expression without two non com-
muting generators is an involution. [

Remark 4.2. As a consequence, the number of CFC involutions in a Coxeter group
W depends only on the edges of the Coxeter diagram, without taking into account
the values mg;.

4.2. CFC involutions in classical types. Let us enumerate the CFC involutions
in classical types, according to their Coxeter length. If W is a Coxeter group, we
define WCFC (g) .= > weweFCAI(W) gt

Theorem 4.3. In types A, B, and C the following relations hold for all n > 2:
AT q) = BTN () = AT (a) + aATTS (9), (18)
O q) = ATE (a),
and A§FCL(q) = 1, AYFCI(q) = 1+ q. Moreover, we can compute the generating
function

= " 14+qx
AT )= 3 A ) — e
Proof. The equality ASFC1(q) = BSFCI(q) = CSFC(q) comes from Remark 4.2.
Let w be a CFC involution in type A, and let w be one of its reduced expressions.
If s, belongs to supp(w), by Theorem 4.1, s,,—1 does not belong to supp(w), and
w is equal to s, concatenated to a CFC involution of type A, _o. If s, does not
belong to supp(w), w is a CFC involution of type A,_;. This yields the expected
relation (18). The generating function is computed through classical techniques,
by using (18) and the initial values. O

In particular, if ¢ — 1, we obtain the number of CFC involutions in type A,,_1,
which is the (n + 1)** Fibonacci number.

Theorem 4.4. In types D and B, the following relations hold for allm > 3:
Bt (q) = DN (g) = DI (a) + DT (9), (19)

D (a) = aATES () + (1 + 20 + ¢ ATES (), (20)
and D{FCl(q) := 1, DSFCI(q) = 1+ 2¢ + ¢*, DS (q) =1+ 3¢+ ¢*>. Moreover,
we can compute the generating function

CFCT)y N~ pOFCIp v L+ (20 + ¢

DEF () = ;Dnﬂ (@a" = o
Proof. The equality BSFC!(q) = DSFC!(q) comes directly from Remark 4.2. To
prove (20), let w be a CFC involution in type D,4+1 and let w be one of its reduced
expressions. If s; belongs to supp(w), by Theorem 4.1, so,t1,%2 do not belong to
supp(w), and w is equal to s; concatenated to a CFC involution of type A, _3. If
s1 does not belong to supp(w), w is a CFC involution of type A,_; concatenated

to t1, to, t1te or nothing. This shows (20).

By using this, we can rewrite the expected recurrence relation in Equation (19)
for the polynomials DSFCI(q) into a recurrence relation involving the polynomials
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ACFCL(g) that we can check by using (18) (in the same way as we did for the
proof of Proposition 3.9). The generating function comes from classical techniques,
by using the recurrence in the second equality of (19), together with the initial
values. (]

If ¢ — 1, we obtain the number of CFC involutions in type D, 41, which leads
to a Fibonacci-type sequence with starting numbers 1 and 4.

Theorem 4.5. In type A, the following relation holds for n > 2:
AT q) = ATET (g) + 4 AT (a), (21)

where /IOCFCI(q) =1, ACFCl(q) = 1 4+ 2q. Therefore, we can compute the gener-
ating function

ACFCI (4 i ACFCI (g™ = & L+ 2qx
1—x—qx?’

Proof. Let w be a CFC involution in type A,_; and let w be one of its reduced
expressions. If sy belongs to supp(w), by Theorem 4.1, s,,—1 and s; do not belong
to supp(w), and w is equal to sg concatenated to a CFC involution of type A, _3.
If so does not belong to supp(w), w is a CFC involution of type A,,_1. This leads
to the relation:
ATIT (@) = aATES (@) + ATE  (g).

Using this, we are able to compute the generating function ACFCI (2) by multiplying
by 2™, summing over n > 2 and using the generating function A“¥“I(x) obtained
in Theorem 4.3. The recurrence relation (21) follows directly from the rational
expression of ACFCI (). O

Remark 4.6. We also have
q" AT (1)%) = La(a),
where L, (q) is the nt* Lucas polynomials defined explicitly (see sequence A114525

n [12]) by Ln(q) = 27"[(¢ — /¢*> +4 (¢ + +/q¢* +4)"]. This equality can be

proved by using generating functlons
Theorem 4.7. In type D, the following relation holds for n > 4:
DS (q) = DI () + aD T (g), (22)

with DT (q) = 14 5¢+6¢> +4¢°> + ¢* and DSFC1(¢) = 14 6¢+10¢% + 6¢° + ¢*.
We can therefore compute the generating function:

POFCI(, ZDCFCI _ 21459 +6° +4¢° + ¢* + x(g +4¢° + 2¢°)
2 1—2—qx2

Proof. Let w be a CFC involution in type D, 4o and let w be one of its reduced
expressions. If s; belongs to supp(w), by Theorem 4.1, s, t; and t3 do not belong
to supp(w), and w is equal to s; concatenated to a CFC involution of type D,,_1.
If s1 does not belong to supp(w), w is a CFC involution of type D,, concatenated
to t1, te, t1t2 or nothing. This leads to the relation:

DSES (q) = aDSFE () + (1 +2¢ + ¢*) DS F (g).
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One can then use this and (19) to check that (22) is satisfied. Finally, DCFC (z)
is computed by summing (22) over n > 4 and using the initial values. ([

If ¢ — 1, we obtain the number of involutions in type Dn+27 which is a Fibonacci-
type sequence with starting numbers 10 and 7.

5. OTHER QUESTIONS

In Sections 2 and 3, we obtained two g-analogs of the number of CFC elements
in finite types. The first, in type A, corresponds to permutations avoiding 321 and
3412, taking into account their Coxeter length (see [17]). The second, in type D, is
apparently new. One may wonder if it corresponds to another combinatorial object.

We can notice that if W is a finite or affine Coxeter group, the generating function
of CFC elements is a rational fraction. This is in fact true for all Coxeter groups,
as will be proved in the forthcoming work [11].
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