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Abstract

The quantum nature of nuclei plays an important role in materials and molecules contain-

ing light mass elements, for example in enzymes and water, which are crucial to life and

technology. Yet in materials modelling, nuclear quantum effects (NQEs) are often ignored.

Using the path integral theory, NQEs in hydrogen bonds and reaction rates for various sys-

tems described with density functional theory (DFT) have been examined. A review of the

theoretical background, including DFT, path integral molecular dynamics, and the instanton

rate theory, is given in Chapter 2. In Chapter 3, the NQEs on the binding energy of DNA

base pairs are investigated, revealing that NQEs strengthen the binding of base pairs at room

temperature. A counter-intuitive temperature dependence where NQEs are less significant at

low temperature was also discovered and explained through a picture of competing quantum

effects. In Chapters 4 and 5, hydrogen diffusion on metal surfaces is studied. Calculations

show that “broad-top” diffusion barriers exist on many metal surfaces, and that these have a

distinct tunnelling behaviour compared to conventional “parabolic-top” barriers. The theo-

retical and experimental implications of this unique behaviour are discussed. In Chapter 5,

an improved multidimensional instanton rate theory is tested and applied to hydrogen dif-

fusion on Pd(110), a complex potential energy surface that includes an interesting diffusion

pathway over a second order saddle point. Finally, tunnelling assisted water diffusion on

Pd(111) is studied using the instanton rate theory combined with DFT. It is found that tun-

nelling, including the tunnelling of oxygen atoms, plays a role in changing the water dimer

diffusion mechanism on this surface at below 40 K. Water monomer and dimer diffusion on

a variety of transition metal (111) surfaces have also been studied in this work.
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Chapter 1

Introduction

While electrons are generally considered to be quantum mechanical in nature, it is typically

accepted that nuclei can be treated as classical particles in materials modelling. However,

many aspects of daily life would be very different if this were true. For example, water may

taste more bitter (alkaline-like) if the hydrogen (H) atoms were classical, as the pH value of

water would be greater than 7 [1]. Also it would take much longer to boil classical water,

because the heat capacity of water would be considerably (∼40% [2]) greater without quan-

tum effects. What are nuclear quantum effects (NQEs)? Phenomenologically, NQEs ma-

jorly manifest as zero point energy (ZPE), where a bonded quantum particle has higher and

more discrete energies than a classical particle, and quantum tunnelling, which enhances

the ability of a particle to cross barriers that are difficult for a classical particle. To describe

it vividly, quantum mechanics makes light-mass atoms behave more “phantom-like”, mean-

ing that they are more delocalised and fuzzy. For the biological processes in animals, NQEs

can play crucial roles. It is known that hydrogendated and deuterated chemicals can have

different biochemical potencies, which is now enthusiastically being exploited within the

pharmaceutical industry in the development of novel classes of deuterated drugs, which are

more stable against metabolic clearance, making drugs’ effects longer lasting [3]. The en-

zymes in our body also utilise the quantum nature of H to be more reactive [4, 5]. Drinking

D2O for a week or two will replace (∼50% of) H with deuterium (D) in animals and make

them seriously ill [6].

Apart from daily life, NQEs manifest and play an important role in abundant sys-

tems [1]. Isotope substitution experiments found that upon replacing H with D, the lattice

constant of H-bonded crystals changes; this effect is known as the Ubbelohde effect or sec-

ondary geometric isotope effect [7]. More dramatically, deuteration changes the structure of
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molecular crystals, impacting properties such as the ferroelectric transition temperature in

some molecular crystals such as the squaric acid [8], and the superconductivity of hydrogen

sulfide systems [9]. The ratio of isotopes (H to D) can in fact be measured experimentally,

e.g. in samples of water [10]. The isotopic fractionation ratio contains a lot of informa-

tion about the sample, such as its origin, and estimates of the temperature at which it was

formed, which is useful for analysing water circulation and global climate history [11]. In

astronomical science, low temperature quantum tunnelling processes are extremely impor-

tant for understanding the formation of water and prebiotic molecules in the interstellar

medium [12, 13]. Such insight can help in explaining the observation of the surprisingly

rich chemical consistency of the interstellar medium, and contribute to our understanding

of the origins of life on Earth and the age old fantasy of finding life in space [14–16].

More direct experimental observations of NQEs beyond isotope substitution have been

made in various systems, using a plethora of robust techniques [17–19]. The development

of surface science techniques has made it possible to characterise processes such as the

rate of hydrogen diffusion, and thereby to understand the quantum nature of tunnelling on

surfaces. The invention of Scanning Tunnelling Microscopy (STM) by G. Binning and H.

Rohrer, which was awarded the Physics Nobel Prize in 1986, enabled atomic resolution

imaging and atom manipulation on surfaces [17]. Highlights of STM measurements of

quantum tunnelling include, for example, H tunnelling rates on Cu(100) which have been

successfully measured at many temperatures [20], a new phenomenon of concerted pro-

ton tunnelling in a water tetramer observed on NaCl [21], and many others [22, 23]. Fast

adsorbate diffusion rates on surfaces beyond the time-resolution limitation of STM can be

measured with helium spin echo (HeSE) experiments, a robust and sophisticated ultra high

energy resolution scattering tool for studying surfaces [18,24]. Another important novel ex-

perimental technique, deep inelastic neutron scattering (DINS), is particularly well suited to

probe the quantum behaviour of atomic nuclei, by directly measuring the momentum distri-

bution of protons [19]. The momentum distribution can be directly compared with quantum

simulations [25–27], providing insights into the local environment of the proton, which can

help elucidate the quantum nature of hydrogen bond networks, hydration shells, and the

structures of crystalline and amorphous ice [19, 28–31]. The abundance and importance of

NQEs, alongside the various exciting experimental findings eminently call for theoretical

understanding of NQEs at the atomic level.
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The works described in this thesis aim to understand and possibly make predictions on

these interesting NQEs in various systems with ab initio simulations. Density functional

theory (DFT) has had tremendous successes in materials modelling 1, and is currently the

main work-horse for describing electronic structure in ab initio simulations because it has

a good balance between accuracy and computational cost. Chapter 2.1 gives a comprehen-

sive overview of the core ideas and recent advances in DFT. The Feynman path integral

theory [33] allow us to systematically incorporate all the aspects of NQEs (such as anhar-

monic ZPE and tunnelling) in computer simulations. This beautiful framework, which is

widely applicable to situations such as sampling quantum ensembles, approximating quan-

tum dynamics, and predicting quantum reaction rates, is described in Chapter 2.2. There

are other theories, specifically methods based on wave packets [34–36], suitable for other

purposes such as accurate propagation of the quantum dynamics of a few protons. Path

integral simulations have become significantly more computationally feasible with a surge

of developments of robust techniques in the past decade [25, 37] (highlighted in Chapter

2.2.3), creating a “golden era” to investigate NQEs. Also developed in recent years, the

path integral framework has been combined with other quantum theories (such as the in-

stanton theory [38, 39]), to make them practical in computer simulations. For example, the

ring-polymer instanton theory provides a transition state theory-like approach for calculat-

ing quantum mechanical reaction rates, that offers a good balance between accuracy and

cost. Chapter 2.3 discusses the instanton rate theory and its recent developments. These

theoretical advances are pushing NQEs towards becoming a key feature in atomic-scale

simulations.

Theoretical studies have developed new understandings and insights into the role of

NQEs in various systems and chemical processes. The condensed phases and phase tran-

sitions of light-mass elements (H, Li) are impacted by the NQEs on the free energy of

different phases [40, 41]. In addition to the pure elemental forms, molecules and materials

containing these elements have attracted major attention. Among them, hydrogen-bonded

systems are arguably the most important, as hydrogen bonds (HBs) are crucial to life and

technology, being an essential component of the binding in the condensed phases of water,

the structure of many biomolecules, and molecular crystals. One of the first things revealed

1The number of publications found on the Web of Science [32] in the time period from 2000 through 2017
on the topic “density functional theory” + “material” have reached 19,000. The citations of the publications on
this topic published since 2015 have reached 20,000 currently.
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in simulations was what is known as the primary geometric NQEs in H-bonded systems – in

contrast to simulations with classical nuclei, shared protons have been observed in ice under

high pressure [42], water overlayers on metal surfaces [43], and in molecular crystals [8,9].

These effects are caused by the delocalisation of H due to NQEs, which changes the free

energy landscape of the H within a HB. In liquid water, quantum fluctuations greatly en-

hance the chance of proton excursions passing the mid-point between the donor and the

acceptor [44]. Quantum fluctuation have also been shown to be crucial for the reactivity of

many enzymes, leading to a 10,000 fold change in the acidity near certain protons involved

in the reaction [5]. Despite the drastic influence of NQEs in the HB free energy landscapes,

the impacts on the proton diffusion coefficient in water [45, 46] or on the solvation shell

structures of aqueous proton have been found to be relatively limited [47].

Among the most important discoveries is the competing quantum effects (CQEs) pic-

ture. In the early studies understanding the quantum mechanical effects in liquid water,

it was consistently demonstrated that with quantum nuclei, the hydrogen-bonding network

becomes weaker and less structured, resulting in a noticeably larger diffusion coefficient

than its classical counterpart [48, 49]. However, studies in the past decade showed that the

finding of early studies was incomplete, when better descriptions of water, i.e. flexible wa-

ter model with anharmonic bonds, are used [50]. The reason is that quantum nuclear motion

in HB stretching extends the H in the direction of the acceptor oxygen to form a stronger

hydrogen bond, which counterbalances the weakening effect from HB bending, resulting in

a smaller total impact of NQEs. Taking into account the CQEs, computer simulations can

understand and quantitatively reproduce the experimental H/D isotope fractionation ratios

between liquid water and its vapour [51, 52]. The extent of the cancellation of CQEs in

water, manifested in the structural properties of bulk water such as O-O radio distribution

function, however, has remained under some debate [1, 53–55] 2. Independently, the CQEs

have been identified in other systems, such as in the secondary geometric NQEs of gen-

eral H-bonded systems where it was found that NQEs make strong HBs shorter and weak

HBs longer [57], and in surface adsorptions [58]. The existence of CQEs has in fact been

supported by several experimental investigations [28, 30]. The different components of the

quantum kinetic energy of hydrogen change in opposite directions when ice melts have

2This is because it is sensitive to the electronic structure approach or force field used to model the water
interaction, which can lead to qualitatively opposing results on which of the two CQEs dominate. To date, the
most accurate result (in the author’s opinion) is from simulation with the MB-pol [56] water, which shows the
CQEs cancel almost perfectly for the O-O radio distribution in liquid water at room temperature [55].
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been directly observed from DINS experiments on heavy water near its melting point and

ab initio simulations show good agreement with the experimental data [28, 30, 31].

Another major topic in NQEs is quantum mechanical tunnelling. Despite being widely

known for almost a century, new tunnelling phenomena are being discovered and new

methodologies are under development even nowadays [14, 21, 59–62]. Tunnelling rates

of proton transport processes have been extensively studied in: model systems [63], gas

phase reactions [64–66], enzyme activate sites [4, 67], material science [22, 59, 68], and as-

trochemistry [12, 16, 60, 69–71]. It is now widely known now that tunnelling accelerates

reactions, and can make the reaction pathway bias from the minimal energy pathway, the

latter phenomenon is known as the “corner cutting effect”. Kinetic isotope effects (iso-

tope effects in the reaction rates) in biological processes involving proton tunnelling have

been the major focus of computational studies in biomolecules because these effects are

detectable by experiments at room temperature. Astrochemical processes typically happen

at very low temperatures, hence they are also driven by quantum tunnelling.

The successful theoretical works summarised above on two major topics of NQEs,

namely HBs and tunnelling, yield interesting findings advancing our understanding of

NQEs in many systems. Yet, questions of how will NQEs impact properties of materi-

als containing HBs and reaction processes are still frequently asked, suggesting that there

is a growing need and interest in understanding and predicting NQEs with computer simu-

lations. Specifically, how much can NQEs change the binding energy of H-bonded materi-

als/molecules remains mostly unanswered. Also insights on both the mechanisms and the

quantitative impact of tunnelling in surface reactions (modelled accurately with ab initio

methods) are highly desired. Recent developments now allow us to probe NQEs in more

complex system with more accurate ab initio simulations, granting greater capacity to un-

derstand NQEs beyond previous studies. This thesis aims to advance the knowledge of

NQEs in crucial H-bonded systems and the understanding of tunnelling phenomena in sur-

face systems. The ultimate goal is to build up a complete picture of the roles NQEs play in

HBs and surface tunnelling reactions, as well as models for predicting NQEs.

The DNA base pair complexes have been selected because they are among the most

important H-bonded systems crucial to life and technology [72]. Chapter 3 reports an ex-

tensive study on the NQEs on the binding energy of DNA base pairs. In advance to previous

studies which majorly focused on geometric/structural effects, this work aims to understand
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this from an energetic perspective, in specific, the binding free energy difference between

DNA base pairs with and without NQEs is calculated. Moreover, the temperature depen-

dence of NQEs in DNA base pairs is another important focus of this work. Extending the

findings on the quantum nature of DNA base pairs, general insights of NQEs in H-bonded

systems and its temperature dependence have been obtained, putting a more complete and

clearer rational behind the CQEs picture.

Chapters 4, 5, and 6 report tunnelling assisted diffusions on metal surfaces, which are

of great significance and have been rarely studied with ab initio simulations. In particular,

Chapter 4 reports a systematic study of H diffusion on a variety of metal surface described

with DFT; while to make this study feasible, some aspects of multidimensional effects are

dropped. On the other hand, Chapter 5 specifically studies hydrogen diffusion on Pd(110),

where the potential energy surface includes possible interesting diffusion mechanism, with

a newly developed multidimensional instanton method. Finally, in Chapter 6 tunnelling

assisted water diffusion on Pd(111) is studied using the instanton rate theory combined

with DFT calculations on the fly. Water monomer and dimer diffusion on a variety of

transition metal (111) surfaces are also systematically studied and compared in this work.

These studies aim to provide new physical insights for interpreting previous experiment and

guiding future experiments on surface diffusion.



Chapter 2

Theoretical Background

This chapter outlines the various simulation techniques used in this work and where they

were derived from, though not aiming to write a comprehensive “textbook”. These theories

are applied to provide a full quantum mechanical description of the various systems studied

in this work. The Density Functional Theory (DFT) framework made it computationally

feasible to accurately describe the electronic structure in materials modelling with quantum

mechanics. The main topic of this work is on the quantum nature of the nuclei. The Feyn-

man path integral framework allows us to incorporate quantum effects of the nuclei, such

as ZPE effects and quantum tunnelling, in computer simulations. The instanton rate theory

made it feasible to calculate accurate quantum mechanical reaction rates for various sys-

tems described with DFT. These theories made it possible for us to gain understanding of

quantum effects at the atomic level from ab initio simulations, predict/explain experimental

measurements and study effects where direct experiments are currently unavailable.

2.1 Density Functional Theory for Electronic Structure

DFT is currently the main work-horse for electronic structure calculations in materials mod-

elling because it has a good balance between accuracy and computational cost. In this work,

DFT is used to describe the electronic interactions in the systems studied, and in this section

an overview of some fundamental aspects and recent developments of DFT are given.

2.1.1 Many-body Schrödinger equation and the Born-Oppenheimer approx-

imation

Systems at the atomic level are described by the Schrödinger equation, which is the basic

law of non-relativistic quantum mechanics. The Hamiltonian Ĥ (in atomic units) for a
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system with Nn atoms and Ne electrons is:

Ĥ =−
Ne

∑
i

1
2

∇
2
i −

Nn

∑
A

1
2MA

∇
2
A−

Ne

∑
i

Nn

∑
A

ZA

|ri−RA|

+
Ne

∑
i

Ne

∑
j>i

1
|ri− r j|

+
Nn

∑
A

Nn

∑
B>A

ZAZB

|RA−RB|
,

(2.1)

in which M is the mass of the nuclei, Z is its charge, r is the electron position, and R is

the nuclei position. The first two terms are the kinetic energy of the electrons and nuclei

respectively, the other terms describe the electrostatic interactions, which is the potential

energy part of the system. The Hamiltonian is not explicitly time dependent, hence by

separation of variables, the time independent Schrödinger equation is:

ĤΨ(r,R) = EΨ(r,R), (2.2)

where the energy and wavefunction are the eigenvalues and eigenstates of the Hamiltonian

Ĥ. However, this equation cannot be solved analytically even for systems as simple as a

hydrogen molecule.

It is very natural to separate out the electron and nuclei wavefunctions, as they display

distinct physical behaviour. For example, the nuclei in a molecule (unless under extreme

conditions) are localised distinguishable particle in experiments, while the electrons are the

opposite. This is the Born-Oppenheimer approximation [73]:

Ψ(r,R) = Ψe(r;R)Ψn(R), (2.3)

and solve the electronic eigenstates while keeping the nuclei at rest:

ĤeΨe(r;R) = Ee(R)Ψe(r;R)

Ĥe(r;R) =−
Ne

∑
i

1
2

∇
2
i +

Ne

∑
i

Ne

∑
j>i

1
|ri− r j|

−
Ne

∑
i

Nn

∑
A

ZA

|ri−RA|
.

(2.4)

This gives electronic structure and static properties for a given geometry RA of a system.

Optimising Ee(R) with respect to R predicts the stable geometries (local minima) of the

system. For the dynamics of the system, since the electrons are more than three orders

of magnitude lighter and thus move much faster than the nuclei, the adiabatic theorem is

applicable. If the Hamiltonian changes gradually from H i to H f , for a system initially in
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the ground state of H i, it will be carried to the ground state of H f . Hence one can solve

the electronic ground state Ee at a nuclei geometry R(t) (Eq. 2.4). Then at t +∆t, the

electronic ground state at a nuclei geometry R(t +∆t) is the same electronic state as if the

system is propagated by the time-dependent Schrödinger equation. There are cases where

the Born-Oppenheimer approximation may not hold. For example for some proton coupled

electron transfer reactions, the electron transfer time can be significantly greater than the

proton tunnelling time [74], breaking the adiabatic theorem. Also electron phonon coupling,

which the Born-Oppenheimer approximation do not account for, can have affects on some

properties of systems with ∼ 0 band gaps, such as graphene and some superconductors

[75, 76].

2.1.2 Density functional theory

The electronic eigenstate problem (Eq. 2.4) is still very challenging to solve since the

electron wavefunction is a function of the coordinates of all the electrons, which grows

exponentially with Ne. The Thomas-Fermi model [77], developed in the 1920s, introduced

the concept of obtaining the energy of the electronic system using the electron density of

the system n(x,y,z). However this model has poor performance for several reasons, with

the major problem being the poor expression for the kinetic energy of the electrons [77].

The two Hohenberg-Kohn theorems laid the ground for DFT by showing that the elec-

tron density can be used to construct the exact solution of the Schrödinger equation, without

knowing the complicated multidimensional wavefunction. First, the ground state electron

density of a many-body interacting electron system is unique for a given external potential.

Second, the ground state electron density minimises the total energy E[n] with respect to all

possible electron densities.

The core of DFT is the Kohn-Sham equation, written like a single electron Schrödinger

equation (for a good description of the electron kinetic energy):(
−1

2
∇

2 +Veff

)
φi = εiφi

Veff[n(r)] = Eel-nuc +EHartree +Exc,

(2.5)

φi are known as the Kohn-Sham orbitals and the total electron density is constructed from

them: n(r) = ∑
Ne
i=1 |φi|2. The effective potential Veff is a functional of the electron density

and consists of three parts including an exchange-correlation energy Exc. The Hohenberg-
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Kohn theorems showed that the Kohn-Sham equations are formally exact, and can be solved

by minimising ∑εi with respect to n(r), using iterative methods in practice [78].

To understand the exchange-correlation term in the Kohn-Sham equations, one can

compare it with the Hartree-Fock equations, which expressed the wavefunction as an anti-

symmetrised product (Slater determinant) of single electron orbitals in the time-independent

Schrödinger equation. The Kohn-Sham equations include a correlation term in addition to

Hartree-Fock, which means that an effective correlation potential needs to be added to com-

pensate breaking the complicated wavefunction as a Slater determinant of single-electron

orbitals. Note that DFT is based on very different principles than the so-called wavefunction

based methods such as the post-Hartree-Fock methods [79]. (Also note DFT is in principle

not problematic for multi-determinant systems, thanks to the correlation term.)

2.1.3 Exchange-correlation functionals

The exchange-correlation functional Exc is where various approximations can be made on,

and there is no unique or systematic approach to approximate this term. Generally, the

performance of a functional depends on the system and there is no universal functional that

is suitable or parameterised for all systems. Hence it is important to pick suitable functionals

for the systems studied in this work, by either comparing with experimental properties, or

theoretical benchmarks.

The first suggestion is known as the local density approximation (LDA), which is exact

for the uniform electron gas:

ELDA
xc =

∫
d3r n(r)εunif

xc [n(r)] (2.6)

where εunif
xc is the exchange-correlation of the uniform electron gas. The LDA was very suc-

cessful and performs better for metallic systems where the electron density varies gradually,

compared to its performance for molecules.

The generalised gradient approximations (GGAs) have been developed for a better de-

scription of non-homogeneous realistic system, by taking the density gradient into account

in the exchange-correlation:

EGGA
x =

∫
d3r n(r)εunif

x [n(r)]Fx(s)

EGGA
c =

∫
d3r n(r)(εunif

c [n(r)]+H(s))
(2.7)
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in which s = |∇n|/[2(3π2)1/3n4/3] is the normalised (dimensionless) charge density gra-

dient, Fx is the exchange enhancement factor, and H(s) is the gradient contribution to the

correlation. Some prominent examples of GGAs include the Becke-Lee-Yang-Parr func-

tional (BLYP) [80, 81] and the Perdew-Burke-Ernzerhof functional (PBE) [82] – these two

are derived from different principles and have very different behaviour of Fx at medium and

large s. GGAs show an improvement over LDA in general in describing energies and struc-

ture properties, hence they are the most commonly used approximations in DFT calculations

for materials.

The meta-GGA functionals extend the exchange enhancement factor to also depend

on the second derivative of the charge density Fx(s,α), α is the normalised kinetic energy

density (second derivative of the orbitals).

All of the above exchange-correlation functionals depend only on the local properties

of the electron density, which is relatively inexpensive to compute, however it can case

problems and improvements can be made. The exact exchange in the Hartree-Fock theory is

non-local, while using a local exchange will cause error in the electron-electron interaction

known as the self-interaction error. Hybrid functionals employ a portion of non-local Fock

exchange to alleviate some limitations of the local exchange:

Ehybrid
xc = aEFock

x +(1−a)EGGA
x +EGGA

c . (2.8)

The fraction of Fock exchange is empirical and typically around 20%. Popular examples of

hybrid functionals include the PBE0 [83] functional (PBE with 25% Fock exchange), and

the B3LYP [84] functional (BLYP with 20% Fock exchange). Too much Fock exchange will

break the correlation term as it matches the exchange of a different model. Range separated

hybrid functionals provide a scheme to tune and optimise the fraction of Fock exchange for

different systems [85]. Hybrid functionals typically give a better description of covalent

bond breaking, covalent bond vibrational frequencies, and band gaps. But they are much

more computationally demanding than GGAs because of the Fock exchange calculation.

2.1.4 Incorporating van der Waals interactions

Another problematic aspect of the local nature of exchange-correlation functionals is the

absence of non-local correlation. This means that none of the above schemes, including

the hybrid functionals, accounts for dispersion interactions such as the van der Waals in-
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teractions which are very important for many systems. In recent years, robust methods

have been developed to account for van der Waals interaction in DFT, which significantly

improved the description of systems where dispersion is crucial. Two main routes to ac-

count for dispersion in DFT will be discussed in this section, for more detailed reviews see

references [86, 87].

First is the non-local correlation density functionals, known as vdW-DFs, introduced

by Dion [88]:

Enl
xc = EGGA

x +E l
c +Enl

c

Enl
c =

1
2

∫
ρ(r)Φ(r,r′)ρ(r′)drdr′,

(2.9)

where Enl
c is the non-local correlation energy and Φ(r,r′) is a non-local correlation kernel

derived based on the plasmon-pole model. The first generation of vdW-DF used revPBE

exchange and LDA for the local correlation. Later improved versions of vdW-DF with

re-parameterised exchange, e.g. optB88-vdW [89], have been developed and are used in

this work. The second generation (vdW-DF2 [90]) used PW86 exchange and improved by

optimising the non-local correlation parameters.

The second scheme is adding empirical (∼ 1/r6) terms 1 to account for the dispersion

energy:

Edisp =−
AB

∑ fdamp
CAB

6

r6
AB

(2.10)

in which fdamp is an empirical damping function and the C6s are coefficients. One pop-

ular method is the Tkatchenko-Scheffler correction [91], and based on this a many-body

dispersion correction has been developed to treat the non-additive characteristic of disper-

sion. Another popular method is the D3 correction [92], in which the C6 coefficients are

computed via the dynamic polarisabilities of model systems, and also depends on the coor-

dination number of the atoms. The damping functions have been fitted for many functionals.

ED3
disp depends only on atomic positions making it more applicable, but also means that it is

not suitable for charged systems.

Both of these schemes suffer from a short fall of giving inaccurate van der Waals

interaction in intermediate range [93]. The reason is that intermediate range dispersion in

all these schemes are the outcome of interpolation between the long and short range limits.

1Some dispersion corrections also include the ∼ 1/r8 terms, such as the D3 correction.
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This intermediate range dispersion problem is challenging and one has to be careful using

DFT in systems dominated by such interactions.

2.1.5 Calculations in practice

For the Kohn-Sham equations to be computationally solvable, the Kohn-Sham orbitals need

to be represented numerically. This is done by expanding them in a basis set. There are two

types of basis sets used in the works in this thesis, which are based on different physical

pictures: atom-centred functions and plane-waves.

Atom-centred functions resemble wavefunctions in spherical potentials, hence are

more suitable to represent insulators or semi-conductors, where the electrons are mostly

localised around atoms. They usually consist of Gaussian functions, additional diffuse

functions can be added to describe diffuse electron densities (such as hydrogen bonds).

There are many tunable parameters in making localised basis sets, hence there are many

different localised basis sets in the literature [94]. Note calculation of interaction energies

with localised basis sets in practice needs to correct for the basis set superposition error

(BSSE) [95].

Plane-wave basis sets resemble free electron wavefunctions, which are more suitable

for metallic systems where the valance electrons are nearly free. However, unlike localised

basis sets, plane-wave can only be used in periodic systems. For a periodic system, the

Bloch theorem states that the wavefunction needs to satisfy:

ψk(r) = uk(r)ei(k·r), (2.11)

k is a vector in the first Brillouin zone and ψk represent wavefunctions with different peri-

odicity defined by k. uk are periodic functions represented by the plane-wave basis set and

can be calculated with fast Fourier transform. Integration over the entire Brillouin zone is

required to calculate the energy, which is typically performed over a grid of k-points. Plane-

waves can describe gas phase molecules using a large cell with only the Γ point needed for

the k-space sampling, but the size of the basis set will be much larger hence computationally

inefficient compared to using localised basis set. Some DFT softwares (e.g. CP2K [96]) use

mixed Gaussian and plane-wave basis set.

In practice, many of the electrons are core electrons that rarely involve in atomic inter-

actions (i.e. bonding), and the electron orbitals are highly oscillatory near the core region.
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Pseudo-potentials have been developed to reduce the number of electrons by describing

the core electrons as an effective potential on the valence electrons, and to smoothen the

orbitals near the core region. They are designed to produce the same electron density for

an isolated atom outside a cutoff region compared to an all electron calculation. Common

pseudo-potentials include the projector augmented wave (PAW) 2 potential [97].

2.2 Feynman Path Integral Theory

In quantum mechanics, wavefunctions are complicated and storage demanding objects, and

operators are abstract concepts. The Feynman path integral framework [33] represents a

qualitative departure from the Schrödinger picture. In quantum statistics, the path integral

framework provides a quantum analog to the classical configurational Boltzmann factor,

which made it feasible to implement the quantum partition function in molecular simula-

tions. It is also a framework for performing quantum dynamics based on classical molecular

dynamics. In this work, the quantum nature of the nuclei is treated with the Feynman path

integral, and in this section the details of using path integral in molecular simulations is

reviewed.

2.2.1 Feynman’s quantum mechanics

To introduce Feynman’s picture, consider the electron double-slit experiment, an interfer-

ence pattern can be observed. In the classical picture, no interference pattern should exist.

In the Schrödinger (wavefunction) picture, the interference pattern comes from the sum of

the wavefunctions through the two slits. In contrast, Feynman’s view resembles a classical

particle picture, in which the particle travels in space through a slit to the detector screen.

Different to the classical picture, the particle can take any path that passes through a slit.

Summation over all possible paths, each assigned with a weight, gives the quantum inter-

ference pattern. It has been shown that the Feynman picture and the Schrödinger picture

are mathematically equivalent [33]. In short, quantum mechanics can be described using a

summation of paths instead of a wavefunction.

2.2.2 Path integral molecular dynamics (PIMD)

In quantum statistical mechanics, the canonical partition function (which describes a prob-

ability distribution over possible quantum states |x〉) at reciprocal temperature β = 1/kBT

2In addition, the PAW also enforces the node positions on the core electrons.
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is the trace of the Boltzmann operator:

Z(β ) = Tr
[
e−β Ĥ

]
= ∑

x
〈x|e−β Ĥ |x〉. (2.12)

Comparing the elements in the quantum partition function to the quantum real time propa-

gation: 〈x′|e−iĤt/h̄|x〉 reveals that 〈x|e−β Ĥ |x〉 describes a propagation from |x〉 back to itself

in imaginary time it = β h̄. Hence the canonical partition function can be interpreted in the

Feynman path integral picture as the sum of all possible closed paths with imaginary time

β h̄ over all possible starting states |x〉.

The formula for the quantum canonical partition function in the path integral picture

can be derived mathematically with the Trotter splitting (second order):

e−β (K̂+V̂ ) = e−βV̂/2e−β K̂e−βV̂/2 +O(β 3)

〈x|e−β Ĥ |x〉= lim
N→∞
〈x|
[
e−βV̂/2Ne−β K̂/Ne−βV̂/2N

]N
|x〉.

(2.13)

The Trotter splitting arose from the fact that the kinetic energy operator K̂ and the po-

tential energy operator V̂ do not commute. Let |x〉 be the position eigenstates |q〉, Ω̂ =

e−βV̂/2Ne−β K̂/Ne−βV̂/2N and inserting the identity operator: Î =
∫

dq|q〉〈q| N−1 times, the

partition function becomes:

Z = lim
N→∞

∫
dq1...dqN〈q1|Ω̂|qN〉〈qN |Ω̂|qN−1〉...〈q2|Ω̂|q1〉, (2.14)

where N can be understood as the number of discrete points to represent the Feynman path.

Note that V̂ |q〉=V (q) and inserting the identity operator: Î =
∫

d p|p〉〈p| gives:

〈qk+1|Ω̂|qk〉=
∫
〈qk+1|e−βN K̂ |p〉〈p|qk〉 e−βN [V (qk+1)+V (qk)]/2

=
1

2π h̄

∫
d p e−βN p2/2meip(qk+1−qk)/h̄ e−βN [V (qk+1)+V (qk)]/2

=

(
m

2πβN h̄2

)1/2

exp
[
− m

2βN h̄2 (qk+1−qk)
2− βN

2
(V (qk+1)+V (qk))

]
βN = β/N.

(2.15)

The relation 〈q|p〉 = 1√
2π h̄

eipq/h̄ and the Gaussian integral formula is used in the above

derivation. For D-dimensional qk the factor would simply be
(

m
2πβN h̄2

)D/2
instead. Finally
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Classical
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Radius of
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Figure 2.1: Path integral representation for a diatomic molecule with bead number N = 6.
The definition of a “bead”, “centroid”, and “radius of gyration” are illus-
trated. Classical and quantum (wave-packet) representations of the molecule
are shown for comparison.

the canonical partition function in the Feynman path integral representation is:

Z = lim
N→∞

(
m

2πβN h̄2

)N/2 ∫
dq1...dqN exp

{
−βN

N

∑
k=1

[
m

2β 2
N h̄2 (qk+1−qk)

2 +V (qk)

]}∣∣∣∣∣
qN+1=q1
(2.16)

This is equivalent to the partition function of a N-bead ring polymer (RP) with the classical

Hamiltonian:

HN =
N

∑
k=1

[
p2

k
2m∗

+V (qk)+
mω2

N

2
(qk+1−qk)

2
]∣∣∣∣

qN+1=q1

ωN =
1

βN h̄
,

(2.17)

m∗ is the kinetic mass which does not alter the ensemble average but typically chosen as

m∗ = m, and in the multidimensional case pk, qk are vectors instead. The potential energy

part of HN can be separated:

UN =VN +VRP =
N

∑
k=1

V (qk)+
N

∑
k=1

mω2
N

2
(qk+1−qk)

2
∣∣∣∣
qN+1=q1

(2.18)

An illustration of the classical RP in the Feynman path integral theory (for a diatomic

molecule) is shown in Fig. 2.1. There are a few terminologies for describing a path integral

RP: “bead” refers to qk, which is the system (in the example is a diatomic molecule) at

an imaginary time slice. “Centroid” is the average position of an atom in all beads: qc =

1
N ∑

N
k=1 qk. “Radius of gyration” of an atom is the average distance of all the beads to

their centroid: rg = [ 1
N ∑

N
k=1(qk − qc)

2]1/2. The ensemble average radius of gyration is

proportional to the De Broglie wavelength of the particle. The “physical” forces (i.e. the
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black lines in Fig. 2.1) exist only within each imaginary time slice, and not between different

imaginary times. Only harmonic springs interaction exist between the replicas of the same

atom in adjacent beads. The spring constant depends on the mass of the atom, temperature,

and the number of beads. The spring gets stronger for heavier atoms, higher temperatures,

and more beads. For light atoms like hydrogen the RP is extended, indicating the atom is

delocalised quantum mechanically. However at high temperatures or if the atom is heavy,

the RP is collapsed, indicating classical behaviour. Unless under extreme conditions the

RPs of different atoms do not overlap, meaning that nuclei exchange is insignificant and the

distinguishable particle assumption in the derivation holds.

PIMD allows sampling of the quantum partition function via molecular dynamics

(merely a sampling tool) for a classical Hamiltonian (Eq. 2.17), with the canonical equa-

tions of motion. However, direct propagation of the equations of motion requires very

small timesteps as the maximum internal ring-polymer frequency 2ωN can be very high:

1.3×104 cm−1 for a 32 bead simulation at 300 K. And the more beads one uses, the more

stiff the spring vibrations becomes, and hence the smaller the timestep one needs to use.

Hence HN is split into a free ring-polymer part and a external potential energy part, as the

free ring-polymer part can be propagated analytically as harmonic oscillators:

H0
N = HN−VN = ∑

k

p̃2
k

2m
+

1
2

mω̃
2
k q̃2

k

ω̃k = 2ωN sin(kπ/N)

(2.19)

in the normal mode representation q̃k, p̃k:

q̃0 = ∑
j

√
1/Nq j

q̃k = ∑
j

√
2/N sin(2π jk/N)q j, k = 1...N/2−1

q̃−k = ∑
j

√
2/N cos(2π jk/N)q j, k = 1...N/2−1

q̃N/2 = ∑
j

√
1/N(−1) jq j,

(2.20)

(momentum p j can also be transformed to p̃k in the same way). q̃0 is basically the centroid

mode of the RP. This allows the use of timesteps that are similar to those in the correspond-

ing classical simulation. Note that the rule that a smaller timestep is needed when more
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beads are used still applies if one propagates the system in the normal mode representation.

Another viable coordinate transformation is the staging transformation [98]. Eq. 2.20 can

be calculated with fast Fourier transform. Velocity-Verlet method (second order) is used to

numerically integrate the equations of motion:

thermostat half step

p← p−V ′N∆t/2

free RP step on q̃k, p̃k

p← p−V ′N∆t/2

thermostat half step

(2.21)

For sampling the NVT ensemble, path integral versions of the Langevin thermostat (PILE)

[99] or the Nosé-Hoover chain thermostat [98] are used. These thermostats attach a different

thermostat to each normal mode, i.e. in PILE each normal mode is thermostated with a

different friction coefficient γk
3:

γk = λ2ω̃k, k 6= 0, (2.22)

Ensemble averages can be obtained from PIMD. For properties A that only depend on

the positions, i.e. potential energy and geometries, one can simply average over all the bead

trajectories:

〈A〉= 1
Z

∫
dp
∫

dq
1
N

N

∑
j

A(q j)eβNHN(q,p). (2.23)

(Note that the ensemble average centroid distance is different from the ensemble average

bead distance.) The average quantum kinetic energy 〈K〉 can be derived using the thermo-

dynamic relation 〈E〉 = − ∂

∂β
logZ (〈E〉 is the average total energy). This is known as the

primitive kinetic energy estimator, however it suffers from large variance that scales with

the number of beads resulting in poor convergence. The virial kinetic energy estimator 4:

〈K〉=

〈
1
N

N

∑
j

1
2

q j
∂VN

∂q j

〉
(2.24)

is more stable and used in practice. The momentum distribution in principle needs to be

3λ = 1 gives critical damping of the RP modes.
4Derived by applying the virial theorem on HN then compare to the primitive estimator.
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sampled with “open path” RPs (which is doable [26, 54]), however more robust methods

that allow momentum estimation on closed path RPs have been developed [25].

2.2.3 Reducing the computational cost of PIMD

Since one needs to use a RP that consists of many replicas of the physical system, the

computational cost is proportional to the number of replicas used. The number of beads

N required depends mainly on the temperature and the highest physical frequency (ωM)

of the system, which can be roughly estimated using: NkBT
h̄ωM
≥ 1, meaning that the thermal

energy of a bead has to be larger than the harmonic oscillator energy level spacing. For

example, a PIMD simulation of a water molecule at 100 K requires more than 60 beads to

converge the quantum kinetic energy, while at 300 K only 20 beads or more are needed.

This indicates that PIMD simulations are one to two orders of magnitude more expensive

than MD simulations, and the lower the temperature the more difficult it is to perform PIMD

simulations. In recent years robust methods have been developed to make PIMD simulations

significantly more affordable.

In this work, the PIGLET thermostat [25] is used for an efficient sampling of the imag-

inary time path integral. PIGLET is a specific type of colored noise thermostat (CNT) [100]

with the noise tailored for imaginary time PIMD simulations to accelerate convergence to

the quantum mechanical results. CNT refers to non-equilibrium generalised Langevin ther-

mostat (GLE) [101], breaking the fluctuation-dissipation theorem. Incorporating quantum

fluctuations can be effectively viewed as heating up different vibrational modes of the sys-

tem to different temperatures T (ω), and in the harmonic limit,

kBT (ω) =
h̄ω

2
coth

(
β h̄ω

2

)
. (2.25)

For example, one can heat up water to around 3000 K to generate the quantum fluctuation in

the OH stretching mode. This can be achieved by thermostating using the GLE framework,

in which the equations of motion includes a memory kernel (making them non-Markovian):

q̇ = p

ṗ =−V ′(q)−
∫ t

0
K(t− s)p(s)ds+bζ (t)

(2.26)

ζ is a random noise, and K is the momentum memory kernel. Non-Markovian equations

of motion can be transformed to Markovian motion by adding extra degrees of freedom
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[101]. After this transformation, there are two matrices in the equations of motion: the

drift matrix A, and the covariance matrix C. A controls the coupling of the thermostat to

different frequency modes and C determines the thermal fluctuations. With specially tuned

matrices, PIGLET enhances quantum fluctuations in PIMD simulations up to a given cutoff

frequency to accelerate the bead convergence. Different to earlier versions of path integral

GLEs [102], PIGLET is coupled to each normal-mode to give better quantum kinetic energy

convergence. It has been shown that it can reduce the number of beads by a factor of 5 or

more and one can converge the quantum kinetic energy for liquid water at room temperature

with only 4 beads [25]. The dynamics however is strongly influenced by the thermostat and

should not be considered physical. The PIGLET thermostat, along with a plethora of GLEs

for various applications can be downloaded at: http://gle4md.org.

The number of beads required to converge a PIMD simulation can also be reduced via

the 4th-order Hamiltonians. Instead of using the Trotter splitting (2nd-order) in Eq. 2.13,

one can use 4th-order splitting operators such as Takahashi-Imada [103] or Suzuki-Chin

[104]. The 4th-order Hamiltonians include terms related to the second derivative of the

potential, meaning special treatments are needed to perform these simulations [37, 105].

The RP-contraction scheme [106, 107], is another very useful approach to reduce the

cost of PIMD. If the potential can be split into a fast part and a slow part, in which the

fast part is cheap to calculate, one can speed up PIMD simulations by calculating the time

consuming slow part on only a small number of beads. The fast varying parts of the potential

(i.e. covalent bond stretching modes) have relatively high frequency (∼2000 cm−1 or large),

which require many beads to describe, while slow varying parts of the potential need fewer

beads to converge. A general way to “contract” a RP to fewer beads is via removing high |k|

components in the normal mode representation (Eq. 2.20) [106]. Separating the potential is

typically easy for empirical force field potentials, but tricky for ab initio methods. To date, a

successful way is to use density functional tight binding (DFTB) [108] as the fast part of the

potential and the difference between DFT and DFTB as the slow potential [107]. The DFTB

has to be modified according to the DFT functional used to produce similar frequencies in

high frequency vibration modes to DFT.

2.2.4 Ring polymer molecular dynamics (RPMD) rate theory

Another important aspect of molecular dynamics simulations is to extract dynamical in-

formation, e.g. time correlation functions, from the trajectories. Propagation of the time-
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dependent Schrodinger equation is in practice only viable for systems with only few degrees

of freedom or over short timescales. PIMD simulations however, do not give dynamical

information in principle, as the kinetics in PIMD is introduced for sampling imaginary

time path integrals. Nevertheless, PIMD trajectories have long been considered to offer

insight into the evolution of a quantum system in real time [109]. Therefore, two major

(heuristically obtained) approximation methods based on the imaginary time path integral

(ring-polymer Hamiltonian, Eq. 2.17) have been developed for the treatment of complex,

many-particle systems. The centroid molecular dynamics (CMD) [110] assumes that quan-

tum dynamics is represented by the classical dynamics of the path-integral centroid in the

potential of mean force given by the fluctuations of the RP. RPMD approximate the quantum

correlation functions with RP correlations functions [63,111,112], meaning that dynamical

properties can be approximated using unthermostated PIMD trajectories. In practice run-

ning RPMD (or CMD), one starts many trajectories from snapshots from PIMD for ergod-

icity. This implies that the computational cost is still expensive and unfortunately currently

non of the above bead reduction techniques except RP contraction can be used. Also note

that both RPMD and CMD suffer from certain problems for different reasons [111, 113]
5. Nevertheless, they can give approximated Kubo transformed [115] correlation functions,

and hence have been used to study various problem such as quantum diffusion coefficients

and reaction rates.

The reaction rates are determined by the flux-side correlation function [116]:

kZr(β ) = lim
t→∞

c̃ f s(t), (2.27)

in which Zr is the reactant partition function, c̃ f s(t) is the Kubo transformed flux-side cor-

relation function, and one can apply the RPMD approximation to it to obtain the RPMD

rate. A more practical form of the RPMD rate expression have been derived [112], which

transformed the average over beads to the RP centroid:

kRPMDZr(β ) = lim
t→∞

c̄ f s(t)

c̄ f s(t) =
1

(2π h̄)ND

∫
dNDp0

∫
dNDq0e−βNHN v̄s(p0,q0)δ (s(q0))h(s(qt)),

(2.28)

in which, N is the number of beads, D the degrees of freedom, the subscript 0 denotes t = 0,
5i.e. RPMD vibrational spectrum contains unphysical RP modes, the thermostated RPMD can be used to

smear out these modes [114].
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s(q) is the reaction coordinate and s(q) = 0 is the dividing surface (typically depends only

on the centroid), v̄s is the velocity of the centroid perpendicular to the dividing surface, and

h is the side function. Eq 2.28 shows that the RPMD rate theory is simply the classical

reaction rate theory in an extended (N-bead imaginary time path integral) phase space.

Taking Eq. 2.28 to the t→ 0+ limit gives the ring-polymer transition state theory (RP-

TST). It has been later shown that this is also the t → 0+ limit of a quantum flux-side

correlation function [117], hence is also known as quantum transition state theory (QTST):

kQTST = v̄s
〈δ (S(q))〉

Zr
, (2.29)

if the dividing surface is a linear combination of the Cartesian coordinates, v̄s =
1√

2πβm

is the classical flux. Using a centroid reaction coordinate, one can obtain the free energy

profile F along the reaction coordinate and the free energy barrier ∆F , using enhanced

sampling methods such as constrained PIMD [118]. Define ρ0 as the probability density at

the minima in the reactant basin, the QTST rate can be practically calculated by:

kQTST =
1√

2πβm
ρ0e−β∆F . (2.30)

Treating ρ0 with the steepest-descent approximation (harmonic limit, Eq. 2.34), one arrives

at kQT ST = ω0
2π

e−β∆F , ω0 is the frequency of the reactant along the reaction coordinate on

the free energy profile. 6 Due to historical reasons, “QTST” can mean many different

things, such as the centroid rate theory (which is formally exact) developed by Gillan in

1987 [119] then generalised by Voth, Chandler and Miller [120]. The centroid rate theory

is very similar to Eq. 2.30, with only differences in the prefactors.

Finally, the RPMD rate can be calculated with the Bennett-Chandler method [121]:

kRPMD = κkQTST, (2.31)

κ is the dynamical factor, which can be calculated by starting many short trajectories at the

dividing surface. The RPMD rate in principle does not depend on the dividing surface, as κ

accounts for dynamical recrossing and hence corrects for the error in the dividing surface.

6Anharmonic ρ0 can be calculated by performing an unconstrained PIMD simulation in the reactant basin.
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2.2.5 Semiclassical approximation to the Feynman path integral

Apart from sampling the quantum ensemble (imaginary time path integral), the Feynman

path integral can be used for real time propagation:

〈q′′|e−iĤt/h̄|q′〉=
∫

dq(t)eiS[q(t)]/h̄. (2.32)

Applying the stationary phase approximation, a mathematical treatment for integration of

highly oscillatory functions, gives the van-Vleck propagator:

〈q′′|e−iĤt/h̄|q′〉 ∼ ∑
qcl(t)

eiS[qcl(t)]/h̄, δS[qcl(t)] = 0, (2.33)

the stationary points among all possible Feynman path are the classical trajectories qcl(t)

from q′ to q′′ with time t, hence this is known as the semiclassical approximation. Eq. 2.33

is the foundation of the various semiclassical quantum dynamics methods, such as the

linearised semiclassical initial value representation (LSC-IVR) method for approximated

quantum dynamics and the (semiclassical) instanton rate theory in the next section.

2.3 Instanton Rate Theory

The instanton rate theory can be widely applied in various scientific disciplines from sub-

nuclear physics to cosmology [14, 16, 38, 39, 122–124]. It provides a TST like approach

to calculate quantum reaction rates that includes ZPE, quantum tunnelling, and quantum

corner-cutting effects (tunnelling takes shorter paths deviating from the minimal energy

pathway), while avoiding the need to perform long and computationally expensive PIMD

and RPMD simulations. Though derived from different principles, the instanton theory is

closely related to the RPMD rate theory [39]. Recently an improved instanton theory has

been obtained (and under active development) from the recent first-principles derivation of

the conventional instanton rate theory [61]. This work shows that the improved instanton

theory is capable of treating a wider range of systems (e.g. Chapter 4 and 5).

2.3.1 The steepest-descent approximation

Many of the theories in this section utilised the steepest-descent approximation, a mathe-

matical approach for estimating the integral of an exponential function without explicitly
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integrating it:

∫
e−β f (x)dx∼

∫
e−β [ f (x∗)+(x−x∗)2 f ′′(x∗))]dx, f ′(x∗) = 0, f ′′(x∗)> 0,

=

√
2π

β f ′′(x∗)
e−β f (x∗).

(2.34)

As an example, the steepest-descent approximation is often used in estimating partition

functions. Applying Eq. 2.34 to the RP partition function (Eq. 2.16) in a reactant basin

(taking the reactant energy as the reference point) (with D degrees of freedom) gives:

Zr(β ;N) =
ND

∏
k

1
βN h̄ωk

, (2.35)

in which ω2
k are the eigenvalues of the mass-scaled RP hessian matrix of a RP collapsed at

the reactant.This is also know as the harmonic limit. Taking the N→ ∞ limit one arrives at

the quantum partition function of harmonic oscillators [125]:

Zr(β ) =
D

∏
i

1
2sinh(β h̄ωi/2)

, (2.36)

where ωis are the harmonic frequencies of the reactant. On the other hand, the quantum

partition function of harmonic oscillators in the N bead limit can also be calculated [123,

125]:

Zr(β ;N) =
D

∏
i

1
2sinh(β h̄ω̃i/2)

sinh(βN h̄ω̃i/2) = βN h̄ωi/2

(2.37)

2.3.2 Conventional instanton rate theory and its connection with the RPMD

rate

The instanton rate theory was first derived by Miller in 1975 using the semi-classical ap-

proximation to a TST model of the formally exact quantum rate [38]. The rate is expressed

with a classical periodic trajectory x in imaginary time:

kinstZr(β ) = (2π h̄)−
1
2

∣∣∣∣d2S[x(τ)]
dτ2

∣∣∣∣
1
2

Z‡(β )e−S[x(τ)]/h̄, (2.38)
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Zr is the reactant partition function. The periodic trajectory x is called an instanton, τ =

β h̄ (β = kBT ) is its imaginary time, Z‡ is its partition function, and S is its Euclidean action.

The S action of the instanton is the exponential part of the instanton rate, hence it can provide

a simple first estimation of the barrier reduction due to tunnelling given by: V ‡− S
β h̄ . One

can think of S as an “effective energetic price” for the tunnelling event (tunnelling is not

free to happen). Another useful quantity of the instanton is the instanton energy:

E =
∂S
∂τ

, (2.39)

which indicates the amount of energy the reactants need to reach this tunnelling path (note

that this E should never be taken as the effective quantum barrier as tunnelling is not free

to happen). For the instanton partition function, in the 1 dimensional case Z‡ = 1. In the

multidimensional case (D degrees of freedom), Miller proposed that Z‡ can be calculated

with the “stability parameters” of the instanton trajectory:

Z‡ =
D

∏
j=2

1
2sinh(u j/2)

. (2.40)

The stability parameters u j is a classical concept for a periodic trajectory showing how sta-

ble the trajectory is with respect to perturbations. For a system with D degrees of freedom,

there are D u js, with the first one being zero which represents a permutation along the in-

stanton trajectory. The other u js are positive, but what motions they represent is difficult

to interpret. They characterise the effective vibrational frequencies (ω̃ js) of the instanton,

u j = τω̃ j, and thus the effective ZPE.

However, locating a classical periodic trajectory seems impossible on a complicated

PES. Thanks to the Feynman path integral theory, a periodic trajectory in imaginary time

can be represented by a classical RP (see Eq. 2.13, 2.16). The classical periodic trajectories

are the stationary points that minimises the action in the path integral (see Eq. 2.33), hence

in imaginary time they are the stationary points on the RP-PES. This means finding an

instanton is equivalent to finding a stationary point on an extended N-bead RP-PES, which

can be done in practice by performing 1st order saddle point optimisation of a classical RP.

The S action in the RP representation is simply S/h̄= βNUN , and the instanton energy is E =

(VN−VRP)/N (definitions see Eq. 2.18). The stability parameters and the derivatives of the

S action can also be evaluated on a Feynman RP [126]. Comparing with the classical TST
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where the rate expressed with a stationary point on the PES, the instanton theory provides

a TST-like approach to calculate the quantum mechanical reaction rate. The instantons

represent the least action tunnelling paths in the system.

Although Eq. 2.38 can be directly calculated from a RP instanton trajectory, an easier-

to-calculate expression of the instanton rate is given by:

kinstZr(β ;N) =
1

2π h̄

√
BN

2πβN h̄2

ND

∏
k 6=2

∣∣∣∣ 1
βN h̄ηk

∣∣∣∣e−S[x(τ)]/h̄

BN = m ·
N

∑
i=1

(xi+1−xi)
2.

(2.41)

η2
k are the eigenvalues of the mass-scaled RP hessian matrix of the instanton path. There

are ND η2
k s, with the first one being negative for a first order saddle instanton, and the

second one being zero, which represents a permutation along the instanton trajectory. The

zero eigenvalue is omitted in the product and treated differently (as the BN term), while the

negative eigenvalue is in the product. The above equation is derived from the so-called “ImF

premise”, by making steepest-descent approximations to ImF [122], and has been shown

to be mathematically equivalent to Eq. 2.38 [127]. Comparing Eq. 2.41 with Eq. 2.38, one

can find that Z‡ can be calculated with the RP hessian (ηks) and d2S
dτ2 . The η2

k s are more

numerically stable than the stability parameters, e.g. for long imaginary time trajectories

one may fail to find the zero stability parameter.

The conventional instanton rate theory is not suitable at all temperatures. The instanton

path has to be delocalised, meaning that for a parabolic-top reaction barrier, instanton rate

exists below the crossover temperature:

Tc =
h̄ωb

2πkB
, (2.42)

ωb is the imaginary frequency at the barrier top. Tc has long been established as an estimate

of the crossover between classical and quantum reaction regimes [119,122], in the sense that

at which the thermal cumulative reaction probability starts to peak below the reaction barrier

energy 7. At and above Tc the instanton rate is not meaningful (should be zero above Tc and

diverges at Tc, though it is not numerically problematic when approaching Tc from below).

Note that the instanton rate can also be problematic when the temperature approaches zero

7Note that Tc is not a clean cut line that determines whether tunnelling happens or not.
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(see Section 4.3.2).

Comparing the instanton rate theory and the RPMD rate theory, despite that they are

derived from different principles and approximations, in practice they both are evaluated on

the RP-PES. This indicates that they are closely related to each other. Comparing the “ImF”

instanton rate expression (Eq. 2.41) with the RP-TST (or QTST) rate (zero time limit of the

RPMD rate in Eq. 2.28) taken to the harmonic limit, it has been shown that [39]:

kinst = αhkharm-RP-TST

αh =
2π

|β h̄η1|
.

(2.43)

This shows that the instanton rate differs from the harmonic QTST rate only by a prefactor

of αh (on the order of one except at very low temperatures), which originates from the

treatment of the negative frequency of the instanton, and is related to d2S
dτ2 in Eq. 2.38. The

close relation between instanton and RPMD rate theory strengthens and justifies the success

of both theories.

2.3.3 Thermalised microcannonical instanton theory (TMI)

It is well established that the conventional instanton describes the correct physics and instan-

ton rates compare favourably with exact quantum calculations in many cases [14, 39, 123].

However, despite these successes, a cloud linger as the derivation of the instanton rate the-

ory till now are not considered to be “first principle” – they either started from a premise

(ImF) or employed a controversial model. Recently a first principle derivation of the in-

stanton rate theory have been given by Richardson [128], and the important outcome of this

derivation is the discovery of an improved instanton theory: TMI [61], which is valid at all

temperatures and suitable also for microcanonical rates.

The thermal reaction rate is given by:

kZr =
1

2π h̄

∫
P(E)e−βEdE, (2.44)

P(E) is the microcanonical cumulative reaction probability, and can be expressed with the

imaginary part of the Green’s function [116]. The semi-classical approximation (Eq. 2.33)

to the Green’s function is (for simplicity the 1D case is discussed first):

〈x′|Ĝ(E)|x′′〉= ∑
cl. traj.

−1
h̄

∫
∞

0

√
C

2π h̄
e−(S−Eτ)/h̄dτ, (2.45)
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in which C =
∣∣∣− ∂ 2S

∂x′∂x′′

∣∣∣, τ is the imaginary time. Applying the steepest-descent approxima-

tion, the stationary points are trajectories that solve ∂S
∂τ
−E = 0. The trajectories that con-

tribute to the imaginary part of the Green’s function are the “bounce trajectories”, and the

biggest contributions come from two single bounce trajectories that bounce at the left and

right of the barrier. Using the two single bounce stationary trajectories, the semi-classical

microcanonical cumulative reaction probability in the TMI theory can be found:

PSC1(E) = e−W (E)/h̄ (2.46)

where W (E) = S(τ)− τE is the abbreviated action. In 1D, PSC1 is equivalent to the WKB

approximation [129], and simply W (E) = 2
∫

V (x)>E

√
2m[V (x)−E]dx. The TMI rate is

given by combining Eq. 2.46 and Eq. 2.44. The conventional instanton rate is the steepest-

descent approximation to the TMI in 1D, hence it can be referred to as the SDI.

In the multi-dimensional case, following the same derivation gives PSC1 = Z‡e−W/h̄.

However the steepest-descent approximation in the semi-classical Green’s function

(Eq. 2.45) is problematic for D-dimensional systems as C is also exponentially depen-

dent on τ . Hence it is necessary to separate out the exponential part of C in order to

estimate the Green’s function with steepest-descent approximation:

〈x′|Ĝ(E)|x′′〉= ∑
cl. traj.

−1
h̄

∫
∞

0

√
c0

(2π h̄)D e−(S−φ−Eτ)/h̄dτ, (2.47)

where φ = 1
2 h̄∑

D−1
j=1 lnc j, c j are the eigenvalues of the C matrix and c0 is the eigenvalue

along the reaction coordinate. This means that in the multi-dimensional case, the instanton

energy E is redefined:

E =
∂S
∂τ
− ∂φ

∂τ

∂φ

∂τ
=−1

2

D−1

∑
j=1

h̄ω̃ j

tanh ω̃ jτ
≈−1

2

D−1

∑
j=1

h̄ω̃ j,
(2.48)

where ω̃ j are the effective frequencies of the instanton path. Comparing to the definition in

Eq. 2.39, the physical meaning of this redefined E becomes clear: the energy of the instanton

path should be shifted by the effective ZPE of the instanton. For this, the microcannonical
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cumulative reaction probability with ZPE properly accounted can be derived:

PSC2(E) = Z‡(E)ξφ e−W (E)/h̄e−
∂φ

∂τ
τ/h̄, (2.49)

ξφ =

[
1−
(

∂ 2S
∂τ2

)−1
∂ 2φ

∂τ2

]− 1
2

is a factor of order one. One can calculate PSC2 at different

E from instanton trajectories with different τ , then the multi-dimensional TMI rate can be

calculated by numerically integrating Eq. 2.44. In the original derivation [61], the instanton

is split into two half trajectories which bounce to the left and right of the dividing surface,

and in practice PSC2 can be calculated for symmetric barriers by splitting it into two identical

halves. However the half trajectory approach is not suitable for asymmetric barriers, to

date, it seems that it is possible to “nit” the split instanton back together (Eq. 2.49 is the

current formula for this), yet further development is needed. Also, it seems that the effective

frequencies of the instanton path ω̃ j are equivalent to the stability parameters in Eq. 2.40,

which could be used to calculate PSC2. The multi-dimensional TMI is a new theory with

huge potential in future application that desire future development, and the chapter 5 of this

work focuses on experimenting its application.

In this work, I show that the conventional SDI rate is the steepest-descent approxima-

tion over energy to the multidimensional TMI rate in the “weak coupling limit”, where the

effective frequencies of the instanton ω̃ j barely change with its imaginary time.

kinst(β )Zr(β ) =
1

2π h̄

∫
∞

0
PSC2(E)e−βEdE

for large ω̃ jτ,

≈ 1
2π h̄

∫
e−

1
2 ∑

D−1
j=1 ω̃ jτξφ e−S/h̄e

1
2 ∑

D−1
j=1 ω̃ jτe−

1
2 ∑

D−1
j=1 h̄ω̃ jβ

ω̃ j independent of E, ξφ = 1, apply steepest-descent approximation:

∼ 1
2π h̄

e−
1
2 ∑

D−1
j=1 ω̃ jβ h̄

√
2π h̄

S′′(E∗)
e−S(E∗)/h̄,

(2.50)

which is the same as Eq. 2.38. This also supports why the SDI has been very successful.

But it also indicates that the SDI theory may have problems when ω̃ js change drastically

with τ (perhaps small problems as they have yet been reported). In Chapter 4 of this work,

scenarios where the steepest-descent approximation over energy breaks are discussed.

In summary, the major difference between SDI and TMI is that SDI uses one instanton

(with a imaginary time of β h̄) to estimate the rate at inverse temperature β , while the TMI
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rate at a given temperature is calculated using several microcanonical instantons (with a

range of different imaginary times).



Chapter 3

The Quantum Nature of DNA Base Pairs

Despite the inherently quantum mechanical nature of hydrogen bonding, it is unclear how

NQEs alter the strengths of hydrogen bonds (HBs). With this in mind, I use ab initio PIMD

to determine the absolute contribution of NQEs to the binding in DNA base pair complexes,

arguably the most important hydrogen-bonded systems of all. I find that depending on

the temperature, NQEs can either strengthen or weaken the binding within the hydrogen-

bonded complexes. As a somewhat counterintuitive consequence, NQEs can have a smaller

impact on hydrogen bond strengths at cryogenic temperatures than at room temperature.

This is rationalised in terms of a competition of NQEs between low-frequency and high-

frequency vibrational modes. Extending this idea, a simple model is proposed to predict the

temperature dependence of NQEs on hydrogen bond strengths in general.

3.1 Introduction

It has been said that without HBs, all wooden structures would collapse, cement would

crumble, oceans would vaporise, and all living things would disintegrate into inanimate

matter [130]. While the concept of the HB dates back to at least the 1920s [131] and is now

well-defined [132], the small mass of the proton means that HBs are intrinsically quantum

mechanical and that zero point energy and tunnelling can be of critical importance. Quan-

tum fluctuations involving HBs are crucial, for example, in biological processes such as

DNA tautomerisation [133–135] and enzyme reactions [4,5,136–139]. It is also known that

hydrogendated and deuterated chemicals can have different biochemical potencies, a fact

that is now enthusiastically being exploited within the pharmaceutical industry through the

development of novel classes of deuterated drugs. Nonetheless, fundamental understanding

of the quantum nature of HBs is far from complete, with a general understanding of how

and to what extent NQEs influence the strengths of HBs yet to be established. Given that
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strength is arguably the most important property of any bond this seems to represent a fairly

significant gap in understanding.

Indirect information about the role of NQEs on HB strengths can be made through

isotopic substitution experiments. These have shown that upon replacing hydrogen with

deuterium the lengths of HBs can change; a so-called secondary geometric isotope effect

[7, 140]. HBs can get shorter or longer depending on the material and the extent of the

change can vary from one material to the next and with temperature (see e.g. [8, 57, 141,

142]). Interestingly, very small changes in structure can lead to large variations in physical

properties. For example, the lattice constants of the hydrogenated and deuterated versions

of the ferroelectric material squaric acid differ by 1% yet their ferroelectric to paraelectric

transition temperatures differ by ca. 200 K [8, 142]. Secondary geometric isotope effects

such as these have been explained with the help of theory and simulation [57, 143–146],

and notably it has been argued that the direction and extent of the change upon isotopic

substitution depends on the strength of the HB [57]. This, in turn, has been rationalised with

a theory of CQEs where it is said that quantum delocalisation along the HB helps to shorten

the bond but delocalisation out of the plane acts to lengthen it [50, 51, 143, 146]. Indeed

this concept has proved to be useful in explaining a host of phenomena in, for example,

liquid water, ice and biomolecules [44,51,52,58,147–149] and has seen recent experimental

verification [28]. Nonetheless, most work to date has focused on geometrical properties and

direct information on how and to what extent NQEs influence the strengths of HBs [150]

is desirable. Although the total contribution of NQEs to HB strength is likely to be small,

small energies are often important. This is particularly true in biology where structures

and processes are governed by a delicate balance of interactions [149]. The cost to unzip

double stranded DNA in solution is, for example, only∼ 20 - 100 meV (∼ 0.5 - 2 kcal/mol,

or 1 - 4 kBT ) per base pair duplex at room temperature [151–153]. Similarly the melting

temperature of DNA strands is so exquisitely sensitive that substituting just one out of a

thousand base pairs leads to a measurable change in melting temperature [154].

In this chapter, computer simulations, as detailed in Section 3.3, have been used to

directly evaluate the influence of NQEs on the binding free energy, the free energy differ-

ence between the binded and unbinded DNA base pair complexes. These hydrogen bonded

complexes are not only crucial to life, but have also gained significant interest in nanotech-

nology [155]. Specifically, the Watson-Crick hydrogen bonded base pair complexes of
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adenine-thymine (AT) and cytosine-guanine (CG) in the gas phase are examined. The focus

is on understanding how quantum effects alter the duplex hydrogen binding interaction in

the dimers; this is, of course, an integral interaction to DNA binding and is, for example, the

key parameter in nearest neighbour [153] and coarse-grained models [156] of DNA binding.

Although stacking interactions and solvent effects are relevant to the unzipping and melt-

ing of real double stranded DNA, by focusing exclusively on the duplex hydrogen bonding

interaction, the role of NQEs is unambiguously revealed. The particular computational

techniques employed involve density functional theory (DFT) for a description of the po-

tential energy surface in conjunction with path integral molecular dynamics (PIMD), which

together enable equilibrium thermal properties including NQEs to be rigorously accounted

for. This methodology has been widely applied to tackle a host of chemical problems in

the gas and condensed phases (see e.g. ref. [8, 42, 52, 57, 148–150, 157–162]). Furthermore

by combining PIMD with thermodynamic integration, details explained in Section 3.2, one

can explicitly calculate the binding free energy change upon transforming the system from

one containing classical nuclei to one containing quantum nuclei. The results reported in

Section 3.4.1, at room temperature, that NQEs increase the interaction strength in both com-

plexes by ∼ 0.5 kcal/mol or ∼ 1 kBT . At 100 K, a temperature appropriate for preserving

DNA information and a temperature at which NQEs are generally expected to be more sig-

nificant, I find that the impact of NQEs on the binding energy is smaller. Analysis in Section

3.4.2 reveals that this counter-intuitive temperature dependence arises from a competition

of quantum effects associated with high- and low-frequency vibrational modes. Further dis-

cussions are reported in Section 3.5, including on the secondary geometric NQEs and on

the thermodynamic integrands. Section 3.5.3 demonstrates that a commonly used force field

cannot qualitatively capture the NQEs in the DNA base pair. Extending the findings from

DNA base pairs, Section 3.4.3 describes a simple model based on the vibrational CQEs to

estimate the temperature dependence of NQEs on binding free energies of hydrogen bonded

complexes in general.

3.2 Thermodynamic integration from classical to quantum

To quantitatively evaluate the impact of NQEs on the binding of the DNA base pairs, I

calculated the binding free-energy (BFE) change due to NQEs for each system defined as:

∆Fc→q
b = ∆Fc→q

M1:M2−∆Fc→q
M1 −∆Fc→q

M2 , (3.1)
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in which F is the free energy, the superscript ‘c’ (‘q’) is used to stand for the classical (quan-

tum) nuclei, M1 and M2 are the two molecules in the dimer, and ∆Fc→q is the free energy

difference for the system with classical and quantum nuclei. ∆Fc→q can be calculated by

thermodynamic integration (TI) over mass:

∆Fc→q =
∫

∞

m0

〈K(µ)〉−〈K〉c

µ
dµ = 2

∫ 1

0

〈K(g)〉−〈K〉c

g
dg, (3.2)

in which 〈K〉 is the ensemble average of the quantum kinetic energy (QKE) and 〈K〉c is the

classical kinetic energy. m0 is the physical mass of the system, µ is the mass integration

variable and the order parameter g =
√

m0/µ . The coordinate transform from µ to g is em-

ployed to make the integration smoother [163], and more importantly, to avoid integration

to infinity in the calculation of full quantum to classical free energy difference. TI between

isotope masses is widely used for studying isotope effects [163–167]. Here I adapted this

idea for full classical to quantum calculation, and I call this the mass-TI method. Since

〈K〉c = 3NkBT/2, with N atom in the monomers/dimer, which cancel out in the expression

of ∆Fc→q
b , the BFE change due to NQEs is given by:

∆Fc→q
b = 2

∫ 1

0

〈KM1:M2(g)〉−〈KM1(g)〉−〈KM2(g)〉
g

dg. (3.3)

The 〈K(g)〉 values can be obtained by performing ab initio PIMD simulations at various

g values. The order parameter g made it easy to determine the largest mass required to

simulate up to. In this work I simulate up to 25 m0 (g = 0.2), and the contribution from this

final mass to infinite mass can be easily accounted by connecting a line from the integrand

at g = 0.2 to the zero at g = 0, while it is difficult to determine what mass to integrate to in

the infinity integration.

The mass-TI method is the simplest and arguably the best approach for calculating the

free energy difference between classical and quantum nuclei. All the PIMD bead reduction

schemes discussed in chapter 2 can be applied to mass-TI, while it is not the case for other

methods such as the Morales Singer method [168] or the scaled coordinate method [169].

(The scaled coordinate method is an improvement over the Morales Singer method and

closely related to the mass-TI.)
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3.3 Computational setup

The DNA base pairs are described with DFT using the optB88-vdW functional [89], which

accurately accounts for the van der Waals interactions that are very important in biological

systems. This functional is particularly appropriate for the base pair duplexes under con-

sideration as it yields very accurate interaction energies for the complexes in comparison to

quantum chemistry reference calculations. Also reported are results from the hybrid PBE0

functional [83] for the binding free energy change of the AT base pair. For the optB88-vdW

functional, the TZV2P molecular optimised (MOLOPT) basis set [170] with a 240 Ry plane

wave cutoff was used. For the PBE0 functional, the pFIT3 auxiliary density matrix method

(ADMM) [171] basis set and a 320 Ry plane wave cutoff was used. Periodic boundary con-

ditions are used and the unit cell is 19Å×19Å×15Å. The convergence criteria is 1e-7 Har

for the SCF step and 1e-3 eV/Å for the force in geometry optimisation. The Goedecker-

Teter-Hutter (GTH) pseudopotentials [172] are used in the calculations with CP2K. For the

calculations based on the harmonic approximation, the vibrational frequencies were com-

puted with the finite displacement method, a 600 Ry plane wave cutoff is used since these

calculations are not computationally demanding. Convergence tests on the DFT setup is

reported in the supporting information in Appendix D.

I have performed extensive ab initio PIMD simulations on the Watson-Crick AT and

CG base pairs. The PIMD simulations were performed with the CP2K [96, 173] code con-

nected to i-PI [174]. The PIGLET thermostat [25] was used for an efficient sampling of the

imaginary-time path integrals. At 300 (100) K, 6 (16) replicas of the systems were taken to

sample the imaginary time path integral, which has been shown to yield converged quantum

kinetic energies [25,102]. For the mass-TI simulations, separate PIMD simulations need to

be performed for the two isolated molecules (M1 and M2) and the hydrogen-bonded com-

plex M1:M2, at several values of g (7 in this study, up to 25 times the physical mass), to

calculate the integrand in Eq. 3.3. A timestep of 0.5 fs was used, except for the two largest

mass PIMD simulations at 100 K, where 1.5 fs was used instead. The length of each of the

PIMD simulation is 20,000 steps (10 ps for 0.5 fs timestep, 30 ps for 1.5 fs timestep), which

I show in Appendix D.1 is sufficiently long to obtain converged binding free energy changes

for the molecules considered. I have also tested a longer PIMD simulation length (15 ps) on

the CG base pair at 300 K, which showed no deviation from the 10 ps simulation. In total,

to calculate ∆Fc→q
b for a single system at a single temperature, trajectories equivalent to ∼2
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ns of AIMD simulations must be accumulated. This enormous computational cost is a key

reason binding free energies have rarely been computed with ab initio PIMD. Practically

speaking, the TI simulations may only be suitable for small molecules, as the larger the

molecule the more statistical noise there is on the QKE, making it difficult to converge with

simulation length.

3.4 Results

3.4.1 NQEs on the binding free energy

The well-known structures of the Watson-Crick base pair complexes are shown in Fig. 3.1

(a). The AT complex is held together by two HBs (a NH-O and a NH-N bond), whereas

the CG complex is held together by three (two NH-O bonds and a NH-N bond). Hence the

CG base pair binds significantly stronger than the AT base pair, with a binding energy of

1.24 eV, and 0.67 eV for AT. The HBs have a range of lengths, with both the NH-O and

NH-N bonds varying from 1.7 to 1.9 Å in the ground state (geometry optimised) structures,

indicating they each have different strength.

(b)
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Figure 3.1: (a) Structures of the Watson-Crick AT and CG base pairs. Black: carbon; red:
oxygen; blue: nitrogen; white: hydrogen. (b) Plot of the binding free energy
change due to NQEs (Eq. 3.3) in the AT (blue) and CG (red) base pairs ob-
tained from PIMD. A negative binding free energy change means that NQEs
strengthen the binding, while a positive binding free energy change means that
NQEs weaken the binding. Also shown with the dashed lines are the predic-
tions of each base pair obtained within the harmonic approximation. The error
bars were calculated using block averaging [175].
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This study concentrated on room temperature (300 K) and a cryogenic temperature

(100 K); room temperature is of obvious interest to biology and cryogenic temperatures

are relevant to, for example, DNA preservation and DNA-based devices [72, 176]. The

results obtained from the ab initio mass-TI simulations are shown in Fig. 3.1 (b) at the two

temperatures considered. A negative ∆Fc→q
b means that NQEs strengthen the binding, while

a positive value means NQEs weaken it. At room temperature, the binding of both the AT

and CG complexes is strengthened by ∼20 meV (0.5 kcal/mol) when NQEs are accounted

for; specifically 24± 4 meV (0.55± 0.1 kcal/mol) for AT and 17± 4 meV (0.39± 0.1

kcal/mol) for CG. Despite that AT and CG have very different binding energies, the quantum

effects in their BFE are similar.On an absolute scale of chemical bonding interactions, these

are small energies. However, on the free energy scale, as it is known in biology, free energies

tend to be finely balanced and very small changes in energy can be critical. For example,

20 meV is on the same scale as thermal energy at room temperature and is comparable to

the free energy cost to unzip double-stranded DNA in solution (estimates range from 20 to

100 meV at room temperature) [153].

Upon considering how NQEs alter the energetics when the temperature decreases from

300 K to a cryogenic temperature, one would expect the influence to be greater than that

at room temperature. However, the opposite is the case, with the contribution of NQEs to

the binding being smaller at 100 K for both base pair complexes. In the AT complex NQEs

strengthen the binding by 10±4 meV (0.23±0.1 kcal/mol); about half the value at 300 K. In

the CG complex the contribution of NQEs is even less (7±4 meV or 0.16±0.1 kcal/mol),

and moreover, NQEs now act to slightly destabilise the complex. Thus although simple

assumptions about the temperature dependence of NQEs have been used in understanding,

for example, structural properties of liquid water [54], the same cannot be done when it

comes to binding free energies.

The AT base pair at room temperature have also been studied using the PBE0 func-

tional. Hybrid functionals have been shown to offer a better description of covalent bond

stretching than GGA functionals in water [177,178], and therefore can improve the potential

energy surface in PIMD simulations [179]. I performed mass-TI simulations on the AT base

pair at 300 K with the PBE0 functional. The length of each PIMD trajectory in the mass-TI

simulation is 8.5 ps (17,000 steps), and 7 points along the order parameter was used. The

QKE of in the PIMD simulations with the PBE0 functional is higher than the optB88-vdW
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functional, which is expected as the covalent bond stretching modes are harder than a GGA

functional. It was found that the PBE0 functional predicted NQEs increase the BFE of the

AT base pair by 23±5 meV at room temperature. This is in good agreement with the result

(strengthen by 24± 4 meV) using the optB88-vdW functional. The harmonic approxima-

tion (Eq. 3.4) using the PBE0 functional predicted a strengthening of the binding of the

AT base pair by 12 meV, in qualitative agreement with the PIMD simulations. This means

that the strengthening quantum effect at room temperature I obtained is less likely to be an

artifact of the lack of exact exchange.

3.4.2 Understanding the inverse temperature dependence: the competing

quantum effects

Can one understand the free energy changes obtained? In the PIMD simulations the free

energies arise from thermal sampling of the quantum kinetic energy through a complex

interplay of vibrational modes, which is not particularly straightforward to interpret. It is

possible to project the quantum kinetic energy on to particular modes in a water molecule

(see e.g. refs. [51, 52]), however, here I opt to perform an analysis within the harmonic ap-

proximation, which provides a relatively straightforward means of establishing how specific

groups of vibrational modes contribute to the observed changes in free energies. Within the

harmonic approximation, the quantum kinetic energies in Eq. 3.3 are calculated from:

〈K〉=
3N

∑
i

h̄ωi

4
coth

β h̄ωi

2
, (3.4)

where ωi are the 3N harmonic vibrational frequencies (including the zero frequency transla-

tion and rotation modes) of the ground state geometry optimised complexes, h̄ is the reduced

Plank’s constant, and β is the inverse temperature [180]. Results from the harmonic ap-

proximation are shown in Fig. 3.2. Clearly the harmonic approximation does not reproduce

PIMD exactly; anharmonic effects are certainly important in these systems. Nonetheless,

however, the harmonic approximation does reasonably well at a qualitative level: for both

the AT and CG complexes, the harmonic approximation gets the correct sign of the change

and the correct temperature dependence. With the picture of competing quantum effects

(CQEs) in mind, I explored if it could also be used to explain the observed changes in

binding free energies. To this end, one can define a separation between high-frequency and

low-frequency vibrational modes; 2000 cm−1 is chosen as this represents a threshold be-
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tween high-frequency covalent bond stretching modes and relatively low-frequency bond

bending and collective intermolecular stretching modes (see Fig. 3.2 (a)). As shown on the

right of each plot in Fig. 3.2 the high and low-frequency vibrational modes have quite large

(∼40-90 meV) but opposing contributions to the overall binding free energy change: the

low-frequency modes reduce the binding free energy, whereas the high-frequency modes

increase it. In section 3.5.2, I show the integration curves from which the histograms in

Fig. 3.2 have been obtained, which show precisely how the observed changes in the quan-

tum kinetic energy arise from competing contributions in the two vibrational regimes. In

simple terms, this behaviour arises because the high-frequency modes tend to be softened

upon HB formation, which reduces the zero point energy, whereas the low-frequency modes

are hardened or new ones are created, which tends to increase the zero point energy and so

reduce the effective attraction. Overall, it is clear that the net impact of NQEs on DNA

binding results from a significant cancellation of two larger quantum contributions and that

the picture of CQEs can be used to quantitatively understand how NQEs alter HB strengths.

Here moving on to discuss the seemingly anomalous temperature dependence of NQEs

on the binding free energies. Having established that the overall change in binding free en-

ergy arises from a cancellation of two opposing effects, one can recognise that there is a

greater cancellation of terms at 100 K than there is at 300 K (Fig. 3.7). Looking at this

figure more closely, one can see that as the temperature increases from 100 K to 300 K,

the contributions to the binding free energy differences from both the low-frequency and

high-frequency modes decrease. This is to be expected and is consistent with conventional

understanding that quantum effects are less prominent at high temperatures. However, the

change with temperature is more pronounced for the low-frequency modes than it is for

the high-frequency modes. These changes are governed by the occupation of the vibra-

tional modes through the relation kBT/h̄ω , and within the temperature regime being con-

sidered the population of the high-frequency modes changes much less than that of the

low-frequency modes. Hence it is the underlying competition coupled with the differing

temperature dependence of the high and low-frequency modes that makes the net impact

of NQEs on the binding free energies more significant at 300 K than at 100 K. It is in-

teresting to note that differences in the temperature dependence of the intermolecular and

intramolecular modes have also been used to provide qualitatively the same explanation

for isotope fractionation in water, in particular, to explain an interesting inversion at high
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Figure 3.2: CQEs and explanation of the anomalous temperature dependence. The bind-
ing free energy change (∆Fc→q

b ) obtained from the PIMD simulations is com-
pared with results from the harmonic approximation (Harm.). The binding
free energy changes within the harmonic approximation are also decomposed
into high- (ωhigh) and low-frequency (ωlow) contributions, revealing that the net
change in binding free energy arises from a significant cancellation of contri-
butions from these two regimes. The unusual temperature dependence simply
arises because of a greater cancellation of terms at 100 K (black bars) than at
300 K (red bars). The change with temperature is more pronounced for the
contribution from the low-frequency modes than it is for the high-frequency
modes.

temperatures in the liquid water/vapour fractionation ratio [51, 52].

3.4.3 Simple model for quantum effects in H-bonds

The temperature dependence of NQEs is of relevance beyond the HBs in DNA, and this

section shows how a minimalistic model of HB formation can be used to make predictions

about the temperature dependence of NQEs in HBs in general. In the model, I mimic the

essence of the CQEs upon the formation of H-bonded systems with only two variables: total

ωhigh and total ωlow, which represent the total red shift of the high-frequency modes and the

total blue shift of the low-frequency modes, respectively. (No explicit HB parameters i.e.

bond length or model potentials are introduced here.) Upon using these two variables to

compute the change in quantum kinetic energy, one can predict whether NQEs strengthen

or weaken the binding of a hydrogen-bonded system at a given temperature.
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The details of the model are described here. The high- and low-frequency modes (ωlow

and ωhigh) are divided by a threshold at 2000 cm−1 (see Fig. 3.7 (a)). With this in mind, the

BFE change under the harmonic approximation (obtained by plugging Eq. 3.4 into Eq. 3.3)

can be re-written as:

∆Fc→q
b =

∫ 1

0

2
g

[
∑〈K(ωhigh)〉+∑〈K(ωlow)〉

]
dg (3.5)

where the summation means ∑ = ∑
M1:M2−∑

M1−∑
M2 and 〈K(ω)〉 = h̄ω

4 coth(β h̄ω

2 ).

Eq. 3.5 can be approximated to depend only on two variables:the total red shift of the high-

frequency modes (∑ωhigh) and the total blue shift of the low-frequency modes (∑ωlow).

The high frequency modes contribution, ∑〈K(ωhigh)〉, is approximated by its h̄ωhigh� kBT

limit, which is reasonable at temperatures where most hydrogen bonded complexes are sta-

ble. The low frequency modes contribution, ∑〈K(ωlow)〉, is approximated by switching the

order of the summation and the kinetic energy function: 〈K(∑ωlow)〉 (this approximation

breaks for large ∑ωlow). Writing the above two approximations in equations:

∑〈K(ωhigh)〉 ≈
h̄∑ωhigh

4

∑〈K(ωlow)〉 ≈
h̄∑ωlow

4
coth

β h̄∑ωlow

2

(3.6)

Plugging Eq. 3.6 into Eq. 3.5 gives the simplified model proposed. Using the model, one

can obtain the temperature (Ts) at which NQEs switch from weakening to strengthening a

given H-bonded system by solving ∆Fc→q
b (T ;∑ωlow,∑ωhigh) = 0. Ts = 0 means that NQEs

strengthen the HB at all temperatures and very high Ts (i.e. larger than the temperatures

where most hydrogen bonded complexes are stable) means that NQEs always weaken the

HB.

Fig. 3.3 shows how the transition from NQEs strengthening HBs to NQEs weaken-

ing HBs depends on the interplay of these modes at room temperature (solid line, obtained

by solving ∆Fc→q
b (∑ωlow,∑ωhigh;T = 300 K) = 0) and at 100 K (dashed line). Also in-

cluded in Fig. 3.3 are the results for some specific hydrogen-bonded dimers in which all

of the modes are taken into account. The particular dimers considered include the two

DNA base pair complexes as well as water, HF, formamide, and formic acid dimers. The

model presented here is incredibly simple, for example, it uses only the sum of frequency

changes, however, it produces qualitatively correct results. It correctly places the base pairs
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just within the strengthening regime at room temperature and (in agreement with full har-

monic frequency calculations) shows that the water, HF, and formamide dimers are weak-

ened at room temperature. It also correctly captures the behaviour observed for the CG

dimer wherein NQEs switch from strengthening to weakening upon lowering the tempera-

ture. As well as CG, the formic acid dimer also behaves in a similar manner, revealing that

CG is not any sort of a special case and that other hydrogen bonded systems could exhibit

similar behaviour. Although ab initio PIMD simulations are becoming increasingly afford-
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Figure 3.3: Temperature at which NQEs switch from weakening to strengthening the bind-
ing for the model hydrogen bonded system, plotted as a function of total high
(ωhigh) and total low (ωlow) frequency mode shifts. The solid line marks the
300 K transition, whereas the dashed line marks the 100 K transition. Actual
frequency changes corresponding to six specific dimers are also indicated on
the figure; these data points correspond to the average changes per HB for fre-
quencies computed within the harmonic approximation. At room temperature
the AT and CG base pairs and the formic acid dimer are in the strengthening
regime and the water dimer, HF dimer and formamide dimer are in the weak-
ening regime.

able computationally [174], on the whole PIMD+TI simulations remain expensive and are

far from routine. However, the conceptual framework presented here allows for ballpark

predictions to be made of the role of NQEs in HBs on the basis of (harmonic) vibrational

frequencies. This is data that can be obtained from experiment or relatively cheap and easy

vibrational frequency calculations.

The surface dividing strengthening and weakening of NQEs predicted by the model
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Figure 3.4: The transition Ts at which NQEs switch from weakening to strengthening the
binding for the simple two mode model. The Ts of AT and CG base pairs,
water dimer, HF dimer, formamide dimer and formic acid dimer predicted by
the harmonic approximation are plotted (red points), and they are close to this
surface.

is plotted in Fig. 3.4, as a function of ωhigh, ωlow and temperature. Overall what is found

is that, for systems with very strong H-bonds and soft bending/collective motions (low-left

corner in Fig. 3.4), NQEs strengthen the binding at all temperatures. For systems with weak

hydrogen bonds and hard bending/collective motions, NQEs tends to weaken the binding.

For systems in between these extremes, NQEs shift from weakening to strengthening the

binding at a certain temperature.

3.5 Discussion

3.5.1 Secondary geometric NQEs

The secondary geometric effects, i.e. the change in heavy atom separation distance from

classical nuclei to quantum nuclei, is another aspect of NQEs in H-bonded complexes. I

also ran a set of ab initio molecular dynamics (AIMD) simulations at 300 K and 100 K

to compare with the ab initio PIMD simulations. The length of the MD simulations from

which structural information was obtained were 20-25 ps, with a timestep of 0.5 fs, and

the efficient canonical sampling GLE thermostat [181] was used. At both temperatures, the

dimers remain hydrogen-bonded, and no intermolecular proton transfer is observed (proton

sharing occurs in PIMD simulations). Insights on NQEs can be obtained by comparing the

structures obtained from the simulations with the classical and quantum nuclei, which is

considered to be a conventional approach for studying NQEs.
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Figure 3.5: Differences between the heavy atom separation distances from PIMD and MD
simulations. Positive changes mean that the N(H)-O or N(H)-N bonds are
longer in the PIMD than in the AIMD simulations; negative values mean that
they are shorter in PIMD. The five different HBs in the base pairs are arranged
from left to right in order of decreasing strength; with the HB strength index
defined as the harmonic frequency of the N-H stretch in the HB divided by the
harmonic frequency of the N-H stretch in the monomers [57]. A snapshot of
the AT base pair taken from a PIMD simulation is also shown in the inset.

It was found that different HBs respond in a different manner to the inclusion of NQEs:

some HBs get longer, some get shorter, and some remain unchanged. Previously it was

shown for a range of systems that how a HB responded to the inclusion of NQEs depended

on its strength, with relatively strong HBs becoming shorter and relatively weak HBs be-

coming longer [57]. In Fig. 3.5a this issue is explored for DNA base pairs by plotting how

the intermolecular separation (specifically the N-O and N-N heavy atom distances) changes

upon going from classical to quantum nuclei. HB strength is estimated with a simple and

standard criterion involving the red shift in the harmonic stretching frequency of the cova-

lent NH bond involved in the HB [57, 182, 183]: The larger the red shift of this stretching

frequency, the stronger the HB. It was found for the individual HBs in the DNA complexes

considered, that the correlation seen before also holds here: the strong HBs do indeed tend

to be shortened while the weak ones tend to be elongated by NQEs. Specifically, at 300 K,

in the A-T base pair, the stronger NH-N bond becomes shorter in the PIMD simulations, and

the weaker NH-O bond barely changes. In the C-G base pair at 300 K, the weakest NH-O

bond becomes longer in the PIMD simulations, while the other two HBs become shorter.
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At 100 K, the correlation also holds, and overall the HB lengths change in a similar manner

to what is observed at 300 K. It is clear, therefore, that NQEs impact on the intermolecular

separation, and this could be probed experimentally through, for example, isotopic substi-

tution measurements of secondary geometric isotope effects. However, from the structural

data alone, it remains unclear how NQEs have affected the interaction strength between the

dimers in each complex.

3.5.2 Understanding the thermodynamic integrands

This section discusses the mass-TI integrands obtained directly from PIMD in order to un-

derstand what physical picture they convey. This is shown in Figs. 3.6 (a) and (b), where the

integrands (Eq. 3.3) obtained from the ab initio PIMD simulations are reported as a function

of the order parameter g at 300 K and 100 K, for the CG and AT base pair respectively. The

BFE change due to NQEs (∆Fc→q
b ) shown in Fig. 3.1 are obtained by integrating the data

points shown in Fig. 3.6. The error bar of ∆Fc→q
b is obtained via propagating the error bars

times the intervals between the points in Fig. 3.6. The value of the integrand at a particular

g arises from the QKE difference between the dimer and the monomers. The integration

curves at the two temperatures have a similar “check-mark” shape, being negative at the

smallest values of g and gradually becoming less negative as g increases. The main differ-

ence between the high and low temperature data is that the integrand goes to more positive

values when the temperature decreases. The harmonic approximation results are also shown

in Fig. 3.6 (dashed lines), in which the QKEs in Eq. 3.3 are calculated with Eq. 3.4. Note

that the harmonic approximation captures the main features of the integrands obtained from

PIMD.

Within the harmonic approximation, one can decompose the integrands into contribu-

tions from high and low frequency modes. Here one can define a threshold between the

high frequency and low frequency vibrational modes at 2000 cm−1 (which separates the

C-H and N-H bond stretching modes from the other modes, Fig. 3.7 (a)), and show their

contributions to the integrand separately in Fig. 3.7 (b). Directly, one can see that the high

and low frequency vibrational modes have the opposite contributions to the integration line,

suggesting that the low (high) frequency NQEs weaken (strengthen) the binding, respec-

tively. The total NQEs depend on their competition. This is consistent with the generally

accepted CQEs picture [50–52,57,146], in which the NQEs in HB stretching strengthen an

HB while the NQEs in HB bending have the opposite effect. The HB stretching is in the
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Figure 3.6: The mass-TI integrands (Eq. 3.3) plotted as a function of the order parameter
g for the CG (a) and the AT (b) base pairs. (Note that the y axis ranges are
different in (a) and (b)) The data points are obtained from PIMD simulations at
300 K (orange) and 100 K (black), and the lines connecting the data points are
simply guides for the eye. The harmonic approximation results are also plotted
in orange (300 K) and black (100 K) dot-dashed lines.

high frequency range while HB bending modes are in the low frequency range.

Secondly, one can see that as the order parameter g changes from 1 to 0, the low

and high frequency part of the integrands decrease with different behaviours. The high

frequency part (blue lines in Fig. 3.7) remains constant until a certain g value (0.4 at 300

K and 0.1 at 100 K) and then decreases to 0, while the low frequency part (red lines) starts

to decrease at g = 1. This is because NQEs diminish when h̄ω is comparable to kBT , and

this condition is fulfilled at a smaller g for low frequency modes. Hence by summing up the

high and low frequency component of the integrand, the total integrand has a “check-mark”

form.

Separating the CQEs by high and low frequency contributions makes it easy to explain

the temperature dependence. NQEs decrease with the increase of the kBT/h̄ω ratio. For the

low-frequency modes, this condition is fulfilled earlier upon increasing temperature due to

its smaller denominator (h̄ω). As a result, the high-frequency NQEs decrease more slowly

and they become dominant at 300 K for the base pairs, and hence the net impact of NQEs,

as a sum of the temperature dependent CQEs, can be more significant at 300 K than at 100

K.
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Figure 3.7: Decomposition of the harmonic thermodynamic integrand (Eq. 3.3) for the CG
base pair. (a) The harmonic frequencies of the CG base pair and the monomers
(C and G) are shown. These have been obtained with the finite displacement
method and for presentation purpose Gaussian smearing has been applied to
each discrete frequency. (b) The contributions from the low-frequency (LF,
red) and high-frequency (HF, blue) modes to ∆Fc→q

b are shown. The dash-
dotted lines are at 300 K and the dashed lines are at 100 K.

3.5.3 Can force fields capture the NQEs in DNA base pairs?

Empirical force fields are commonly used in simulations of biomolecules, hence I probed

whether a standard force field can capture the NQEs observed in this work. To this end,

I have performed mass-TI simulations on the standard residues of a CG base pair (with

sugar groups attached, see Fig. 3.8 (a)) using the Amber99sb force field [184] (because it

is unavailable for the lone base pair). DFT predicted that the extended (standard residue)

CG is very similar to the lone CG base pair, which binds slightly stronger (1.25 eV) and

have shorter HBs. The harmonic approximations to ∆Fc→q
b indicates that NQEs tend to

strengthen the BFE of the extended CG more compared to a lone CG pair. The Amber force

field give good static description of the CG base pair compared to DFT, predicting a binding

energy of 1.26 eV and similar HB lengths.

The mass-TI results (Fig. 3.8 (c)) showed that the force field predicts that NQEs

weaken the binding of the CG base pair by 27 meV at room temperature. This directly

contradicts the DFT result that NQEs strengthen the binding. At 100 K, the force field

predicts a more pronounced weakening of the binding, by 43 meV. Noticeably, the force

field mass-TI integrands (Fig. 3.8 (b)) do not have the signature “check-mark” shape seen
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Figure 3.8: (a) Structure of the extended (standard residue) CG base pair. (b) Mass-TI
integrands for the CG base pair obtain from PIMD simulations with the Am-
ber99sb force field at 300 K and 100 K. (c) Convergence of ∆Fc→q

b with respect
to simulation time for the extended CG base pair.

in the DFT results (Fig. 3.6). This indicates the force field failed to describe the CQEs,

specifically, comparing Fig. 3.8 (b) with Fig. 3.7 (b), it suggests that the force field only

captured the weakening NQEs from low frequency mode and “missed out” the strengthen-

ing NQEs. This is understandable as the strengthening NQEs come from the frequency shift

in the hydrogen stretching mode when forming the H-bonded complex, while in the force

field, the same harmonic bond potential is used in both the H-bonded and non-bonded com-

plexes, meaning that this frequency shift is not captured. This is consistent with Ref. [50]

which showed a rigid or harmonic water model have poor performance in predicting NQEs.

Furthermore, this finding is confirmed again in a recently study of NQEs in molecular crys-

tals, showing a standard force field captures zero strengthening of binding from NQEs, and

adding anharmonic bond terms only marginally improved it [185]. The ab initio descrip-

tion of the base pairs is essential to this work. It is possible to use force fields to study

NQEs [50], with special tuning for PIMD, and such developments are desirable for com-
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mon bio-molecular force fields.

3.6 Conclusions

Before concluding it is useful to put the results and discussions of the current study into con-

text. Here I have obtained free energy changes upon moving from the classical to quantum

regime and have established the absolute contribution from nuclear quantum effects. This

is not a measure that is readily accessible in experiments where indications about the im-

portance of NQEs are obtained indirectly through isotopic substitution measurements. With

this in mind, I have also calculated the H/D isotope effect on the binding free energy in the

harmonic approximation. From this, it has been found that at room temperature, the binding

free energy of the AT base pair decreases by 3 meV upon deuteration and the binding of

the CG base pair increases by 6 meV upon deuteration. Thus, as expected, the difference

between H and D does not capture the full contribution of NQEs. Finally, note again that

biological environments will be more complex than the gas-phase systems considered here

and that the presence of a solvent will no doubt have an impact on the nature of the HBs.

For example, experiments have shown that the proton transfer rate for base pair complexes

varies with the dielectric constant of the solvent [134, 186, 187]. The model does not di-

rectly address measurements such as these, but I do expect the physical insight obtained

here to hold in more complex environments, and, to first order, estimates of the influence

of a solvent could be made by examining how the solvent alters the vibrational frequencies

within the hydrogen bonded complexes being considered.

To conclude, I have reported in this work what, to the best of my knowledge, are the

first determinations of the quantum contribution to the binding free energy of DNA base

pairs. I have found that NQEs strengthen the binding of both AT and CG complexes at

room temperature. At a lower temperature, however, NQEs have a smaller impact on the

binding free energies – analysis of the quantum kinetic energies in each system reveals that

this seemingly anomalous temperature dependence arises from a balance between CQEs

associated with low-frequency and high-frequency modes of vibration. Upon forming a HB,

the high-frequency (covalent bond stretching) modes are softened, hence quantum kinetic

energy is lost and the system is stabilised. This stabilisation, however, is offset by the

quantum kinetic energy gained when low-frequency modes are hardened or created upon

forming the HB. This shows that the picture of CQEs can be applied to understand how

NQEs alter the energetics of hydrogen bonding, and with this insight, a simple model to
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estimate the temperature dependence of NQEs in hydrogen-bonded systems in general is

presented. Of course, real DNA is much more complex than the simple dimers considered

here, but at the very least, the current study demonstrates that the role played by quantum

effects could be more significant than previously anticipated and deserves further study.

This work also have several implications for future simulation studies on biomolecules.

The existence of CQEs provides some justification to the successful classical simulations

of biomolecules to date, in the sense that the NQEs in HBs cancels out to a large extend.

However, the impact of NQEs in HB free energy can be on the order of kBT at room tem-

perature which is not negligible, suggesting that it is desirable to include NQEs in future

simulations, or correct for NQEs with models. Also shown in this work is that conven-

tional force fields are not suitable for PIMD, potentially producing qualitatively incorrect

results. Considering many studies of quantum effects in biomolecules using force fields or

semi-empirical models [4, 67], a new generation of empirical force fields for biomolecules

suitable for simulating NQEs will be of high importance.



Chapter 4

Simultaneous deep tunnelling and classical

hopping for hydrogen diffusion on metals

Hydrogen diffusion on metals exhibits rich quantum behaviour, which is not yet fully under-

stood. Using simulations, I show that many hydrogen diffusion barriers can be categorised

into those with “parabolic-tops” and those with “broad-tops”. With parabolic-top barriers,

hydrogen diffusion evolves gradually from classical hopping to shallow tunnelling to deep

tunnelling as the temperature decreases, and noticeable quantum effects persist at moderate

temperature. In contrast, with broad-top barriers quantum effects become important only at

low temperature and the classical to quantum transition is sharp, at which classical hopping

and deep tunnelling both occur. This coexistence indicates that more than one mechanism

contributes to the quantum reaction rate. The conventional definition of the classical to

quantum crossover temperature is invalid for the broad-tops, and a new definition has been

proposed in this work. Extending this, a model has been proposed to predict the transition

temperature for broad-top diffusion, providing a general guide for theory and experiment.

4.1 Introduction

Hydrogen (H) diffusion on surfaces is fundamental in disciplines such as surface science,

astrophysics, and catalysis [12, 15, 23, 69, 188–194]. Due to the light mass of hydrogen,

the process can exhibit significant NQEs such as tunnelling and isotope effects. The devel-

opment of surface sensitive techniques means that it is possible to characterise these dif-

fusion processes with high-resolution, and to understand the quantum nature of hydrogen

diffusion [18, 20, 195, 196]. Various techniques have been applied, including field emis-

sion microscopy (FEM) [195], laser optical diffraction (LOD) [196], scanning tunnelling

microscopy (STM) [20] and helium spin echo (HeSE) [18]. Generally such measurements
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have been performed on metals because these systems provide idea platforms for examining

diffusion on ultra-clean and atomically flat surfaces, which can give the greatest opportuni-

ties of revealing fundamental insight of broad relevance.

Several impressive experimental studies have been performed for H and at times deu-

terium (D) on substrates such as Ni [195–197], Cu [20, 198], Pt [24, 199] and Ru [200].

Diffusion rates have been measured and upon examining how the rates vary with temper-

ature, qualitatively different behaviour has been seen upon moving from one substrate to

another. Relatively straightforward behaviour is seen on e.g. Pt(111) where according to

HeSE measurements, the rate drops as temperature is lowered [24]. On Ru(0001), a grad-

ual transition from Arrhenius behaviour to a temperature independent regime has been re-

ported [200]. However on Ni(100) [195] and Cu(100) [20], diffusion rates suddenly become

T -independent below a certain temperature, indicating a sharp classical to quantum tran-

sition. Computational techniques provide complementary insight [62, 124], and previous

studies have helped to explain the behaviour observed in specific experiments [200–210].

For example the sharp transition on Ni(100) was attributed to the particular shape of the

diffusion barrier [201–204]. However previous studies have generally focused on specific

surfaces and often force fields have been used. A thorough ab initio comparison of hydro-

gen diffusion on different surfaces (including ones yet to be measured experimentally) is

lacking. Moreover, a general physical understanding of surface diffusion and quantum to

classical transitions has yet to be obtained.

In this chapter, hydrogen diffusion on a variety of metal surfaces has been studied

with DFT. Quantum rate calculations have been performed systematically on 1D minimum

energy pathways (MEPs) obtained from NEB calculations at various temperatures, with

the details given in Section 4.2. Reported in Section 4.3.1, a key qualitative finding of

this work is that many of these processes can be categorised as having barriers with con-

ventional “parabolic-tops” or unconventional “broad-tops”. Of the substrates considered,

parabolic-top diffusion barriers exist on Cu(111), Ni(111), and Pd(111). When temperature

decreases, the dominant diffusion mechanism evolves gradually from classical over-the-

barrier hopping, through shallow tunnelling through half of the barrier, to deep tunnelling at

the barrier bottom. Shallow tunnelling enables noticeable isotope effects at moderate tem-

perature (∼200 K). Broad-top diffusion barriers exist on Ni(100), Cu(100), Ni(110), and

Pd(110). For these barriers quantum effects are important only at low temperature and the
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classical to quantum transition is sharp, during which classical hopping and deep tunnelling

coexist. The theoretical implications of broad-top barriers are discussed in Section 4.3.2.

Experimentally, the classical to quantum crossover temperature and the H/D isotope effects

are the important results from diffusion rate measurements, when seeking to understand the

quantum nature of hydrogen diffusion. The crossover temperatures on broad-top barriers is

one of the issues people have not been able to fully understand or predict before. Section

4.3.3 reports the experimental implications, featuring a valid transition temperature for the

broad-top barriers, a simple-to-use model to predict this transition temperature which shows

good agreement with previous experiments and simulations, and a rapid onset of isotope ef-

fects in the diffusion rates on broad-top barriers. More discussions are given in Section

4.4, including multi-dimensional effects and derivations of the new classical to quantum

crossover temperature. This work provides guidance to experiments and theory, and allows

one to estimate the H diffusion behaviour with a minimum knowledge of the barrier.

4.2 Computational details

The DFT calculations were carried out using the VASP [211] code with the PBE exchange-

correlation functional [82]. The nudged elastic band (NEB) method [212] was used to

obtain MEP for diffusion (with the substrate atoms and H free to relax in all directions).

The MEPs were then used as one dimensional (1D) potential barriers upon which the exact

transmission probability P for incoherent tunnelling as a function of the incident energy E

was calculated by solving the Schrödinger equation numerically using the Numerov method.

P(E) is the key quantity for quantum rate calculations. Integrating the thermal transmission

probability P(E)e−βE gives the thermal diffusion rate at a given temperature:

kZr =
1

2π h̄

∫
∞

0
P(E)e−βEdE. (4.1)

The scattering partition function
√

m
2πβ h̄2 (m is the mass of H) was used for Zr for the 1D

barriers. There are various ways to simulate surface diffusion [62, 124, 201, 202, 208, 213],

e.g. assuming discrete levels [208,213], however for a qualitative understanding of the tun-

nelling processes, the initial state distribution is not crucial and depends on experimental

conditions. Hence here a continuous distribution was used for simplicity. Strong corner-

cutting effects are not expected for the diffusion barriers studied here due to the stiff vi-

brational frequencies at the transition state, and detailed discussions on the dimensionality
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effects are given in section 4.4.1.

Additionally, three Feynman path-integral (PI) based approximate theories were tested

[33], namely RPMD [111, 112, 117], the recently developed TMI [61], and the (conven-

tional) SDI method [14,38,39,128,214]. Both RPMD and SDI have been widely applied to

gas phase reactions [60,63–65,69–71,123,215], and RPMD is also suitable for liquid phase

systems [45, 50, 185]. The 1D TMI rate is given by:

kTMIZr =
1

2π h̄

∫
∞

0
e−W (E)/h̄e−βEdE, (4.2)

where W is the abbreviated action and details of this equation have been discussed in sec-

tion 2.3.3. W (E) = 0 is used for E larger than the barrier height. Further details of the

calculations, including convergence tests, DFT functional dependence, and RPMD data are

provided in the Appendix E.

4.3 Results

4.3.1 Broad-top v.s. parabolic-top

DFT calculations reveal that the diffusion barriers obtained have two different shapes

(Fig. 4.1(a)). Those between the three-fold hollow sites on Cu(111), Ni(111), Pd(111)

(Fig. 4.1(a)), and Ru(0001) [200] have a conventional parabolic shape near the top. Those

on the (100) surface (Fig. 4.1(c)) of Cu and Ni, and along a path on the (110) surface

(Fig. 4.1(b)) of Pd and Ni, however, are considerably broader. In this work, these barriers

are labelled as parabolic-top and broad-top respectively. More examples of both kinds of

barrier can be found elsewhere [216]. These calculations show that broad-top barriers are

more common than previously known. One can see that broad-top barriers can occur when

the adsorption sites are relatively far apart (>2.5 Å). Such barrier profiles are possible be-

cause unlike covalent bond breaking, a strong bond between H and the continuum of metal

states is maintained throughout the diffusion pathway. TSs for typical proton-transfer re-

action barriers have an imaginary frequency along the reaction coordinate of ∼ 103 cm−1.

However, for the broad-top barriers discussed here, the TSs have almost zero imaginary

frequency. In the case of Ni(110), the barrier top is even a shallow minimum.

The H diffusion mechanisms across the two types of barriers are analysed using two

examples: diffusion from a pseudo 3 fold hollow site over a short bridge site to another

pseudo 3 fold hollow site (3H-SB-3H) (Fig. 4.1 (c)) on Pd(110) is chosen as the exam-
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Figure 4.1: a) Energy barrier of the H diffusion paths, obtained from NEB calculations us-
ing DFT, for several transition metal surfaces. The filled symbols show data for
the conventional barriers that are parabolic near the top, and the open symbols
are the data points for broad-top barriers. b) Top view of the (100) surface. c)
Top view of the (110) surface. d) Top view of the (111) surface. Green arrows
show the diffusion paths.

ple of a broad-top barrier. It is then compared with diffusion on the parabolic-top barrier

found on Ni(111). The results of this analysis are shown in Fig. 4.2(a) and (d), where

the thermal transmission probabilities P(E)e−βE have been plotted at temperatures above,

during, and below the classical to quantum transition. The peaks of the thermal transmis-

sion probability curve show the major contributions to the rate, indicating the tunnelling

mechanisms at given temperatures. For example, a peak near E = 0 suggests that deep tun-

nelling will be important. For Ni(111), the transmission mechanism changes gradually from

being dominated by classical hopping, through shallow quantum tunnelling, to deep quan-

tum tunnelling as temperature decreases (Fig. 4.2(a)). At 200 K when classical hopping

is dominant, the transmission probability curve has a tail at low incident energy, meaning

that shallow tunnelling is also significant. Similar behaviour exists for an Eckart barrier

(see Fig. 4.3(c)), a commonly used model barrier for gas phase proton transfer reactions.

For H diffusion across the 3H-SB-3H broad-top barrier on Pd(110), a different transition

behaviour from classical hopping to deep tunnelling is observed. At 50 K or above, H



76 4.3. RESULTS

can only classically hop over the barrier, as reflected by the negligible tail of the thermal

transmission probability on the low energy side. At lower temperatures (30 K or below),

only deep quantum tunnelling is allowed. However around an intermediate transition tem-

perature (38 K, middle of Fig. 4.2(d)) the thermal transmission probability curve has two

maxima, meaning that H can deep tunnel through or classically hop over the barrier with

similar probability.
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Figure 4.2: Temperature dependence of H diffusion on metals for a conventional barrier
that is parabolic near the top (Ni(111), left) and one that has a broad-top (3H-
SB-3H path Pd(110), right). a) and d), the exact thermal transmission proba-
bility P(E)e−βE (dimensionless) plotted against the incident energy E for the
conventional barrier and the broad-top barrier respectively. b) and c), the trans-
mission action (in units of h̄) defined as −ln(P), as a function of the incident
energy E for the parabolic-top barrier and the broad-top barrier. e) Illustra-
tion of the peaks in the thermal transmission probability using tunnelling paths
represented by the Feynman PI.

To understand the origin of the anomalous tunnelling, one can compare the transmis-

sion action, defined as−h̄ln(P) for the two examples. The larger the transmission action, the

more difficult it is for H to tunnel through the barrier at a given incident energy. The broad-

top barrier has a convex shaped action when plotted against the incident energy (Fig. 4.2(c)),

implying that the broad barrier top hinders shallow tunnelling. With a parabolic-top barrier,

the action versus incident energy function is concave (Fig. 4.2(b)), indicating that shallow

tunnelling is favourable. It is the qualitatively different shapes of the transmission action

curves for the two classes of barriers that leads to such different tunnelling behaviours.
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Moreover, this distinction between the two classes of barrier enables us to define broad-top

barriers precisely as those barriers for which the transmission action versus energy curve is

convex. This definition is valid for all barriers considered in this study (Fig. 4.3) as well

as the Eckart barrier: the broad-top barriers (Ni(100), Ni(110) and Cu(100)) have a convex

shape transmission action while the parabolic-top barriers (Cu(111) and Pd(111)) have a

concave shape transmission action. The transmission action for the Eckart barrier is even

more concave. Classical hopping and deep tunnelling channels coexist near the classical

to quantum transition temperature when a barrier has a convex transmission action. If the

transmission action is exactly linear, upon transition to deep tunnelling, classical hopping,

shallow tunnelling and deep tunnelling all contributing to the diffusion rate is expected.
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Figure 4.3: a) The transmission action (in units of h̄), as a function of the incident energy
E for the broad-top barrier examples in Fig. 1 of the main text. They all have
a convex shape. b) The exact transmission action of the parabolic-top barrier
examples in Fig. 1 of the main text. They all have a concave shape. c) The
exact transmission action of an Eckart barrier V (x) = B sech2(x/a). The Eckart
barrier parameters are the same as in [120], a = 0.66a0, B = 72h̄2

π2ma2 (∼0.25 eV),
where a0 is the Bohr radius and m is the mass of H, this barrier is∼1 Å wide and
the imaginary frequency at the top is∼−1000 cm−1. The thermal transmission
probability plotted against the incident energy at three different temperatures
are shown in the right panels.

4.3.2 Theoretical implications

The coexistence of classical hopping and deep tunnelling on the broad-top barrier indicates

that in contrast to the classical transition state theory picture, multiple quantum TSs can be

important. To explore how well quantum rate theories describe this behaviour, a series of
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1D barriers constructed by varying the potential from a cosine (parabolic-top) shape to a

broad-top one,

V (x) = Ea cos2

[(
2x
w

)2r
π

2

]
, (4.3)

have been compared and analysed. Parameters that give barriers similar to the DFT H

diffusion barriers have been used: Ea = 0.09 eV, w = 2.5 Å, and 2r = 1, 3, 5. V = 0 is used

for |x|> w/2, as the abbreviated action in the instanton theory [61] and the WKB theory is

independent of periodicity1. The quantum reaction rates have been calculated using three

PI-based methods (Fig. 4.4 (a) and (b)), and then compared to the exact rate to test their

performance.
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Figure 4.4: Performance of different rate theories on 1D model barriers (for H) with dif-
ferent shapes. a) Rates on a parabolic-top barrier (2r = 1, inset). b) Rates on a
broad-top barrier (2r = 3, inset). c) Rates on a more broad-top barrier (2r = 5,
inset).

On the parabolic-top barrier (2r = 1), all three theories perform well, agreeing with the

exact rate within a factor of 3 (Fig. 4.4(a)). When the barrier top is broad (2r = 3), TMI and

RPMD rates agree with the exact rate within a factor of 2, except for the lowest temperature

(30 K), where RPMD underestimates the rate slightly (Fig. 4.4(b)). However, the SDI

underestimates the rate by a factor of 3 - 10 in the 30 - 45 K range. With an even wider

top (2r = 5), the SDI underestimates the rate by 2 - 3 orders of magnitude, moreover, even

predicting an incorrect transition temperature from classical hopping to quantum tunnelling.

This is because the steepest-descent integral over E (see Eq. 2.44) breaks down when

multiple quantum TSs have major contributions, and when the instanton is close to E = 0.

In fact, this is the case for broad-top barriers with convex W action, the instanton exists

either very close to E = 0 or collapsed at the top (Fig. 4.5(a)). Near the classical quantum
1On a 1D periodic potential, coherent diffusion will happen and the rate is ill-defined.
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Figure 4.5: Breakdown of the conventional instanton theory. a) The W action (see Eq. 2.46)
plotted against the instanton energy E (see Eq. 2.39) for the broad-top bar-
rier (2r = 3, inset). The closed (open) circles show first (second) order saddle
instantons obtained through ring-polymer instanton searches. a) The thermal
transmission probability at 40 K plotted against energy E for the barrier shown
in c) obtained using the TMI theory and using the SDI theory.

transition temperature, both the collapsed and extended instanton contribute. The SDI,

which analogs a classical TST that uses one quantum TS to estimate the rate, does not

capture the coexistence of classical hopping and deep tunnelling (Fig. 4.5(b)). Also, other

periodic orbits do exist but unlike normal instantons [39] these are second-order saddles of

the ring-polymer potential, which is ignored by SDI. This results in error for the tunnelling

contributions at energies between zero and barrier height. One could imagine generalising

the SDI to include both the low and high energy contributions, but this would not correct the

errors for the energies in between. The SDI also fails to accurately describe the rate at low

temperature, partially because it becomes numerically unstable as the imaginary frequency

tends to 0. A physical reason, as seen in Fig. 4.5(b), the W action is approximately linear

at low energies, however, dW
dE must tend to −∞ in this limit as the periodic orbit starting

at |x| = w/2 has an infinite period. This implies a very strong contribution from higher

derivatives of W which is therefore not well approximated by a second-order Taylor series

in the steepest-descent integration. Such error at very low temperature is not limited to the

broad-top barriers, it will also exist for the instanton rate on a parabolic-top barrier (potential

barriers that decay to zero at infinity, such as the Eckart barrier, will not have this problem).

On the other hand, the TMI solves these problems by avoiding the steepest-descent integral

over E and instead uses several microcanonical instantons for the rate, which seems to be a

promising method for treating complex tunnelling problems. The RPMD rate theory is also
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free of these problems perhaps because the anharmonic fluctuations of the RP can sample a

wide range of RP Feynman paths including second order saddle instantons.

4.3.3 Experimental implications

A key experimental quantity for H diffusion is the classical to quantum transition temper-

ature. Its theory counterpart is the crossover temperature Tc (Eq. 2.42), defined using the

imaginary frequency ω‡ at the barrier top. However Tc is ill-defined for broad-top barriers,

incorrectly predicting almost zero K crossover temperatures. Here I define an alternative

transition temperature using the W action in Eq. 4.2:

TW =
h̄
kB

Ea

W0
. (4.4)

Ea is the classical activation energy and W0 =
∮√

2mV (x)dx, V (x) is the potential. TW is

defined in this way such that− 1
kBTW

is the slope of the dashed line in Fig. 4.5(a). This means

that at TW , the classical hopping (incident energy E = Ea) and deep tunnelling (E = 0+)

have equal contribution to the diffusion rate, hence it is the transition temperature to deep

tunnelling for broad-top barriers. The novel crossover temperature is defined for general

systems, which has implications and potential applications beyond hydrogen on metal. For

barriers with activation energy Ea and width w, Eq. 4.4 becomes simply:

TW =
h̄

nskB

√
Ea

2mw2 , 0 < ns < 2, (4.5)

ns is a barrier shape factor and m is the mass of H. On parabolic-top barriers, TW and Tc

are closely related (derivations are given in section 4.4.2). For the model potentials in

Eq.4.3, when the action curve becomes convex, ns & 1.5. Therefore I used ns = 1.5 and

plotted Eq. 4.5 over a range of Ea and w (Fig. 4.6(a)). This model allows one to estimate

the transition temperature for broad-top barriers without performing rate calculations and is

based only on quantities measurable in experiments: the activation energy Ea and the barrier

width w.

Now I show that the model and insight obtained can be used to explain and possibly

predict the experimental transition temperature to deep tunnelling for H diffusion on sev-

eral surfaces (Fig. 4.6(b)). On Cu(100), STM has revealed a classical barrier for H hopping

of ∼0.2 eV and a sharp classical to quantum transition at 60 K [20]. Using the experi-

mental Ea our model predicts a transition temperature of 56 K, in excellent agreement with
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Figure 4.6: a) Transition temperature to deep tunnelling (TW , Eq. 4.4) predicted by the
model over a range of barrier parameters. The 4 broad-top barriers calculated
with DFT in Fig. 4.1 are marked. b) Comparison of the transition temperature
predicted by the model with previous experiments (filled symbols) and theoret-
ical studies (open) on Cu and Ni. Previous results are taken from: STM [20],
FEM [195], LOD [196], PI Monte Carlo (PIMC) with an EAM potential [201],
and RPMD with an EAM4 potential [204]. The “PBE WKB” points are from
this work (Fig. 4.1).

experiments. Using the DFT barrier, along with the WKB approximation, the transition

temperature predicted is ∼40 K. This is still in reasonable agreement with experiments and

also consistent with the simple model. On Ni(100) the experimental transition temperatures

are in the 100-125 K regime [195, 196]. Previous calculations using force fields have how-

ever led to predictions in the 40-70 K regime [201, 203–206]. Both our DFT results and

the model yield transition temperatures that are consistent with the previous simulations.

Indeed even using the experimental Ea reported (∼0.15 eV) our model predicts a transition

temperature of 50 K. It therefore doesn’t seem unreasonable to suggest that an experimental

reexamination of H diffusion on Ni(100) could be worthwhile.

On Pt(111), HeSE [24] measured that the H diffusion rate is still temperature dependent

down to 80 K or even lower, and displays small quantum effects (only 1 order of magnitude

higher than the classical rate at 100 K); while LOD [199] experiment showed transition

to temperature independent tunnelling at 95 K. I show that DFT calculation results are

consistent with the HeSE experiments [24]. Two diffusion pathways on this surface were
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Figure 4.7: (a) DFT MEPs of H diffusion pathways on Pt(111). (b) The diffusion rate
estimated using the TMI method for the FCC-HCP pathway in the temperature
range 70 - 200 K.

considered, and the MEPs were obtained with NEB (Fig. 4.7(a)). The pathway FCC-Top

has a much higher energy barrier than the pathway from FCC-HCP, hence is not expected

to contribute much to the diffusion rate. The pathway FCC-HCP has an energy difference

of 40 meV between the FCC and HCP sites and there is a small barrier at the bridge. The

MEP suggests only shallow tunnelling from FCC to HCP can happen and the rate should be

temperature dependent down to very low temperatures, until deep tunnelling from FCC to

another FCC occurs or deep tunnelling between the FCC and top site becomes competitive.

The rates calculated on the DFT NEB barrier for Pt(111) (Fig. 4.7(b)) also agree very well

with the HeSE experiment rates (within a factor of 5). In this sense these results support the

HeSE measurements.

Isotope effects are another important aspect of quantum diffusion and a key experimen-

tal signature of tunnelling. The H/D isotope effect on a broad-top barrier and a parabolic-top

barrier have been examined over a wide temperature range. Fig. 4.8 shows a comparison

of the H versus D diffusion rates, reported as kH/kD. On the parabolic-top barrier, the H/D

isotope effect appears at moderate temperature (100 K) and the rate ratio kH/kD increases

gradually over a wide temperature range (down to 25 K). In contrast for the broad-top bar-

rier, the H/D isotope effect remains constant (and small) until TW (∼40 K) is reached, then

kH/kD increases sharply within a narrow temperature window (40 - 25 K). These general

observations are consistent with previous studies on Ni(100) [203–205], and the qualitative

difference between the two types of barriers holds for a broad range of barrier heights and

widths. The sharp onset of isotope effects could therefore serve as an experimental signature
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of diffusion on a surface with broad-top barriers.

4.4 Discussion

4.4.1 1D v.s. multidimensional

The effects of multidimensional treatment compared to 1D models are discussed here. First

thing to consider is the “corner-cutting” effects, which is interesting and can be important

to the instanton path in many situations [123]. For the diffusion paths studied in this work,

due to the fact that the H vibrational frequencies at the transition state perpendicular to the

reaction coordinate are very stiff (> 1000 cm−1), it is very difficult for the instanton path

to deviate significantly from the minimal energy pathway. Hence I do not expect corner-

cutting effects to play an important role here. To show this, the W action as a function of E

obtained via full-dimensional instanton optimisations for the broad-top barrier on Pd(110)

is compared to that obtained on a 1D MEP barrier with the same DFT setup (Fig. 4.9(a)). It

is clear that the W action barely changes going from 1D to multi-dimension. Because the W

action is well-estimated by the 1D instanton, although I do not expect the 1D calculations

to give quantitative rate predictions, it is expected to be able to predict the shape of the

Arrhenius plot including the crossover temperature.

Furthermore, I made comparison of 1D rates with full dimension rates and experimen-

tal rates. In chapter 5, full dimensional TMI calculations have been applied to Pd(110)
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scattering on a model barrier with experimental barrier height and width and
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surface. The 1D rates can be reasonably good if the reactant and the transition state have

similar zero point energies, which is the case for H diffusion over the short bridge path of Pd

(110) (they differ by 6 meV). In Fig. 4.9(b), I also show that the calculated 1D rates using

a model barrier (Eq. 4.3, 2r = 2) with experimental barrier height and width for Cu(100),

can reasonably reproduced the STM experimental rates [20]. However, one cannot expect

the 1D rates to be always good, and this work certainly do not intend to promote using 1D

model for accurate rate calculations.

Finally effects of the surface atoms and heat bath are discussed. Previous path integral

molecular dynamics studies [203,204] have compared flexible and fixed surfaces for H dif-

fusion on Ni(100) and the rates only change slightly. In addition, I calculated and compared

the H diffusion barrier on both a flexible and a fixed Cu(100) surface. The barrier energy is

112 meV and 118 meV for the flexible and fixed surface respectively. This also indicates

that the movement of surface atoms does not have a strong impact on the barrier.

4.4.2 New v.s. conventional crossover temperature

In this section, an in-depth discussion on the novel classical-quantum crossover temperature

TW is given. First, I show a simple derivation of an easy-to-apply equation of TW for barriers
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with barrier height Ea and barrier width w (Eq. 4.5) from Eq. 4.4:

TW =
h̄
kB

Ea

W0

=
h̄
kB

Ea

2
∫ w/2
−w/2

√
2mV (x)dx

=
h̄
kB

Ea

2
√

2mEa
w
2
∫ 1
−1

√
V (u)

Ea
du

,u =
2x
w

=
h̄

nskB

√
Ea

2mw2

ns =
∫ 1

−1

√
V (u)

Ea
du ∈ (0,2)

(4.6)

ns is a barrier shape factor that gives 2 for a square barrier and smaller values as the barrier

becomes more curved. For complex multidimensional reactions that involve significant

tunnelling of many atom however, TW has to be calculated using the original definition

(Eq. 4.4) via optimising instantons.

Reactant Product

0 wReaction coordinate

P
o
te
n
ti
a
l
e
n
e
rg
y

III

I

II

Transition

State

Tc
I = Tc

II = TW
II > TW

I > TW
III

Figure 4.10: Relations between Tc and TW for a parabolic-top barrier. Barrier I is a
parabolic-top barrier with width w and activation energy Ea. Barrier II is a
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The relation between the conventional crossover temperature (Eq. 2.42) and TW for
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parabolic-top barriers can be derived from Eq. 4.6. On a strict parabola V (x) = Ea −
1
2 mω‡2x2, the shape factor ns =

π

2 , and the barrier width w =
√

8Ea

mω‡2 . Plugging into Eq. 4.6,

one can find that for a strict parabola, Tc = TW . Hence on parabolic-top barriers, the rela-

tion between Tc and TW is shown straightforwardly in Fig. 4.10. In summary, for broad-top

barriers, TW is well-defined and has a meaningful physical picture while Tc is not; on strict

parabolas, Tc = TW ; and on parabolic-top barriers, both Tc and TW are well-defined and

closely related (Tc > TW ), but Tc has a more meaningful physical picture than TW . The most

suitable transition temperature for all barriers would ideally be given by combining Tc and

TW . For example, use the larger value between T I
c and T I

W (or T III
W ).

4.5 Conclusions
To conclude, insight into the quantum nature of hydrogen diffusion across a range of dif-

ferent transition metal surfaces has been obtained. A clear qualitative distinction between

barriers with broad-tops and conventional parabolic-tops has been identified, as well as its

physical origin. For the broad-top barriers, temperature regime at which both classical hop-

ping and deep tunnelling are supported simultaneously is discovered. This finding relates

the diffusion mechanism with the shape of the barrier. Despite the long history of theo-

ries for general tunnelling phenomena [129, 217], almost all previous theoretical studies of

quantum tunnelling assume standard parabolic-top barriers, and I’m not aware of discus-

sion of such behaviour. It remains to be seen if similar behaviour for hydrogen diffusion

and proton transfer will be seen in other environments. Treating more complex systems will

likely require a full multidimensional description of the process.

The unique behaviour observed here has led to a series of general implications both

theoretically and experimentally. They include a requirement for a multiple quantum TS

theoretical treatment, a new definition of the classical to quantum crossover temperature

(TW ) and a sudden emergence of strong isotope effects around TW . Putting them into context,

the crossover temperature predicted with TW can even reach quantitative agreement with

previous experimental measurements and simulation studies. Hence these implications are

likely to help and guide the interpretation of existing and future experiments.



Chapter 5

Competing mechanisms of H diffusion on

Pd(110)

The quantum nature of H diffusion on metal surfaces has garnered great experimental and

theoretical enthusiasm. DFT calculations show that on Pd(110), competing H diffusion

pathways exist, which could have an interesting interplay with tunnelling effects. Due to

the qualitative difference between these diffusion pathways and the commonly studied pro-

ton transfer reactions in molecules, it remains a challenge to understand the quantum nature

of H diffusion on complex metal surfaces like Pd(110). Using the recently developed TMI

method [61], the quantum diffusion rates and transition temperatures for each of the diffu-

sion pathways on Pd(110) have been calculated, with the multidimensional PES evaluated

on-the-fly using DFT. A possible new mechanism, in which quantum corner cutting effects

enable a classically forbidden diffusion pathway at low temperatures has been identified,

which could change the overall H diffusion direction at low temperatures.

5.1 Introduction

As introduced in Chapter 4, H diffusion on surfaces is of fundamental importance in many

fields, including catalysis, quantum theory, and astrochemistry [12, 15, 23, 69, 188–194].

Despite the significance and apparent simplicity of these systems, obtaining accurate H tun-

nelling rates and tunnelling mechanisms on metal surfaces using ab initio simulations has

been challenging, and remains highly desired [124, 200, 208]. A key physical feature that

makes H diffusion on metals so interesting as well as challenging is that these processes

do not involve covalent bond breaking, hence can be qualitatively distinct to the commonly

studied proton transfer reactions in molecules [4, 63, 69], indicating that novel tunnelling

behaviours could exist. Another challenge is from the theory aspect: it is computationally
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demanding to perform ab initio RPMD simulations at one temperature for even one path-

way, while on the other hand, the classical-TST-like conventional instanton rate theory may

break down (shown in Chapter 4). Thanks to the recently proposed TMI rate theory [61], it

is now possible to explore all the interesting tunnelling pathways on a selected metal surface

at a wide range of temperatures. Among the surfaces considered in Chapter 4, the adsorp-

tion and diffusion of H on Pd surfaces is chosen to be the main focus of this work, because

Pd surfaces are of great importance for a broad range of applications such as catalysis and

energy storage [191,218]. The Pd(110) surface displays interesting complex features of the

PES for H diffusion, suggesting competing quantum diffusion mechanisms.

In this chapter, the quantum tunnelling phenomena in H diffusion on Pd(110) is investi-

gated with ab initio multidimensional TMI theory. Section 5.2 describes the computational

setup and procedures for obtaining the multidimensional TMI theory. The PES for H diffu-

sion on Pd(110), reported in Section 5.3.1, features a pathway with a wide broad-top barrier,

a pathway with an asymmetric barrier, and a high but thin barrier on a classically forbidden

pathway. Instantons have been found on all the three pathways, as discussed in Section

5.3.2. In Section 5.3.3, a detailed analysis of how NQEs enabled a new possible tunnelling

path on the classically forbidden pathway is provided. The diffusion rates of the competing

pathways are reported in Section 5.3.4, showing that the new possible tunnelling path could

enable H atoms to mainly diffuse along the [001] direction at low temperatures. Section

5.4 focuses on the discussion of the multidimensional TMI theory, namely the comparison

with the conventional SDI and tests on different treatments in development of calculating

the TMI rate.

5.2 Computational details

DFT calculations were carried out using the VASP [211] code with the PBE functional [82].

A plane-wave cutoff of 350 eV and the PAW pseudo-potentials [97] was used. The metal

surface was represented using a 7-layer-thick slab with a 10 Å vacuum in a 2× 3 unit cell

with a 4×4×1 K-points mesh. The convergence of the DFT setup have been discussed in

Appendix E.

Ab initio instanton optimisations were performed using a python wrapper (developed

using the package: atomic simulation environment (ASE) [219]) which works on-the-fly

with VASP. 64 beads was used to represent the Feynman path integral, and 128 beads was

used instead for long imaginary time paths. The convergence with respect to the number
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of beads is shown in Appendix F. The H atom together with the 6 nearest metal atoms are

flexible in the instanton optimisation, while the remaining atoms are fixed. Tight conver-

gence criteria were used in the instanton optimisation, converging the total gradient to below

5e-3 eV/Å. The multi-dimensional instanton optimisation method is described in Appendix

C. The instantons were optimised at 6 different imaginary times (τs) for each diffusion

pathway, based on which the cumulative reaction probability PSC2 (Eq. 2.49) at 6 different

energies (E, see Eq. 2.48) can be obtained. Calculation of PSC2 from multidimensional in-

stanton trajectories is non-trivial and still under development, which is discussed in Section

5.4.2, but overall different post-processing procedures were found to give similar results

except in the case of the 4H path. To obtain PSC2 as a function of E, smoothed cubic spline

interpolation over the discrete − log(PSC2(E)) was performed for each diffusion pathway.

The TMI rates at different temperatures can then be calculated using Eq. 2.44.

5.3 Results

5.3.1 The complex PES of H on Pd(110)

The high symmetry adsorption sites on Pd(110) are shown in Fig. 5.1(a): pseudo-3-fold-

hollow (3H) site, four-fold hollow (4H) site, short bridge (SB) site, and long bridge (LB)

site. The most stable adsorption site on Pd(110) as predicted by DFT is the 3H site, which

is in agreement with experiments [220, 221]. The adsorption energy calculated (0.53 eV) is

in good agreement experiments [220] and previous calculations [222–224]. The vibrational

frequencies computed are also in good agreement with electron-energy-loss spectroscopy

(EELS) experiments [225]. Experiments measured two clear peaks at 96-100 and 121-122

meV for hydrogen 1, which agree well with the calculated outer plane vibration at the long

bridge site (98 meV) and the pseudo-three-fold hollow site (120 meV).

DFT calculations reveal that H diffusion on Pd(110) has an interesting complex PES

(Fig. 5.1). There are competing diffusion pathways on this surface, which have distinct

characteristics. The SB path (3H-SB-3H) is a broad-top barrier, the LB path (3H-LB) dif-

fusion barrier is parabolic-topped but the final state has a higher energy than the initial state

(which is also the case after ZPE corrections). The 4H site is a second order maximum on

the PES, hence classically H cannot diffuse directly over the 4H site. However, this barrier

is the thinnest in width compared to other pathways, therefore could favour tunnelling at

low temperatures. At high temperatures when the diffusion process is dominated by classi-

1∼ 1/
√

2 of the two values for deuterium.
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Figure 5.1: (a) Atomistic view of the (110) surface of Pd (left) and the 2-dimensional DFT
PES for H diffusion on Pd(110) (right). The blue areas show low potential
energy regions and the yellow areas show high potential energy regions. The
range of the color map is 0-0.35 eV. Three possible H diffusion pathways are
marked by the arrows: 3H-SB-3H, 3H-4H-3H, 3H-LB. (b) MEPs for the 3
pathways obtained from NEB calculations.

cal hopping, H will mostly jump back and forth over the SB path, which is a relatively long

path but with low activation energy. This process on its own does not contribute to long

distance (net) diffusion across the surface. Jumps to nearby LB sites (at a lower probability

than hopping over the SB path) allows the H to diffuse long distances on the surface.

5.3.2 H instantons on Pd(110)

The least action tunnelling paths (represented by RP instantons) have been found at differ-

ent temperatures on all the three diffusion pathways (Fig. 5.2). On the SB path (broad-top

barrier), similar behaviour has been found with the multidimensional treatment as compared

to the 1D case studied in Chapter 4. The instanton is collapsed (all the beads at the same

position) at the barrier top down to the broad-top transition temperature (Eq. 4.5) of∼42 K,
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where fully delocalised low energy 2 instantons suddenly appear. Instantons at intermedi-

ate energies are unconventional second order saddle instantons on the RP-PES (an example

of these is shown in Fig. 5.2). They also only exist near and below the broad-top transi-

tion temperature, and the tunnelling distances they represent are shorter than those of the

conventional instantons. In direct contrast to the conventional instantons, the tunnelling dis-

tance of these second order instantons becomes shorter with increasing imaginary time. On

the LB path, the most conventional barrier of the three diffusion pathways (with a crossover

temperature Tc ∼73 K 3), instantons have been optimised in the 30 - 70 K temperature

range. At 70 K, the instanton is only slightly delocalised near the barrier top, with a tun-

nelling distance of only 0.2 Å. As temperature decreases, the instanton becomes more and

more declocalised, and at 50 K or lower, the instanton is fully delocalised over the barrier,

characterising deep tunnelling over a distance of 1.2 Å. However, because the final state

has a higher energy than the initial state, no instanton on this pathway exists with an energy

lower than that of the final state, regardless of how low the temperature becomes.

Figure 5.2: Optimised instanton geometries for the 4H path (with imaginary time of 40 K),
the SB path (second order saddle instanton with imaginary time of 35 K), and
the LB path (with imaginary time of 50 K).

On the 4H path, instantons have been found at temperatures up to ∼90 K. At higher

temperatures, the instantons will fall off the 4H path during the geometry optimisation and

end up on the LB path. This is because the 4H site is not a classical TS on the multidi-

mensional PES. When the temperature increases, the system becomes more classical and

this path will be forbidden. Of course, modelling this path with a 1D barrier will result in

unphysical tunnelling pathways (with high instanton energies) being found at higher tem-

peratures up to the Tc ∼ 150 K of the 1D MEP. The instantons only exist at low energies (up

to ∼10% of the barrier potential energy), representing deep tunnelling. No curved instan-

2See Eq. 2.39 for the definition and physical meaning of instanton energy.
3See Eq. 2.42 for the definition and physical meaning of the crossover temperature for parabolic-top barriers.

The LB path is the only path in this work that has a meaningful Tc.
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tons that circumvent the 4H site were found, suggesting that straight tunnelling paths (see

Fig. 5.2) are preferred.

5.3.3 Tunnelling transition via pure corner-cutting

The 4H path is not a MEP, meaning that it is enabled purely by quantum corner-cutting

effects – which makes tunnelling pathways with shorter length than the MEP competitive.

The transition to quantum tunnelling on this path is investigated in this section, specifically,

how NQEs transformed the second imaginary mode at the 4H site ([110] direction, perpen-

dicular to the path) to a minimum. At different temperatures, the RP potential (Eq. 2.18,

which also determines the S action of tunnelling paths) along the [110] direction is explored

by moving the instanton centroid along [110] 4.
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Figure 5.3: (a) The instanton RP potential as a function of the instanton centroid position
along [110] (perpendicular to the reaction coordinate) for the 4H path at 90 K,
70 K, and 50 K. The open symbols are 1st order saddle search results with the
centre bead fixed at different positions along [110]. The filled symbols are the
maxima of the RP potential found by 2nd order saddle searches. (b) and (c)
geometries of selected tunnelling paths. Each point in (a) correspond to a RP
instanton, and the arrows point to the geometry of selected points.

The temperature dependence of the RP-PES (Fig. 5.3(a)) clearly demonstrates that as

the temperature decreases, the second imaginary mode at the TS gradually becomes flat (at

90 K), then becomes a shallow minimum (70 K), and finally a deep minimum (50 K). Large

delocalisation of the instanton into the reactant basins (3H sites) anchors the 4H instantons,

4Achieved via optimisations with constraints.
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making them more stable to fluctuations along [110]. At temperatures higher than ∼90

K, instantons do not exist because they cannot delocalise enough to be stable to fluctua-

tions in the [110] direction, indicating that this path is not favourable at these temperatures.

At temperatures of around 70 K, the 4H path instantons are only in shallow minima, sug-

gesting that despite the presence of instantons at these temperatures, it is unclear whether

they will be important tunnelling paths. Fig. 5.3(a) also shows that curved instantons (see

Fig. 5.3(c)) have higher UNs, meaning that these tunnelling paths have larger actions com-

pared to straight tunnelling paths, which explains why they were not found on the 4H path.

Note that this does not rule out the possibility of curved instantons circumventing a second

order saddle being favoured in other systems.

It is too early to conclude simply by looking at the instantons whether the 4H path

will be important on Pd(110) or not. One needs to obtain the tunnelling rates on this path.

The fact that some of the instantons are in shallow minima on the RP-PES needs to be

accounted for in the rate calculations, hence the harmonic vibrations used in the instanton

rate expression may not be suitable. A possible way is to correct the instanton partition

functions Z‡ by the factor 1−e−βU4H , U4H is the depth of their minima shown in Fig. 5.3(a).

With small U4H this factor will be close to zero, and it tend to one at large U4H. Hence it is

expected that the SDI will fail on this path, predicting unphysical rates, which is discussed

in Section 5.4.1.

5.3.4 Rates of different pathways

To calculate the diffusion rates, the multidimensional cumulative reaction probability PSC2

(Eq. 2.49) has been obtained from the instanton trajectories with different imaginary times

on the three diffusion pathways considered. Detailed discussions on the different proce-

dures for calculating PSC2 are given in Section 5.4.2. Here the features of the PSC2 curves

of the three diffusion pathways are summarised. For the SB path with the broad-top bar-

rier, not only the W action, but also the logarithm of PSC2(E) have a convex shape. This

confirms again that the broad-top diffusion behaviour identified in Chapter 4 will also exist

when multidimensional effects are taken into account. On the LB path, the PSC2 curve does

not exist at low energies (definition see Eq. 2.48), because the final state (LB site) has a

higher energy than the initial state (3H site). The 4H path is the most unconventional and

numerically tricky: depending on how PSC2 is calculated (see Section 5.4.2), this path will

either have all the tunnelling paths below ZPE, which means that H cannot tunnel through
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these paths; or have instanton above ZPE so that tunnelling can happen.
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Figure 5.4: Quantum H diffusion rates on Pd(110) obtained from ab inito TMI calcula-
tions for the different diffusion pathways in the temperature range of 30-90 K.
The 4H TMI rate presented is from the treatment that predicts tunnelling may
happen on this path. The Eyring TST rates are shown for comparison.

The quantum diffusion rates are shown in Fig. 5.4 and compared with the classical

rates (Eyring TST, see Eq. A.3). On the LB path, the rate still decreases exponentially even

when quantum tunnelling is accounted for. This is reasonable because the LB site has a

higher energy than the 3H site, and tunnelling seems to change the effective energy barrier

from the potential energy barrier to the energy difference between the initial and final states.

On the other hand, on the SB path the rate is almost classical down to ∼40 K, where the

sharp transition to tunnelling occurs. Due to the barrier shapes, the rate on the LB path

comes close to the rate on the SB path at 40 - 50 K, despite the potential energy barrier

being higher. If the treatment that predicts the 4H path to be not viable is more reliable,

then the overall H diffusion behaviour will be similar to the classical case despite tunnelling

changes the diffusion rates.

If the 4H path is viable, the rates are comparable to or even higher than the other

diffusion pathways (Fig. 5.4). When the temperature decreases, the 4H rate will increase
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first, which is reasonable as this path is unfavourable at high temperatures (classically). The

tunnelling rate becomes similar to the other two pathways at 40 K, then becomes the fastest

at lower temperatures. This indicates that NQEs can change not only the diffusion rates but

also possibly change the diffusion mechanism at low temperatures. At high temperatures, H

prefers to diffuse over low but wide barriers, while at low temperatures tunnelling through

high but thin barriers are favourable. The overall H diffusion behaviour across the surface

will also be different at low temperatures: it will diffuse majorly along the [001] direction

via a combination of tunnelling on the SB path and the 4H path, instead of in both [001]

and [110] directions via the LB path. This new tunnelling pathway should be considered in

analysing experimental data on H diffusion at low temperatures.

This tunnelling mechanism could be more dominating on Cu(110) instead of on

Pd(110), as one can see from Table 5.1, DFT predicts that the potential energy difference

between the SB and 3H sites on Cu(110) is almost negligible (3 - 16 meV) compared to on

Pd(110). This indicates that on Cu(110), H has a “broad-bottom” reactant basin at the 3H

site, meaning that the reactant ZPE on Cu(110) is lower, which could allow more 4H instan-

tons to be above the reactant ZPE to contribute to the rate. It would indeed be interesting to

perform TMI calculations on H diffusion on Cu(110) in the future, and perhaps future STM

experiments could directly observe tunnelling over the 4H path.

surface En-cut (eV) K-points unit cell N layers ∆E SB ∆E LB ∆E 4H
Cu(110) 400 4×4×1 2×3 8 0.024 0.075 0.254

450 4×4×1 2×3 8 0.025 0.075 0.255
450 4×4×1 2×3 10 0.016 0.060 0.242
400 8×8×1 2×3 8 0.003 0.087 0.261

Table 5.1: DFT results for H adsorption on Cu(110), including the convergence with re-
spect to the plane-wave energy cutoff, K-points, and number of layers. The ∆Es
(units in eV) are the potential energies of the SB, LB, and 4H site, with respect
to the 3H site.

5.4 Discussion

5.4.1 TMI v.s. SDI

From the instanton trajectories obtained, one can nevertheless calculate the SDI rates on

the three diffusion pathways. Different from the TMI rate which is calculated using several

instantons, the SDI rate uses only one instanton trajectory and makes the steepest-descent

approximation to the integral over energy (see Section 2.4.3 for details). In the past, these
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SDI rates would have been used to understand tunnelling on this surface. Here, through

comparison with the TMI rate, insights can be gained on two interesting aspects: whether

the SDI is applicable to unconventional systems like Pd(110); and how good are the SDI

rates (regardless of whether it predicts the correct physics or not).
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Figure 5.5: Comparison of the quantum H diffusion rates obtained from SDI and TMI cal-
culations, for the 3 diffusion pathways on Pd(110) in the temperature range of
30-90 K. Note that the SDI rates only exist up to the highest temperature at
which an instanton can be found, specifically, 42 K for the SB path, 90 K for
the 4H path, and 70 K for the LB path.

The results are shown in Fig. 5.5, one can see that the performance of SDI rates varies

for the different diffusion pathways. Very good agreement between the SDI and TMI rates

is observed for the LB path. Note that despite being a parabolic-top barrier, it is unclear

beforehand whether the SDI will work for the LB path. The SDI rate does not take into

account the fact that instantons do not exist at energies below the LB site potential energy,

nor that the instanton frequencies change rather drastically with τ (see Table 5.2), never-

theless these issues seem to be minor here. For the SB path, at the transition temperature

SDI predicts a similar rate as TMI, but for the wrong reason (see Appendix F). At lower

temperatures, the SDI rate increases (possibly diverging) because of incorrectly accounting

tunnelling under the reactant ZPE. The SDI has poor performance on the 4H path, overesti-
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mating the rate by at least 1 order of magnitude 5. The tunnelling mechanism predicted by

the SDI on this path also deviates from the TMI results (see Appendix F). Being unable to

recognise issues from tunnelling under the ZPE, the SDI will always predicts that tunnelling

happens on this path below 90 K.

In summary, one should consider the limitations of SDI, which come from the steepest-

descent approximation to the energy integral, when using the SDI rate. The SDI may pre-

dicts poor rates or incorrect tunnelling mechanisms for unconventional systems such as the

one studied in this work. On the other hand, TMI is a very promising method suitable for

understanding both the rate and the tunnelling mechanism in a wide range of systems, with

little extra computational cost.

5.4.2 Calculation of the PSC2 in the TMI rate

There are three different procedures for calculating the cumulative reaction probability PSC2,

all of which are still under development. Specifically, they mainly differ in how the effective

instanton frequencies (ω js) are obtained. The first procedure is referred to as the “half-

trajectory” approach, which is the procedure derived in the TMI theory publication [61].

This approach is only applicable to symmetric barriers, as it requires splitting the instanton

to two symmetric trajectories bouncing to the left and right of the barrier respectively. The

ω js are calculated from the eigenvalues of the C matrices in Eq. 2.45 of the half trajectories.

The second one is the “full-trajectory” approach, in which the ω js are calculated from the

eigenvalues of the C matrices of the full trajectories instead. However, we found that the

full trajectories C matrices are non-Hermitian 6, which can cause numerical instabilities.

The third approach is using the ω js from the stability parameters (Eq. 2.40). Note that other

than the ω js, the half-trajectory approach slightly differs from the other two in that the half

trajectory imaginary time τ/2 is used in the PSC2 expression. One can also use the ω js

obtained with the half-trajectory approach, but use τ instead to calculate PSC2, which I refer

to as “half-trajectory-full-tau” procedure.

The PSC2 curves have been calculated with the different approaches described above for

all the diffusion pathways, and the numerically stable results are compared in Fig. 5.6. For

the SB path, the half-trajectory and half-trajectory-full-tau approaches predict very similar

5Note that despite such difference may not be unacceptable when comparing experimental rates with theory
(where there are uncertainties from the theoretical PES and experimental error bars), it is significant when
comparing rate theories on the same PES.

6It is unclear so far whether this is a fundamental or numerical issue.
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Figure 5.6: Comparison of the TMI cumulative reaction probability PSC2 obtained using
four different post processing methods. Different line colours represent the
different methods, and the different symbol shapes represents different paths.
The open squares stand for the second order saddle instantons on the SB path.

PSC2 curves, indicating that the TMI rate on this path is not very sensitive to the procedure

used. For the LB path, the full-trajectory method agrees quantitatively with the stability

parametres method, which is also very encouraging. However, the 4H path, which goes

over the second order saddle point seems to be numerically problematic, as the different

methods do not agree with each other in predicting the PSC2 curves.

To understand to the difference in results above, the ω js obtained using different pro-

cedures are compared. Table 5.2 shows that overall, the different methods give similar ω js.

Especially on the LB path, the two methods agree perfectly. On the SB path, no zero sta-

bility parameters were found, indicating that the stability parameters method suffers from

numerical or convergence problems for the SB instantons. The full trajectory method seems

to perform well predicting the low frequency ω js on this path, but underestimates the high
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frequency modes compared to the other two approaches. On the 4H path, all the three

methods predict similar ω js, indicating that the PSC2 curve on this path is very sensitive to

whether τ or τ/2 is used, as well as the small differences in ω js. These results are also

valuable for the development of the TMI method.

5.5 Conclusions
We have performed the first quantum rate calculation for H diffusion on Pd(110), a com-

plicated PES with three competing diffusion pathways, using on-the-fly DFT with a novel

instanton rate theory that accounts for multidimensional ZPE and tunnelling. A possible

new mechanism in which quantum corner cutting effects enable a classically forbidden dif-

fusion pathway at low temperatures has been identified. This work represents an important

step to applying the improved instanton theory to unconventional processes in multidimen-

sion where the conventional instanton theory may fail.
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path T (K) N ω j (highest 3 and lowest 1)
half traj. full traj. stability para.

SB 42 128 2.294 1.795 2.322
(1st order) 2.108 1.795 2.107

0.346 0.336 0.336
0.155 0.155 0.159*

SB 40 128 2.254 1.711 2.285
(1st order) 2.086 1.711 2.087

0.327 0.335 0.337
0.147 0.155 0.170*

SB 30 128 2.107 numerically 2.131
(1st order) 2.017 unstable 2.021

0.336 0.630
0.155 0.310*

SB 40 128 2.398 1.711 2.417
(2nd order) 2.203 1.711 2.209

0.337 0.335 0.412
0.154 0.155 0.201*

4H 90 64 2.469 2.501 2.541
0.640 0.439 0.360
0.347 0.367 0.348
0.152 0.147 0.120

4H 70 64 2.284 2.321 2.365
0.951 0.791 0.671
0.346 0.450 0.392
0.153 0.154 0.153

4H 50 128 2.158 2.116 2.208
1.176 1.066 0.962
0.344 0.320 0.583
0.154 0.154 0.154

LB 70 64 2.133 2.144
1.914 1.922
0.341 0.341
0.153 0.153

LB 60 64 1.952 1.967
1.686 1.699
0.342 0.342
0.145 0.145

LB 50 64 1.865 1.879
1.538 1.546
0.345 0.351
0.143 0.147

LB 40 128 numerically 1.809
unstable 1.392

0.412
0.152*

Table 5.2: Comparison of the effective instanton frequencies ω js obtained using 3 different
methods for various instanton trajectories at different temperatures. In the units
of (eV/Å2/amu.)1/2, 1 = 521 cm−1. * indicates no zero stability parameter was
found.



Chapter 6

Quantum water diffusion on Pd(111) and

other transition metals

The kinetics of molecules on surfaces is a key process in heterogeneous catalysis which has

attracted great interest. Experiments have reported intriguing observations where larger wa-

ter clusters (especially the water dimer) diffuse faster than the water monomer, breaking the

consensus that adsorbates that bind stronger should diffuse slower [226]. This work reports

(to our knowledge) the best computational effort to explain the counter-intuitive experimen-

tal results. Quantitative calculations of the tunnelling contributions to water diffusion rates

on Pd(111) have been performed, using van der Waals inclusive DFT combined with the

instanton rate theory. It has been found that the rate of the water dimer donor-acceptor ex-

change process exceeds that of the water monomer diffusion at around 35 - 40 K due to

quantum tunnelling, in agreement with experimental rates. The importance of oxygen (O)

tunnelling has also been identified, suggesting that at 25 K, the process would be ∼2 orders

of magnitude slower if the O atoms were classical. Furthermore, water dimer and monomer

diffusion have been studied on the (111) surface of a range of different transition metals,

revealing many different diffusion behaviours. Calculations predict that Pd(111) is not the

only surface on which the water dimer diffuses faster than the monomer.

6.1 Introduction

The diffusion of adsorbed molecules on surfaces is important for a range of phenomena

from corrosion to electrochemical and photochemical processes to catalysis, to name just a

few. Among them, water is among the most crucial adsorbates on metal surfaces, as under

ambient conditions, almost all surfaces are covered in a thin film of water. Metals are often

involved in catalysing water splitting [227], enhancing ice nucleation [228, 229], and water
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on metal surfaces play a key role in reactions and in determining the structure of other ador-

bates [230]. Water on clean well-defined solid surfaces under ultrahigh vacuum conditions

also provide ideal platforms both experimentally and theoretically for understanding how

water behave on surfaces.

While the structure of water clusters and overlayers, and wetting properties has been

extensively investigated experimentally, especially with STM measurements, on a variety

of metal surfaces [228, 231–235], the kinetics of water on metal surfaces are less stud-

ied [226, 236]. Despite experimental data being rare, a very intriguing discovery has

been found on Pd(111), on which a water dimer surprisingly diffuses faster than a water

monomer [226]. Theoretical modelling of water structure and dissociation on metal sur-

faces have also attracted tremendous attention, with great success in predicting and under-

standing experimental observations [237–246]. It has been proposed in an early study that

water dimer can diffuse via donor-acceptor (DA)-exchange process, which could become

the dominating diffusion mechanism due to quantum tunnelling [247]. However, this tun-

nelling diffusion mechanism is only qualitatively studied with 1D models and van der Waals

interactions were not accounted for. Despite the abundance of DFT studies in this field, only

a few focused on the diffusion mechanisms of water on metal surfaces [248,249]. Thus, it is

still unclear at what temperatures tunnelling becomes important for water diffusion, or even

whether this DA-exchange mechanism will be favourable at all. And if so, by how much

does quantum tunnelling reduces the effective diffusion barrier? Furthermore, a systematic

study of water monomer and dimer diffusion mechanisms on a variety of transition metal

surfaces is lacking. Examining this systematically could provide further insights into the

kinetics of water on surfaces, and moreover, provide guidance useful to future experiments.

In this chapter, the instanton rate theory is employed to study the tunnelling assisted

water dimer diffusion on Pd(111) described with van der Waals inclusive DFT. Computa-

tional details, including the DFT setup and details of instanton calculations, are reported in

Section 6.2. Water monomer and dimer adsorption sites and diffusion pathways are reported

in Section 6.3.1. The instanton trajectories reported in Section 6.3.2 reveal that shallow tun-

nelling contributes to the rotational rearrangement of the H-bond at 40 K. As temperature

decreases, this process gradually becomes dominated by deep tunnelling at 25 K and effec-

tively reducing the barrier by 38 meV. The important role of O tunnelling is also identified

and discussed in Section 6.3.2. Section 6.3.3 discusses the instanton rates, which show that
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DA-exchange rate starts to exceed the monomer diffusion rate at 35 - 40 K, in qualitative

agreement with the previous experiment [226]. The results provide a quantitative insight

into how much can quantum tunnelling reduce water diffusion barrier and its temperature

dependence, which could help estimating the quantitative impact of quantum effects to sur-

face diffusion, without resorting to expensive quantum rate calculations. In addition, water

diffusion mechanisms on a range of transition metal (111) surfaces is studied in Section

6.3.4, suggesting that Pd(111) is not the only metal that the fastest water diffusion mech-

anism changes with temperature, and in general the favourable water diffusion mechanism

differs on different metals. Discussions, including the role of van der Waals interactions,

anharmonic partition functions, and electric fields are given in Section 6.4.

6.2 Computational details

The DFT calculations were carried out using the VASP [211] code with the optB88-vdW

functional [89]. A plane-wave cutoff of 600 eV was used. The metal surface was repre-

sented using a 4-layer-thick slab in a 3×3 unit cell with a 3×3×1 K-points mesh for the

instanton calculations. A larger 4× 4 unit cell with a 3× 3× 1 K-points mesh was used

instead for the calculations comparing water diffusion on different metals. Shown in Ap-

pendix G, the 3× 3 unit cell gives reasonable diffusion barriers within 25 meV of a 9× 9

unit cell, and a 4× 4 unit cell gives smaller finite size errors within 10 meV. The smaller

unit cell was used for the instanton calculations because that instanton search is difficult to

converge 1. The instanton rates were corrected for the finite size effects on the diffusion

barriers. Convergence tests with respect to the number of layers show that a 4-layer-thick

slab gives converged results (see Appendix G). A vacuum of 14 Å is placed in the z direction

and dipole corrections [250] are also applied.

The climbing image nudged elastic band (cNEB) method [251] was used to obtain the

potential energy barriers and MEPs for water monomer translation, dimer translation, and

DA-exchange pathways on the (111) surface of five different transition metals. The force

convergence criteria for the cNEB calculations and geometry optimisations is 0.01 eV/Å.

Comparison showed that using a flexible or fixed surface barely changed the cNEB barriers,

i.e. making the top 2 layer of the surface flexible increases the barrier by 10 meV for the

DA-exchange process of Pd(111), hence fixed surfaces were used.

1Because Hessian calculations are very expensive so one can only use quasi-Newton methods. Currently, I
am trying to perform instanton searches on the 4×4 starting from the optimised instanton on the 3×3 cell.
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Full-dimensional instanton searches with the PES calculated on-the-fly with DFT were

performed at different temperatures to identify the tunnelling paths for the DA-exchange

process. The SDI was used to calculate the tunnelling rate from the instanton trajectories.

Unlike for the systems in Chapters 4 and 5, the SDI is very suitable for describing the system

in this work. Because the energy barriers studied have conventional parabolic tops, and no

near-zero temperature issues, such as having tunnelling paths below the ZPE, happen in

the temperature range considered. The instanton trajectories were obtained via first-order

saddle point search on the RP-PES, with the total force converged to below 0.02 eV/Å. 64

beads were used for the Feynman path integral instanton, and in Appendix G one can see

that even using 32 beads is enough to converge the effective tunnelling barrier.

6.3 Results

6.3.1 Water adsorption and diffusion pathways on Pd(111)

DFT predicts that the water monomer sits on the top site on Pd(111), at ∼ 2.4 Å above

the surface, in an almost flat geometry (Fig. 6.1). For the water dimer, the donor water

binds to the top site on the metal surface, because the HOMO orbital of a water dimer

is on the donor, which overlaps with the metal d orbitals to form a bond [238, 239, 252].

The acceptor water sits ∼0.7 Å higher than the donor water and can almost freely rotate

around it (with a small rotational barrier of ∼5 meV). Similar behaviour has been identified

experimentally on Pt(111) [231], where the STM image of a water dimer shows a six-fold

flower-like shape, indicating the acceptor water is rotating about the donor. The adsorption

energies of the water monomer and dimer are computed, which are defined as:

Ead = EH2O/M−EM−nH2OEH2O, (6.1)

where EH2O/M is the total energy of the H2O adsorpted metal surface system, EM is the total

energy of the relaxed bare metal slab and EH2O is the total energy of an isolated gas phase

H2O molecule. The water dimer adsorbs stronger than the monomer on Pd(111), due to

the formation of H-bonds between water molecules and to a well-known cooperative effect

which enhances the bond to the metal surface [245]. This is also reflected in the oxygen-

metal distance: the donor water in the water dimer is 0.1 Å closer to the surface than the

water monomer.

Translational diffusion potential energy barriers and TS geometries for water monomer
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Figure 6.1: Adsorption energies of water monomer and dimer on Pd(111). The insets show
the top and side views of a water monomer and a water dimer adsorbed on the
surface.

and dimer on Pd(111) obtained from the cNEB calculations are shown in Fig. 6.2. The water

monomer lies almost flat on the bridge site of Pd(111) at the TS, and the upright position

at the bridge site is slightly (∼12 meV, see Section 6.3.4 for more discussions) less stable

on Pd(111). For the water dimer translational diffusion process, three different transition

paths were considered, as shown in Fig. 6.2. In the dimer translation path 1 and 2, the donor

water moves in the direction 60 degree to the O-O bond direction. For path 1, the acceptor

water also translates, while for path 2, it stays still. The transition states found are similar,

where the donor water sits on the bridge site, and the acceptor water is on a top site for

path 2, while it is slightly translated for path 1. Their energies differ by only 2 meV, hence

we consider them as the same pathway in the discussions here. Interestingly, one can see

that the donor water in the dimer TS sits upright at the bridge site, which is different from

the monomer TS where the water lies flat at the bridge site. This is because when another

water is added, the upright position at the bridge site makes it easier to form a H-bond with

the acceptor water. And also the water monomer upright position at the bridge site is only

slightly higher in energy than the flat position. Dimer translation path 3 is the path where

the water dimer moves along the direction of the O-O bond in the dimer. In the TS, the

donor water sits at the bridge site on the surface, and one can consider this TS as the TS in

path 2 rotated 90 degrees about the donor water. Path 3 has a energy barrier 80 meV higher

than path 1 or 2, hence it is unfavourable. The water dimer translational diffusion barrier is

slightly higher but similar to the water monomer diffusion barrier. ZPE effects reduce the
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Figure 6.2: Diffusion barriers of water monomer and dimer translational diffusion. The
insets show water monomer diffusion TS and three possible water dimer trans-
lation TS geometries. The side view observed from [12̄1] direction.

water monomer and dimer translational diffusion barriers by similar amounts (26 meV and

33 meV respectively).

Apart from the translational diffusion discussed above, a novel “Waltz”-like water

dimer diffusion mechanism was proposed [247] as a possible candidate. As illustrated in

Fig. 6.3, the acceptor water can rotate around an axis perpendicular to the surface at the

donor water, which only need to overcome a small hindering barrier. The result of this step

is that the acceptor water can relocated itself above different Pd atoms. The water molecules

then exchange their roles as H-bond donor and acceptor. After the DA-exchange, the dimer

restores its asymmetric adsorbed structure – the new acceptor water starts to revolve around

the new donor, resulting in a net displacement of the dimer by one lattice spacing.

The process of the two water exchanging their roles is the key step in this diffusion

mechanism, and there are many pathways for this DA-exchange step. All of the different

pathways can be identified by considering the possible permutations of the atoms in the

water dimer. They can be categorised into three categories: “twist-twist” pathways, “twist-

flip” pathways, and “flip-flip” pathways (see Fig. 6.4). In the twist-twist mechanism, the two

water molecules rotate in the plane parallel to the surface, while the two O atoms switch

height. The rotation of a water molecules in the plane parallel to the surface is referred to

as a “twist”. For the twist-flip pathways, one water molecule performs a “twist”, while the
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Figure 6.3: Illustrations of the “Waltz”-like water dimer diffusion via DA-exchange, from
the top view (upper panels) and the side view observed from [12̄1] direction
(bottom panels). The acceptor water can rotate nearly free around the donor
water, relocating itself on different Pd atoms. Via exchanging the donor and
acceptor roles, the water dimer effectively diffuse to an adjacent top site.

Twist-Twist Twist-Flip Flip-Flip

183 meV 308 meV

Figure 6.4: Illustrations and TS geometries of the 3 categories of water DA-exchange path-
ways. The top panels show the initial states (top view) and the blue arrows
indicate the movement of the water molecules in the DA-exchange pathways.
The bottom panels show the TSs (top view) found for the DA-exchange path-
ways. For the flip-flip pathway, the bottom panel shows the initial guess of
the TS, however, in the cNEB calculations the TS converged towards the twist-
twist TS, hence it is crossed out. The idea of the three categories is contributed
by our collaborator Jeremy.

other water rotates around one of its two O-H bonds, which referred to as a “flip”. The

flip-flip pathways are mechanism in which both waters perform a “flip” to rearrange the

H-bond.
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The energy barrier for the twist-twist water dimer DA-exchange mechanism is 183

meV. The other DA-exchange pathways tend to be less favourable than the twist-twist path-

way, as non of the other TS would be more preferable than having the waters lying flat on

the top site. I have also performed cNEB calculations for examples of twist-flip and flip-flip

DA-exchange pathways. The results show that the twist-flip example (TS shown in Fig. 6.4)

has a significantly higher potential energy barrier of 308 meV, while for the flip-flip path-

way it converges towards the twist-twist TS during the optimisation. Hence, the discussion

of the DA-exchange process is focused on the twist-twist pathway. The energy barrier of

the twist-twist DA-exchange is slightly higher though very close to the dimer translational

diffusion, and ZPE reduces the this barrier by 25 meV. This indicates that even classically,

(within the DFT accuracy) the DA-exchange is competitive to the dimer translational diffu-

sion mechanism.

6.3.2 Tunnelling assisted water dimer diffusion

Different to the translational diffusion mechanisms, the DA-exchange majorly involves the

rearrangement of the H-bond by the movement of the light mass H atoms. Hence, at the

low temperatures where the experiments were carried out [226], it is necessary to consider

the effects of quantum tunnelling in the DA-exchange diffusion processes. The first step is

to look at the crossover temperatures Tc
2, which indicates the temperature near and below

which tunnelling contributions should be considered. The DA-exchange mechanism for

H2O has a Tc of ∼40 K, meaning that the experimental temperature (40 K) [226] is around

the crossover temperature of this process. For D2O, the DA-exchange Tc is lower (∼30

K). On the other hand, for monomer and dimer translation process, the Tc is low (< 20

K), suggesting that tunnelling would not play an important role in these processes at the

temperatures in the experiment.

To quantitatively obtain the tunnelling contributions to the DA-exchange process, I

searched for “instantons”, which represent the most favourable tunnelling pathways for

this process at different temperatures. The instanton search (first order saddle point search

on the RP-PES) is very difficult for this system because the imaginary frequency of this

reaction is small (less than 200 cm−1). I found them using a combination of first order

saddle point optimisations, and minimisation with constraints (i.e. constraining the bead

2See Eq. 2.42 for the definition and physical meaning of the crossover temperature for parabolic-top barriers.
Note that Tc is not a clean cut line that determines whether tunnelling happens or not.
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in the middle). The Hessian has to be re-calculated (1-2 times), or re-extrapolated 3 a few

times when necessary. Once an instanton is found at one temperature, it can be used as an

initial guess for temperatures close to it. Fig. 6.5 shows the geometries of the instantons at

different temperatures. Indeed, the instanton theory predicts that the rearrangement of the

40 K

35 K

30 K

25 K

Shallow

tunnelling

Deep

tunnelling

Figure 6.5: Geometries of the RP instantons (top view) for the water dimer DA-exchange
process at different temperatures. The delocalisation of each atom shows their
tunnelling distance.

H-bond is achieved via tunnelling rotation of the water molecule below 40 K. At 40 K, the

H in the instanton path is less delocalised, suggesting that shallow tunnelling is dominate

at this temperature. As the temperature decreases, the tunnelling path gradually becomes

extended, indicating a transition to deep tunnelling.

In addition, the instantons also reveal that O tunnelling plays an important role for

3Using a linear combination of the bead Hessians which have been calculated for another RP instanton.
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Figure 6.6: O tunnelling distance (as a percentage of the O height change of the DA-
exchange process) of the instanton path at different temperatures for H2O and
D2O. Side views of the instantons indicated by the arrows, and the instanton
with classical O are shown.

water dimer DA-exchange. O tunnel ∼38% of the distance of the DA-exchange process

at 25 K (Fig. 6.6). It suggests that at the deep tunnelling regime of the DA-exchange, the

tunnelling rearrangement of the H atoms happens simultaneously with the height exchange

(also assisted by quantum tunnelling) of the O atoms. This finding is a departure from the

previously established picture where two water molecules first have to come to the same

height and then from there tunnelling can happen. In fact, the eigen-vector of the imaginary

mode at the classical TS contains O movement, supporting that the delocalisation of the H

and O can not be separated. If O were classical (by making O atoms ten times as heavy

in the instanton search) at 25 K, the S action (see Eq. 2.38) of the instanton path will be

higher by what corresponds to a ∼2 orders of magnitude slow-down in the tunnelling rate.

Refraining O tunnelling also increases the instanton energy (Eq. 2.39, the energy needed to

reach the most favourable tunnelling path) from 57 meV to 90 meV, making it almost the

same as the energy to bring the two water molecules to the same height. This means that the

previously established picture will be correct if the O atoms were classical. With quantum

O, the “non-adiabatic coupling” between H tunnelling and O tunnelling is important in the

deep tunnelling regime.

Analysing the instanton trajectories answers the question of, quantitatively, how much



6.3. RESULTS 111

does the quantum DA-exchange barrier differ from the classical DA-exchange barrier on

Pd(111). One can define the effective barrier reduction due to quantum tunnelling as:

∆Et =
1
β

log
kinst

kEy
, (6.2)

in which kinst is given in Eq. 2.41, kEy is the Eyring TST rate in Eq. A.3 (in the N bead

limit). The reason behind this definition is that quantum contributions to the rate can be

qualitatively separated into ZPE effects and quantum tunnelling, since the Eyring rate only

incorporates the ZPE effects, the ratio between the instanton rate and Eyring rate is the tun-

nelling contributions. Fig. 6.7 shows that in the shallow tunnelling regime (40 K), quantum

tunnelling can bring down the DA-exchange barrier by ∼15 meV. Going to the deep tun-

nelling regime (25 K), the barrier reduction increases to ∼40 meV. The barrier reduction

at 25 K is larger enough to reverse the ordering DA-exchange barrier and the translational

diffusion barrier of water monomer or dimer. This quantitative insight show that if the en-

ergy barrier gaps between different water mechanisms are not large (. 40 meV), quantum

tunnelling effects may be significant enough to make water DA-exchange mechanism faster

than other mechanisms at low temperatures (∼25 - 40 K). It is possible that this finding

can be used as a first estimation of quantum effects in water diffusion problems beyond on

Pd(111). For D2O tunnelling is much less important, with only 17 meV barrier reduction at

the lowest temperature studied (25 K).

6.3.3 Comparison of diffusion rates with experiments

Can tunnelling explain the experimental observation that the water dimer diffuses faster

than the water monomer on Pd(111)? To answer this, the theoretical rate for the water DA-

exchange, the monomer and dimer translational diffusion processes, are compared with the

experimental rates. The translational diffusion processes are above their crossover temper-

atures, hence the Wigner rate expression (Eq. A.4) was used in the rate calculations. All the

rates were corrected for the finite size effects, using the barrier difference between the 3×3

cell and 9×9 cell given in Appendix G. The rates, as a function of temperature are shown in

Fig. 6.8. The monomer diffusion rates are in good agreement with the experiment. The rate

of water dimer diffusion via D-A exchange exceeds the rate of water monomer diffusion at

around 35 - 40 K due to quantum tunnelling, also in good agreement with experiment. The

theoretical diffusion rates show that the fastest diffusion mechanism indeed changes with
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Figure 6.7: Effective barrier reduction due to quantum tunnelling (∆Et) versus temperature
for the DA-exchange process of H2O and D2O. Only one instanton calculation
is performed for D2O because it has a low Tc of 30 K.

temperature, and at low temperatures (< 35 K), the dimer diffusion via DA-exchange will

become dominant.

6.3.4 Water diffusion behaviour on a variety of metal

Going beyond the interesting findings on Pd(111), one may wonder, does water have similar

or very different diffusion behaviours on other (111) metal surfaces? To address this, I also

performed DFT calculations for water diffusion on Ag, Cu, Pt, and Rh. Water monomers

and dimers do not favour dissociation on these surfaces [240, 243].

Firstly, water adsorption on these transition metals are compared in Table 6.1, the re-

sults are consistent with previous studies [238,239,245,252]. One can see that the transition

metals considered here cover a range of adsorption strength: the water monomer adsorption

energy increases in the order Ag, Cu, Pt, Pd, Rh, with the water binding twice as strong

to Rh compared with Ag. The water dimer adsorption energies have the same ordering as

the monomer, and they are larger than two times the monomer adsorption energies for all

the metals considered. The adsorption geometries are similar across all the metals, for both

the monomer and dimer, where the monomer and the donor water in the dimer adsorb on

the top site on these surfaces. The O-O distance of a water dimer on transition metal (111)

surfaces is 0.1 - 0.2 Å shorter than in the gas phase, indicating the hydrogen bond in the
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Figure 6.8: Diffusion rates versus temperature for the water monomer and dimer diffusion
processes. Experimental rates from ref. [226] are shown for comparison. The
blue area marks the temperature regime where the dimer diffusion becomes
faster than the monomer diffusion.

water dimer becomes stronger on the metal surfaces. In general the adsorption geometries

are related to the adsorption energies and the lattices, where stronger adsorption energies or

smaller lattice constants lead to shorter the distances of the adsorbed water to the surface.

lattice (Å) h mono. (Å) h dimer (Å) dOO (Å) Emono.
ad (eV) Edimer

ad (eV)
Ag 4.13 2.60 2.48 2.78 0.287 0.807
Cu 3.63 2.37 2.23 2.75 0.318 0.903
Pt 3.98 2.41 2.28 2.70 0.426 1.099
Pd 3.94 2.38 2.27 2.73 0.456 1.117
Rh 3.83 2.32 2.23 2.71 0.533 1.218

Table 6.1: Water monomer and dimer adsorption geometry and energy on different transi-
tion metal (111) surfaces. The lattice parameters are predict by the optB88-vdW
functional, which show good agreement with the experimental lattice parame-
ters [253]. “h mono.” is the height of the O atom in the water monomer to the
surface. “h dimer” is the height of the O atom in the donor water of the dimer
to the surface. “dOO” is the O-O distance in the adsorbed water dimer. The
monomer and dimer adsorption energies are defined in Eq. 6.1.
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The water monomer and dimer translational diffusion barriers, and the water dimer

DA-exchange barriers have been obtained via cNEB calculations. The results (Fig. 6.9)

show that the diffusion barriers are very different across different metals, for example, the

water dimer is almost free to diffuse on Ag, but not on any other metals. The monomer
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Figure 6.9: Potential energy barriers for water monomer translational diffusion, dimer
translational diffusion, and dimer DA-exchange processes on Ag(111),
Cu(111), Pt(111), Pd(111), and Rh(111).

diffusion barrier correlates with the water monomer adsorption energy quite well, showing

that stronger adsorption leads to higher monomer diffusion barrier. Interestingly, the TS

geometries are not the same across all the metals. On Ag and Rh, which has the weakest and

the strongest adsorption energy among the metals considered, the water monomer favours

the upright position in the TS (see Fig. 6.10). Even starting the TS optimisation from the flat

position arrives at the upright TS, indicating that the flat position is not a TS on these two

metals. On the other hand, the monomer TS for Cu, Pt, and Pd has an almost flat position.

The upright position is in fact also a TS, with slightly higher energies: 14, 21, and 12 meV

higher than the flat position for Cu, Pt, and Pd respectively.

For the water dimer translational diffusion barriers, the correlation with adsorption

energy holds less well. Although, it seems that metals with stronger adsorption energy

(Pt, Pd, and Rh), have larger dimer translation barrier than metals on which water adsorbs
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weaker (Ag, Cu). The water dimer TS geometries are very similar across all the metals

studied. Another possible TS (TS3 in Fig. 6.2), which is not favourable on Pd, is also

considered for Pt and Rh as examples. This TS geometry is 50 meV less stable on Pt and

on Rh it is not found with cNEB optimisations, hence it is highly unlikely to be relevant.

The DA-exchange barriers show an interesting trend in which it first increases then

decreases with increasing binding strength. No correlation between DA-exchange barrier

and lattice constant or adsorption height is found. The quantity that offers the most insight

to the DA-exchange barriers found so far is Edimer
ad −2Emono

ad , which Cu and Pt has the largest

(∼250 meV), while Pd and Ag has lower, and Rh has the lowest (150 meV).

Ag

Cu

Pt

Pd

Rh

monomer
diffusion

dimer
diffusion

low

dominating
process

T

monomer

dimer

dimer

monomer

dimer

dimer
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Figure 6.10: Water monomer and dimer diffusion mechanisms on the (111) surface of Ag,
Cu, Pt, Pd, and Rh. The first two columns show the transition state geome-
tries with the lowest potential energy barrier for water monomer and dimer
diffusion respectively. Column three shows the fastest diffusion process on
the surfaces. Transition to a different diffusion process at low temperatures is
indicated with an arrow.
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Comparing the diffusion barriers reveals the most favourable diffusion mechanism on

the different metal (111) surfaces. A summary is given in Fig. 6.10, which displays a range

of different behaviours. On Ag(111) and Rh(111), the water dimer diffuses faster than

the monomer regardless of the temperature. However, the dimer diffusion mechanisms are

very different: on Ag a water dimer diffuses via classical translational motion, while the

DA-exchange barrier is very high hence unlikely to be relevant even if this barrier can be

reduced via quantum tunnelling. While on Rh, DA-exchange is predicted to be the main dif-

fusion mechanism. On Cu(111) the water monomer diffuses slightly faster than the dimer.

The DA-exchange barrier is also too large to be relevant. On Pd(111), DFT predicts the

water dimer and monomer will have similar diffusion barriers at higher temperatures. The

water dimer can diffuse either through translation or DA-exchange as the energy barriers are

very close to each other. When the temperature is lowered to 40 K or below, quantum tun-

nelling will make DA-exchange the fastest diffusion mechanism on this surface. Pd(111)

is not the only surface where a change of the fastest diffusion mechanism can occur via

quantum tunnelling – it could happen on Pt(111) as well. The DA-exchange barrier is only

30 meV higher than the monomer diffusion barrier, making it possible to become faster

than monomer diffusion at low temperatures. Unfortunately, the water diffusion barriers

on Pt(111) are relatively high, making it unfeasible to observe the change in the fastest

diffusion mechanism at low temperatures with STM.

DA-exchange dimer trans. mono. trans.
Tc (K) Tc D2O (K) ZPE (eV) Tc (K) ZPE (eV) Tc (K) ZPE (eV)

Ag 45 32 -0.020 9 -0.014 11 -0.025
Cu 44 32 -0.026 12 -0.021 17 -0.025
Pt 41 30 -0.020 22 -0.040 19 -0.044
Pd 39 29 -0.017 17 -0.025 21 -0.030
Rh 40 29 -0.019 22 -0.028 23 -0.039

Table 6.2: Crossover temperatures Tc for the H2O dimer DA-exchange, dimer translational
diffusion, and monomer translational diffusion processes on a range of transition
metal (111) surfaces. The ZPE corrections (for H2O) to the barriers are also
given.

The crossover temperatures (Eq. 2.42) and ZPE corrections have been calculated for

all the diffusion processes considered (Table 6.2). The Tc for the translational diffusion

processes are at around 20 K or lower, and only slightly lower for D2O, suggesting that H

movement is not strongly involved in this type of processes. For the monomer translational
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diffusion processes, in general, the larger the diffusion barrier, the higher the Tc, and the

larger ZPE reduces the barrier. Similar trend is observed for the dimer translation. The

DA-exchange Tc for all the metals considered are around 40 - 45 K, suggesting that NQEs

are only relevant at low temperature. ZPE corrections around 20 meV are observed for

DA-exchange.

These findings not only enhance our insight on the kinetics of water adsorbents on

metal surfaces, but also provide guidance for future experiments in water diffusion on metal

surfaces. Theory predicts that water dimer diffusion on Rh(111) is interesting, as it happens

through DA-exchange and tunnelling in this process will become important below ∼40 K.

Instanton rate calculations for this process could be done in the future. I expect that non-

Arrhenius behaviour of the water dimer diffusion rate (in a temperature range of 20 - 40 K)

will be predicted, which could be observed in future experiments using techniques such as

STM.

6.4 Discussion

6.4.1 The importance of van der Waals interaction

Dispersion interactions are expected to be important to water adsorption and weak adsorp-

tion systems in general [232, 241, 244, 254]. It has been shown that van der Waals inter-

actions are important to water adsorption on metal surfaces by increasing the water-metal

interaction energy by more than 0.1 eV per water (with respect to the PBE functional),

which is critical to the stability of wetting layers on metal surfaces [245, 255]. The binding

geometries of water clusters, however, change little by the inclusion of van der Waals in-

teractions [245]. Here cNEB calculations with the PBE functional are performed to discuss

the effects of van der Waals interactions on the water diffusion barriers on Pd(111). The

results in Fig. 6.11 show that the PBE functional predicts a lower water monomer diffusion

barrier compared to the optB88-vdW functional, while predicting a larger dimer transla-

tional diffusion barrier, and a drastically larger (by 60 meV) DA-exchange barrier. The TS

geometries for all the three processes considered, however, only change slightly from the

optB88-vdW functional to the PBE functional. The dimer diffusion barrier is ∼55 meV

higher than the monomer barrier with the PBE functional, indicating that the difference be-

tween the monomer and dimer diffusion barriers shrinks significantly when van der Waals

interactions are accounted for, reaching better agreement with the experiments [226]. In

the absence of dispersion, the monomer diffusion will likely always be faster than dimer
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Figure 6.11: Comparison of the water monomer and dimer diffusion barriers on Pd(111)
calculated with the PBE functional and the optB88-vdW functional.

diffusion and the DA-exchange process is unlikely to be relevant due to the high energy

barrier.

6.4.2 Impact of other factors

Before concluding, other factors that could impact the diffusion process are discussed here.

Firstly, in STM experiments a bias voltage, on the order of 0.1 V, is applied between the
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Figure 6.12: Dependence of the diffusion barrier on the external electric field applied per-
pendicular to the slab.

substrate and the STM tip. This results in an weak electric field (on the order of 0.01 V/Å)

the water molecules on the surface can feel. With this in mind, cNEB calculations with
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external electric fields applied perpendicular to the slab was performed. The results, shown

in Fig. 6.12, show that the weak electric field in the STM experiments barely affects the

water diffusion barriers. The dimer TS barely changes, while the tilt angle of the water

monomer in the TS can be slightly affected by the weak electric field.

The contribution of the anharmonic effects of the water dimer rotation around the axis

perpendicular to the surface is also considered. The harmonic frequency of this rotation

mode on Pd(111) is 28 cm−1. The rotation barrier (calculated with cNEB) is ∼5 meV,

which larger than, but comparable to, kBT or the h̄ω of that mode. I calculated the hindered

rotor partition function [256], and compared it to the harmonic quantum partition function

of the acceptor water rotation mode. They are very comparable, the hindered rotor partition

function is only a factor of 3 as large as the harmonic approximation. In the free rotor limit,

the single axis rotational partition function,

Zrot =

√
2πI

β h̄2n2
r
, (6.3)

in which I is the inertia for the rotational axis, nr = 6 is the number of rotational minima,

will contribute a factor of ∼5 reduction in the dimer prefactor for the temperature range

considered (25 - 40 K). The water monomer also has a rotation mode around the axis per-

pendicular to the surface, with a harmonic frequency of 47 cm−1. The free rotor partition

function is within a factor of 2 with the harmonic approximation. Hence, the anharmonic

rotation partition functions do not have a big impact on the diffusion rate prefactors here.

Lastly, the possibility that the fast moving dimer species observed experimentally are

H2O-OH clusters, rather than pure H2O-H2O dimers is considered. The formation of an

isolated half dissociated water dimer on Pd(111) is difficult even if this process is assisted

by quantum tunnelling, because the dissociated state (hydrogen at an adjacent FCC site) has

a potential energy∼ 0.38 eV higher than the undissociated state. Although water forms par-

tially dissociated over-layers on transition metal surfaces [232,241], there is no experimen-

tal indication that an isolated water monomer or dimer will dissociate on a clean Pd(111) at

low temperature.

6.5 Conclusions

To conclude, this chapter reports the first ab initio quantitative study of quantum tunnelling

for water diffusion on Pd(111). DFT calculations show that, when van der Waals interac-
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tions are accounted for, the classical water monomer and dimer diffusion energy barriers

becomes very close, with the dimer diffusion barriers being only slightly higher. Instan-

ton calculations show that shallow tunnelling happens for water dimer diffusion via DA-

exchange at ∼40 K, and gradually becomes deep tunnelling at 25 K, where tunnelling can

reduce the DA-exchange barrier by ∼40 meV. In advance to previous studies, this work

identified that O tunnelling is also important for this process. The DA-exchange rate ex-

ceeds the monomer diffusion rate at ∼40 K, in good agreement with experiment [226].

In addition, a systematic study of water diffusion on a variety of transition metal (111)

surfaces covering a wide range of water adsorption strength, has been performed. A range

of different behaviours have been observed: on Ag(111) and Rh(111), the water dimer al-

ways diffuses faster than the monomer, but the dimer diffusion mechanism is different on

these two metals. Pd(111) is not the only surface where a change of the fastest diffusion

mechanism can occur via quantum tunnelling – it could happen on Pt(111) as well. On

Cu(111) the water monomer diffuses slightly faster than the dimer, and NQEs will be in-

significant above ∼20 K. These findings provide guidance for future experiments in water

diffusion on metal surfaces.



Chapter 7

General Conclusions and Outlook

This thesis focused on understanding NQEs using molecular simulations. Different from

works based on models, realistic systems were explicitly simulated and investigated. This

is made possible thanks to the modern computational power and robust methods developed

in recent years. Due to the small mass of H, NQEs can play an important role in H-bonded

systems and reactions that involve H tunnelling, and these systems were probed extensively

in this work. In this section, the findings in all the works described in this thesis will be

joined together, from which general conclusions and significance in the field will be high-

lighted, as well as how these results influence future developments and studies of relevant

fields.

The first topic of this thesis, discussed in Chapter 3, is understanding NQEs on the

stability of H-bonded systems, directly from an energetic perspective, in advance to pre-

vious works which focused on geometric effects. This was achieved using the mass-TI

method developed, together with DFT which describes the electron interactions quantum-

mechanically. The results studying the DNA base pair complexes showed that NQEs

strengthen the binding of both AT and CG complexes at room temperature by ∼20 meV. In

addition, a counter-intuitive temperature dependence was observed for the first time, where

the impact of NQEs are smaller at 100 K. Analysis of the results concluded that, the impact

of NQEs on the stability of H-bonded systems can be well understood by and attributed

to the quantum kinetic energy, or similarly, ZPE effects. Upon forming a HB, the high-

frequency (covalent bond stretching) modes are softened, hence quantum kinetic energy is

lost and the system is stabilised. This stabilisation, however, is offset by the quantum kinetic

energy gained when low-frequency modes are hardened or created upon forming the com-

plex. The seemingly anomalous temperature dependence arises from a balance between
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the competing quantum effects associated with low-frequency and high-frequency modes

of vibration. This finding is consistent with the previously known competing quantum ef-

fects between HB stretching and HB bending, in fact, putting a clearer rational behind the

previous picture.

One key aim, of course, is to gain insight into the impact of NQEs on the stability of a

given system, without performing the expensive path-integral simulations. This seems to be

feasible, as the simulations show that this can be captured qualitatively in the harmonic ZPE

limit, hence simply by looking at the vibrational frequencies of the system, one can have

an estimate of how NQEs will change the system’s stability. With the insights obtained, a

simple model based on the CQEs has been developed for predicting the impact of NQEs

on binding free energies of hydrogen bonded complexes in general and its temperature

dependence. The next step of this work in this aspect is to build more sophisticated models,

to quantitatively predict the impact of NQEs for a given H-bonded system. A possible way

to achieve this is to preform mass-TI simulations on a variety of model systems, and train

a machine learning model from these results. Other future works include understanding

NQEs in other important HB systems with the mass-TI method, studying how solvents

impact the NQEs on H-bonded systems, etc. This work will likely impact future studies on

biomolecules.

The second topic of this thesis is quantum tunnelling, which has yet to be extensively

studied with ab initio simulations, especially on surfaces. Chapters 4 and 5 focused on

hydrogen diffusion phenomena on metal surfaces, in particular, Chapter 4 focused on a sys-

tematic study of a variety of metal surfaces, while Chapter 5 specifically studied one surface

with a newly developed multidimensional method. The highlights of the findings are the

novel physical phenomena identified: the distinct diffusion behaviour on broad-top barri-

ers; and a possible diffusion path that does not exist classically, enabled purely by quantum

corner-cutting effects. DFT calculations show that broad-top barriers exist more common

than previously known, resulting from the relatively large distance between the adsorption

sites and the nature of the H-metal bonding. The broad-top barriers, in contrast to the

parabolic-top barriers widely assumed in theoretical studies of quantum tunnelling, support

classical over-the-barrier mechanisms over a wide temperature range, until passing through

a sharp transition to deep tunnelling, during which both classical and deep-tunnelling are

supported simultaneously. The qualitatively distinct behaviours can be understood by the
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convex or concave shapes of the transmission action of the barrier, bridging the relation

between the diffusion mechanism with the barrier shape. Theoretically, the coexistence in-

dicates that multiple quantum TSs can contribute to the reaction rate, in direct contrast to the

classical TST picture where the rate is determined by only one TS. Despite the long history

of theories for general tunnelling phenomena, little has been understood about broad-top

barriers or tunnelling over classically forbidden pathways, Chapters 4 and 5 injected inter-

est in the field with the new phenomena predicted.

In addition, these findings on the H diffusion mechanism have experimental implica-

tions, which are useful for interpreting previous experiments and provide guidance for fu-

ture experiment designs. A new definition of the classical to quantum crossover temperature

(TW ) valid for broad-top barriers is proposed, furthermore, the crossover temperature pre-

dicted with TW reached quantitative agreement with previous experimental measurements

and simulation studies. A rapid onset of isotope effects near TW is predicted as a possible

experimental characterisation for the broad-top barriers. And finally, classically forbidden

pathways should be considered when interpreting diffusion experiments as they can be pos-

sible due to quantum tunnelling.

Apart from H, the diffusion of some molecule clusters can be assisted by quantum

tunnelling as well. In Chapter 6, tunnelling assisted water dimer diffusion on Pd(111) was

studied using the ab initio instanton method. The results reached good agreement with

previous experiments that the water dimer can diffuse faster than the water monomer on

Pd(111) at low temperatures (around and below 40 K). They also provide a quantitative

insight into how much quantum tunnelling reduces the water dimer DA-exchange barrier,

which could be useful for estimating the quantitative impact of quantum effects to surface

diffusion, without resorting to expensive quantum rate calculations. Advancing on previous

studies, the instantons revealed that O tunnelling is also important for this process. In addi-

tion, a systematic study of water diffusion mechanisms on a range of transition metal (111)

surfaces suggested that Pd(111) is not the only metal on which the fastest water diffusion

mechanism changes with temperature, and in general the favourable water diffusion mecha-

nism differs on different metals. The results also suggest that water dimer diffusion rates on

Rh(111) are worth calculating with ab initio instantons, and this might be an interesting sys-

tem to examine experimentally as well. These works push toward a general understanding

on tunnelling processes in a wide range of systems.
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The instanton rate theory used in this work seems to have promising applications for

calculating quantum reaction rates, as it has a good balance between accuracy and compu-

tational cost. The limitations of the conventional instanton approach have been discussed in

Chapters 4 and 5, enhancing the understanding of this theory. The recently developed TMI

can overcome the limitations of the conventional instanton, suggesting it will be suitable

for a wide range of tunnelling systems. The application of the TMI theory to multidimen-

sional systems described with DFT has been experimented in this work, and future work

continuing on the development and application of TMI is highly desired. There are many

potential follow-up works on quantum tunnelling, such as a systematic study on a variety

of tunnelling phenomena which leads up to building a general quantitative picture/model of

tunnelling contributions applicable to a wide range of reactions.

Overall with the works described in this thesis, the understanding of NQEs in H-

bonded systems and quantum tunnelling has been greatly advanced. Both qualitative and

quantitative insights of quantum effects in several systems have been obtained. However,

there are still many systems in which NQEs have not been fully understood. Materials,

for example water or H, under extreme conditions will likely display new features arising

from NQEs, which will be interesting to both experiments and molecular modelling. Also,

understanding experiments, such as DINS and STM measurements on interesting systems,

will remain a major interest area of NQEs. Outlooking into future materials and medicine

design, there will be a tremendous number of processes/reactions involving proton trans-

port [5], hydrogen diffusion [194], and H-bonding [185], strongly calling for and creating

opportunities for modelling of NQEs. I believe that modelling NQEs will become a main-

stream feature in materials simulations.

Of course, there are still a lot of challenges in this field. NQEs in non-adiabatic sys-

tems (i.e. [74,126]) is challenging even for theories, meaning we not only have to overcome

the BO approximation, but also require new major developments in the PI framework. De-

velopments of robust enhanced sampling techniques for path integral simulations is another

challenge and could become a major tool in understanding interesting processes such as

NQEs in ice nucleation, in the phase diagram of water and ice, and proton transport in

condensed phase systems.



Appendix A

Classical TST and its quantum corrections

The development of TST in the 1930s marks the beginning of modern reaction rate theory.

The beauty of TST is its simplicity, stating that the reaction rate is determined by the first

order saddle point (TS) on the PES between the reactant and the product. The dividing sur-

face passes through and is characterised by the TS, and upon ignoring recrossings through

the dividing surface gives the classical TST rate:

kcl-TST =
1

2πβ h̄
Z‡

Zr
e−βV ‡

. (A.1)

The classical TST rate is later found to be the zero time limit of the classical flux-side

correlation function, and the exact classical rate is its infinite time limit. The classical TST

rate in the harmonic limit simply becomes:

kcl-hTST =
1

2π

∏ωIS

∏ωTS
e−βV ‡

, (A.2)

in which ωIS and ωTS are the vibrational frequencies (square root of the eigenvalues of the

mass-scaled Hessian matrix) at the initial state and TS respectively. The product here omits

the imaginary frequency of the TS. The classical TST is very successful and widely used in

predicting reaction rate.

The first quantum correction to the classical TST is Eyring’s TST [257], in which sim-

ply the classical harmonic partition functions in Eq. A.2 are replaced by quantum harmonic

partition functions:

kEyZr(β ) =
1

2πβ h̄ ∏
j=2

1
2sinh(β h̄ω j/2)

e−βV ‡
. (A.3)



126

Hence the Eyring rate can basically be understood as correcting the classical TST rate with

(harmonic) ZPE. The Eyring rate in the N bead limit can be calculated using the N-bead

frequencies in Eq. 2.37.

The second correction one can “dress up” the classical TST with is the tunnelling

rate factor through a parabolic barrier top. This is known as the Wigner correction [258]

factor given by: β h̄ω‡/2
sin(β h̄ω‡/2) , which is derived for temperatures above Tc. However it quickly

diverges approaching Tc from above, making it not very practical to use. To prevent the

divergence, the second order Wigner correction is used in practice:

kW-s =

[
1+

1
24

(β h̄ω
‡)2
]

kEy, (A.4)

which is simply a second order Taylor expansion of the Wigner factor.



Appendix B

Nudged elastic band

The NEB [212] is a widely used method for finding MEPs between known reactants and

products. The method works by optimising a number of intermediate images along the

reaction path. Each image finds the lowest energy possible while trying to maintain equal

spacings to neighbouring images. This constrained optimisation is done by adding spring

forces between images, and more importantly, by projecting out the components of the

spring force perpendicular to the MEP that drags the images away from the MEP.

The main problem of the NEB method is that the intermediate images that represents

the MEP often do not include the TS, which is the maximum of the MEP and important for

classical rate calculations. The climbing image NEB [251] improved the NEB method in

which the highest energy image is climbing up to the TS. On this image, the spring forces

are removed, and instead the physical forces along the MEP are inverted. In this way, this

image tries to maximise its energy along the band, and minimise in all other directions.





Appendix C

Optimisation Methods

Optimisation, including (1st order) saddle point searches, on the potential energy landscape

of atomic interactions is a key procedure in atomic simulations. Reaction rates, tunnelling

paths, and geometric properties of molecular systems all rely on finding minima or saddle

points on the PES or RP-PES. Fortunately, the potential energy landscape of materials are

usually relatively “smooth” (meaning that deep minima are big basins) and not oscillatory.

The “smooth” feature suggests that local minima search methods are suitable for geometry

optimisation, and one can perform geometry optimisation from different starting geometries

to find the global minimum. One also has access to the forces in molecular simulations, and

in some cases the Hessian, further making it feasible to perform optimisations. This sections

give an overview of the standard iterative optimisation methods for geometry optimisation.

The gradient descent (steepest-descent) optimisation is a first order iterative optimi-

sation algorithm for finding the local minimum. At each iteration, one changes the current

geometry xk along the gradient of the potential. However this simple method suffers from its

slow convergence. An improved first order method is the conjugate gradient optimisation,

which finds a better descent direction than the gradient direction.

The Newton’s method is a second order optimisation algorithm which have faster con-

vergence than the first order algorithms. In each iteration:

xk+1 = xk−αkH−1(xk)∇V (xk), (C.1)

in which V is the PES, H is the Hessian matrix. One can understand this as gradient descent

in the eigenvector space. The eigenvector space can characterise the intrinsic motions of

the system (e.g. bond stretching, bond bending), hence it is much effective than a blind

gradient descent in the Cartesian space. 1st order saddle point search can be performed
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by “walking uphill” along the lowest (ideally negative) eigenvector using the procedure

described in [259]. In instanton optimisations, the sign of the lowest two eigenvalues may

not always be ideal, due to the fact they can be quite small. In this case “walking uphill” step

size needs to be slightly adjusted [260]. In some cases, saddle point searches can be reduced

to minimisation problems (or lower order saddle point searches) by applying constraints to

system to eliminate all (or some of) the negative eigenvectors.

The Hessian is usually computationally demanding in ab initio simulations, as one

need to perform finite displacement calculations. To avoid or reduce the need for expensive

Hessian calculations, quasi-Newton methods are commonly instead of Newton’s method.

Instead of calculating the Hessian matrix at each iteration, the Hessian matrix is approxi-

mated by performing an update from the previous Hessian. Alternatively, one can update

the inverse Hessian instead for optimisation problems to avoid diagonalization of the Hes-

sian matrix. There are many different formulas for the Hessian update, such as Powell and

BFGS [261]. It has been suggested that the BFGS update is the best for optimisation prob-

lems. The LBFGS method reduces the memory cost of BLGS by avoiding the need to store

the complete Hessian matrix, which is very advantageous for optimising large systems. For

saddle point search problems, it is unclear which update has the best performance. While

using quasi-Newton methods, it is recommended to give a good initial guess of the Hessian,

or even used the exact Hessian as the start. A good initial Hessian is very important for

instanton searches.

As the degrees of freedom increases, the diagonalization of the RP Hessian becomes

computationally demanding in instanton search. There are method designed for this pur-

pose such as the eigenvector following approach [262] and the dimer method [263]. These

methods are of course less stable than the quasi-Newton methods. It remains to be tested

how well they perform for instanton searches, but it is very desirable to avoid RP Hessian

diagonalization for large numbers of degrees of freedom.

Of course, there are other geometry optimisation methods based on very different prin-

ciples as the above, such as algorithms [264] based on damped molecular dynamics.



Appendix D

Chapter 3 supporting information

The convergence of the binding energy, heavy atom separation distance (d) and donor N-H

stretching frequency in the HBs with respect to the basis set and the plane-wave cutoff used

in the optB88-vdW functional calculations was examined. The binding energy is defined

as,

Eb = EM1:M2−EM1−EM2. (D.1)

E is the total energy of the relaxed geometry of the system. As shown in this chapter, NQEs

in HBs are essentially ZPE effects, hence obtaining converged HB vibrational frequencies

is essential to studying NQEs and should not be overlooked.

Basis set Eb (eV) dN-N (Å) dN-O (Å)

AT

DZVP -0.683 2.815 2.935
TZVP -0.668 2.821 2.944

TZV2P -0.657 2.823 2.946
TZV2PX -0.656 2.825 2.945
Basis set Eb (eV) dN-N (Å) dN-O (Å) dN-O (Å)

CG

DZVP -1.290 2.898 2.761 2.882
TZVP -1.265 2.901 2.763 2.885

TZV2P -1.254 2.901 2.762 2.884
TZV2PX -1.260 2.903 2.763 2.886

Table D.1: Convergence tests of the basis set for the AT and CG base pairs. The first ‘N-O’
is the stronger N-O HB in the CG base pair and the second ‘N-O’ is the weaker
N-O HB. A plane wave cutoff of 240 Ry is used. The setup used in the AIMD
and PIMD simulations is indicated in bold.

The test results on the basis sets are shown in Table D.1. The binding energies calcu-

lated using the optB88-vdW functional are in good agreement with CCSD(T) benchmark

studies [265, 266], in which the binding energy of the Watson-Crick AT (CG) base pair is

−0.67 (−1.25) eV. The TZVP basis set and larger basis sets all give binding energies within
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15 meV difference for both the AT and CG base pair, while the DZVP basis set overbinds

the complex by 30 meV. The H-bond lengths are not very sensitive to the basis sets, different

basis sets result in bond length differences less than 0.005 Å.

PW Eb (eV) dN-N (Å) [freq] dN-O (Å) [freq]

AT
240 -0.657 2.823 2701 2.946 3261
320 -0.673 2.823 2738 2.926 3253
600 -0.674 2.813 2720 2.921 3249
PW Eb (eV) dN-N (Å) [freq] dN-O (Å) [freq] dN-O (Å) [freq]

CG
240 -1.254 2.901 3031 2.762 2935 2.884 3248
320 -1.248 2.913 3038 2.779 2953 2.922 3239
600 -1.236 2.914 3038 2.785 2957 2.925 3238

Table D.2: Convergence tests of the plane wave (PW, units in Ry) cutoff for the AT and CG
base pairs. The ‘freq’ columns show the frequency of the stretching vibration
of the donor N-H in a HB, units in cm−1. The TZV2P basis set is used.

The test results on the plane wave cutoff are shown in Table D.2. All the different

settings predict binding energies within 3% of each other for both the AT and CG base

pairs. Comparing the H-bond length, for the AT base pair, the H-bond lengths differ by

0.025 Å or less between the cheap 240 Ry cutoff and the 600 Ry cutoff. For the CG base

pair, using a 320 Ry cutoff predicts better H-bond lengths than the 240 Ry cutoff. Despite

that one H-bond is 0.04 Å shorter than the fully converged result, the frequency of that H-

bond is only 10 cm−1 higher than the 600 Ry result, hence a 240 Ry cutoff is used because

it is sufficiently accurate and cheap enough to enable us to run long PIMD simulations.

For the PBE0 functional, the convergence of the binding energy, heavy atom separation

distance and donor N-H stretching frequency in the HBs with respect to the ADMM basis

sets (FIT3, pFIT3 and aug-pFIT3) and the plane wave cutoff used was examined. Table D.3

shows that all the ADMM basis sets and PW cutoffs predict good binding energies that

are within 3% error of the all-electron result. By only looking at the binding energy, one

could not tell much difference between these different settings. Comparing the results with

different ADMM basis sets, one can see that despite the different basis sets predicting H-

bond length within 0.006 Å of each other, the FIT3 basis gives very different H-bond

stretching frequencies from the other two. This indicates that the FIT3 ADMM is not good

enough and it is necessary to include polarisation functions in the ADMM (pFIT3). There

is very little difference in performance between pFIT3 and aug-pFIT3, while the aug-pFIT3

is 50% more expensive than pFIT3. Comparing the results with different PW cutoffs, one
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can see that the H-bond length and frequencies are reasonably converged at 320 Ry.

ADMM Eb (eV) dN-N (Å) [freq] dN-O (Å) [freq]
FIT3 -0.586 2.869 2968 2.944 3415

pFIT3 -0.570 2.873 3015 2.949 3441
aug-pFIT3 -0.593 2.874 3020 2.950 3446

PW Eb (eV) dN-N (Å) [freq] dN-O (Å) [freq]
240 -0.570 2.873 3015 2.949 3441
320 -0.567 2.852 2962 2.902 3398
600 -0.571 2.843 2957 2.901 3404

All-electron -0.580 2.833 2915 2.891 3386

Table D.3: Convergence tests of the ADMM basis set and plane wave (PW, units in Ry)
cutoff for the AT base pair using the PBE0 functional. The TZV2P basis set was
used here. The ‘freq’ columns show the frequency of the stretching vibration of
the donor N-H or N-H in an HB, units in cm−1. The all-electron calculations
were performed in NWChem [267], using the aug-cc-pVTZ basis set and the
PBE0 functional. Counterpoise correction is done for the binding energy, the
BSSE is small (8 meV) for the aug-cc-pVTZ basis set.
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Figure D.1: Convergence of ∆Fc→q
b with respect to simulation time. It is clear that ∆Fc→q

b
is reasonably well converged for runs longer than 15,000 steps.

The convergence of our ab initio mass-TI simulation results with respect to simulation

time are shown in Fig. D.1. For a 5 ps mass-TI simulation, the total simulation data contains

5×7×3 = 105 ps of PIMD simulations. It is clear from Fig. D.1 that ∆Fc→q
b is reasonably

well converged with respect to simulation length runs longer than 15,000 steps (7.5 ps for

0.5 fs timestep).
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Chapter 4 supporting information

E.1 DFT setup

To obtain reliable H diffusion barriers, the precise DFT setup for each system was deter-

mined after a careful set of tests. The convergence of the adsorption energies is examined:

Ead = EH+surf−Esurf−1/2EH2 , (E.1)

with respect to the plane wave energy cutoff, K-points, and number of layers in our DFT

calculations on the high symmetry adsorption sites on the various surfaces discussed in the

manuscript. I also examined the convergence of the relative energy difference between the

high symmetry sites on the surfaces. The top two layers of surface atoms are flexible in our

calculations.

metal En-cut (eV) K-points unit cell N layers Ead 3H Ead SB ∆E (eV)
Pd 350 4×4×1 2×3 7 -0.525 -0.445 0.080

350 4×4×1 2×3 8 -0.512 -0.410 0.102
350 6×6×1 2×3 8 -0.503 -0.405 0.098
350 4×4×1 2×3 10 -0.523 -0.435 0.088

Ni 400 4×4×1 2×3 8 -0.432 -0.368 0.064
500 4×4×1 2×3 8 -0.434 -0.370 0.064
400 6×6×1 2×3 8 -0.429 -0.364 0.065
400 4×4×1 2×3 10 -0.442 -0.376 0.066

Table E.1: Convergence of the plane wave energy cutoff, K-points, and number of layers
for the DFT calculations on the (110) surface of Pd and Ni. The Ead (units in
eV) of the pseudo-3-fold hollow site (3H) and the short bridge site (SB) are com-
pared, and ∆E is the energy difference between the two sites. The parameters
used in the NEB calculations are given in bold.

The test results are given in Table E.1 ((110) surface), Table E.2 ((100) surface), and
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metal En-cut (eV) K-points unit cell N layers Ead H Ead B ∆E (eV)
Ni 400 5×5×1 2×2 8 -0.523 -0.426 0.097

500 8×8×1 2×2 10 -0.510 -0.405 0.105
Cu 400 7×7×1 2×2 8 -0.177 -0.065 0.112

500 9×9×1 2×2 10 -0.138 -0.048 0.090

Table E.2: Convergence of the plane wave energy cutoff, K-points, and number of layers
for the DFT calculations on the (100) surface of Ni and Cu. The Ead of the
hollow site (H) and the bridge site (B) are compared, and ∆E is the energy
difference between the two sites. The parameters used in the NEB calculations
are given in bold.

metal En-cut (eV) K-points unit cell N layers Ead FCC Ead HCP ∆E (eV)
Ni 400 5×5×1 2×2 8 -0.581 -0.568 0.013

500 7×7×1 2×2 10 -0.552 -0.542 0.010
Cu 400 7×7×1 2×2 8 -0.189 -0.175 0.014

500 9×9×1 2×2 10 -0.207 -0.192 0.015
Pd 350 4×4×1 2×2 7 -0.567 -0.525 0.042

350 6×6×1 2×2 8 -0.583 -0.550 0.033
Pt 400 5×5×1 2×2 8 -0.485 -0.445 0.040

400 9×9×1 2×2 8 -0.501 -0.462 0.039
500 9×9×1 2×2 10 -0.487 -0.450 0.037

Table E.3: Convergence of the plane wave energy cutoff, K-points, and number of layers
for the DFT calculations on the (111) surface of Ni, Cu and Pt. The Ead of the
FCC site and HCP site are compared, and ∆E is the energy difference between
the two sites. The parameters used in the NEB calculations are given in bold.

Table E.3 ((111) surface). A tight force convergence criterion (0.002 eV/Å) was used in the

geometry optimisation and nudged elastic band (NEB) calculations [212]. The parameters

used for the NEB calculations in the manuscript are given in bold, which converge the

relative energies of the adsorption sites to within 20 meV. The calculations on Ni surfaces

reproduces experimental adsorption energies reasonably well [268, 269] and agreed very

well with previous DFT studies [270].

The impact of different exchange-correlation functionals on the diffusion barriers is

also tested. To this end, NEB calculations with the PBE-D3 and optB88-vdW functional

for both a broad-top example (Ni(100)) and a parabolic-top example (Pd(111)) was per-

formed. These two functionals incorporate dispersion interactions, which are not captured

with the PBE functional that was used throughout this study. The results are shown in

Fig. E.1(a). Overall I have not found any example where a change in functional led to a

qualitative change in the nature of the diffusion profile. Different functionals, as expected,
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Figure E.1: (a) Comparison of the effect of functionals on the H diffusion barriers. The
points are obtained from NEB calculations. (b) Comparison of the impact of
ZPE of H on the barrier shape.

yield slightly different energy barriers but in all cases the broad top barriers remain broad

topped and the parabolic barriers remain parabolic.

Also the impact of ZPE on the shape of the H diffusion barriers was considered. Two

examples, Cu(100) and Ni(100), are shown in Fig. E.1(b), one can see that the shape of the

barriers changed little. ZPE increased the barrier height, this is because the transition states

have more higher-frequency vibrational modes than the initial state.

E.2 RPMD simulation details

The ring polymer molecular dynamics (RPMD) rate [111], is calculated using the Bennett-

Chandler method [121] that separates the rate into a dynamical factor multiplying a free

energy term [119, 120]. The free energy barriers were calculated using the potential of

mean force method. 60 beads were used for the imaginary time path integral. The same

number of beads was used for the instanton calculations, and the rates were converged

with respect to the number of beads. A timestep of 0.5 fs was used and each simulation



138 E.2. RPMD SIMULATION DETAILS

ran a total of 20500 steps at each constrained centroid position, with the first 500 steps

discarded for equilibration. With this simulation length, the average forces on the centroid

of H have been converged to 10−3 eV/Å. The free energy barriers obtained are shown in
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Figure E.2: Free energy barriers for the RPMD rate calculated with the potential of mean
force method at different temperatures. The grey lines show the potential en-
ergy barriers (Eq. 4.3), with parameters 2r = 1 (left), 2r = 3 (middle) and
2r = 5 (right).

Temperature (K) 2r=1 barrier 2r=3 barrier 2r=5 barrier
80 1.0 1.0
60 1.0
50 1.0 1.0 1.0
40 0.8 1.0 1.0
30 0.5 0.5 0.6

Table E.4: The dynamical factor of the RPMD rate on the 1D barriers, rounded to one
decimal.

Fig. E.2. One can see that on the broad-top barriers (2r=3 and 2r=5), the free energy barriers

drop suddenly when the temperature decreases from 40 K to 30 K. The dynamical factor

is calculated by performing thermostated-RPMD [114] simulations (with the friction factor

λ = 0.5 [271]) starting with the ring polymer centroid at the barrier top (dividing surface).

The results are given in Table E.4. The RPMD dynamical factor is insignificant here as

the centroid is a good dividing surface for a symmetric reaction, which is consistent with

previous simulations [204].
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64 bead 128 bead
Path T (K) W (h̄) E (eV) PSC2 ω j W (h̄) E (eV) PSC2 ω j

SB 40 24.96 0.275 9.6E-12 2.213 24.91 0.277 1.1E-11 2.254
2.055 2.086
0.327 0.327
0.147 0.147

4H 50 28.80 0.245 2.2E-13 2.128 28.76 0.247 2.5E-13 2.158
1.172 1.176
0.344 0.344
0.154 0.154

Table F.1: Convergence of the W action, TMI instanton energy E (Eq. 2.48), TMI accumu-
lative reaction probability PSC2 (Eq. 2.49), and effective instanton frequencies
ω j (highest 3 and lowest 1) with respect to the number of beads.

From Table F.1, little difference is seen between 64 and 128 beads even for long imag-

inary time paths, indicating that the results are converged with respect to the number of

bead.

Fig. F.1 shows that for the SB path, the SDI fails to describe the coexistence of deep

tunnelling and classical hopping, despite predicting a reasonable rate compared to SDI.

Clearly the TMI rate integrand have two peaks while the SDI rate integrand has only one.

For the 4H path, the SDI fails to predict a reasonable rate nor the correct tunnelling mecha-

nism.
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Figure F.1: Comparison of the thermal transmission probability (thermal rate integrand)
between SDI and TMI H diffusion on Pd(110) over the SB path and the 4H
path. The blue points show the TMI thermal transmission probabilities calcu-
lated from instanton trajectories, and the green dashed-line is calculated from
smoothly interpolated PSC2. The red line shows the integrand above the ZPE of
the reactant used to obtain the TMI rate. In the right panel, the red line have
applied the correction (see Section 5.3.3) to account for the shallow minima on
the RP-PES (Fig. 5.3) along the second imaginary frequency at the 4H site. In
principle, the X axis (ESC2) is not defined for the SDI, hence the SDI curves are
aligned to peak at the corresponding instanton trajectory.
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The convergence of the water monomer and dimer diffusion barriers with respect to the unit

cell size have been tested. For the systems considered, this is a more meaningful test than

the K-points as one tries to model isolated molecules on infinite metal surfaces. A 3× 3
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Figure G.1: Convergence of the water monomer and dimer diffusion barriers on Pd(111)
with respect to the unit cell size. The “dimer TS2” refers to the “dimer trans-
lation 2” TS shown in Fig. 6.2. The geometries are kept fixed at the optimised
geometry in the 3×3 cell, and the open symbols show the geometric optimised
barriers in the 4×4 cell. The K-points used for each cell size are shown on the
top.

cell (smallest O-O distance between periodic images is 6.4 Å for the water dimer), 4× 4

cell (smallest O-O distance between periodic images is 8.5 Å for the water dimer), up to a
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9× 9 cell (smallest O-O distance between periodic images is 22.5 Å for the water dimer)

have been considered. One can see from Fig. G.1 that a 3×3 cell gives reasonable diffusion

barriers with an over estimation within 30 meV, and a 4×4 cell reduces the error to 10 meV

compared to the very large 9× 9 cell. The monomer and dimer diffusion barrier energies

are much closer to each other on a 4×4 or larger cell compared to a 3×3 cell.

layers 4 5 6 9
barrier (eV) 0.151 0.161 0.156 0.155

Table G.1: Convergence of the water monomer diffusion barrier on Pd(111) respect to the
number of layers. The water geometries are kept fixed at the optimized geome-
try in the 3×3 cell with 4 layers. A 4×4 cell with 600 eV plane-wave cutoff is
used.

The convergence of the diffusion barrier with respect of the number of layers are given

in Table G.1. The 4 layer slab is 6.8 Å thick and the 9 layer slab is 13.1 Å thick. The

monomer diffusion barrier is only 4 meV different between a 4 layer and 9 layer slab,

suggesting that a 4 layer slab is converged.

The bead convergence of the instanton rate calculations have been tested and shown

in Table G.2. One can see there is little difference between the 32 and 64 bead results,

suggesting that it is fully converged even at 32 beads down to 25 K.

T (K) N bead S (h̄) Einst (eV) W (h̄) Et (eV)
35 32 58.22 0.113 20.71 0.007
35 64 58.26 0.114 20.53 0.007
30 32 63.50 0.083 31.23 0.019
30 64 63.57 0.084 31.26 0.019
25 32 68.72 0.057 42.25 0.035
25 64 68.83 0.057 42.19 0.035

Table G.2: Convergence of the water dimer DA-exchange instanton with respect to the
number of beads at different temperatures. The S action, instanton energy
(Eq. 2.39), the W action, and Et (Eq. 6.2) obtained with 32 and 64 beads are
compared.
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[41] Y. Feng, J. Chen, D. Alfè, X.-Z. Li, and E. Wang, “Nuclear quantum effects on the

high pressure melting of dense lithium,” J. Chem. Phys., vol. 142, no. 6, p. 064506,

2015.

[42] M. Benoit, D. Marx, and M. Parrinello, “Tunnelling and zero-point motion in high-

pressure ice,” Nature, vol. 392, pp. 258–261, 1998.

[43] X.-Z. Li, M. I. J. Probert, A. Alavi, and A. Michaelides, “Quantum nature of the

proton in water-hydroxyl overlayers on metal surfaces,” Phys. Rev. Lett., vol. 104,

p. 066102, 2010.

[44] J. Liu, R. S. Andino, C. M. Miller, X. Chen, D. M. Wilkins, M. Ceriotti, and D. E.

Manolopoulos, “A surface-specific isotope effect in mixtures of light and heavy wa-

ter,” J. Phys. Chem. C, vol. 117, no. 6, pp. 2944–2951, 2013.

[45] T. E. Markland, S. Habershon, and D. E. Manolopoulos, “Quantum diffusion of hy-

drogen and muonium atoms in liquid water and hexagonal ice,” J. Chem. Phys.,

vol. 128, no. 19, p. 194506, 2008.

[46] M. Rossi, M. Ceriotti, and D. E. Manolopoulos, “Nuclear Quantum Effects in H+

and OH Diffusion along Confined Water Wires,” J. Phys. Chem. Lett., vol. 7, no. 15,

pp. 3001–3007, 2016.

[47] D. Marx, A. Chandra, and M. E. Tuckerman, “Aqueous basic solutions: Hydroxide

solvation, structural diffusion, and comparison to the hydrated proton,” Chem. Rev.,

vol. 110, no. 4, pp. 2174–2216, 2010.

[48] L. H. de la Pea and P. G. Kusalik, “Quantum effects in light and heavy liquid water:

A rigid-body centroid molecular dynamics study,” J. Chem. Phys., vol. 121, no. 12,

pp. 5992–6002, 2004.

[49] T. F. Miller III and D. E. Manolopoulos, “Quantum diffusion in liquid water from ring

polymer molecular dynamics,” J. Chem. Phys., vol. 123, no. 15, p. 154504, 2005.



148 Bibliography

[50] S. Habershon, T. E. Markland, and D. E. Manolopoulos, “Competing quantum effects

in the dynamics of a flexible water model,” J. Chem. Phys., vol. 131, no. 2, p. 024501,

2009.

[51] T. E. Markland and B. J. Berne, “Unraveling quantum mechanical effects in wa-

ter using isotopic fractionation,” Proc. Natl. Acad. Sci. U.S.A., vol. 109, no. 21,

pp. 7988–7991, 2012.

[52] L. Wang, M. Ceriotti, and T. E. Markland, “Quantum fluctuations and isotope effects

in ab initio descriptions of water,” J. Chem. Phys., vol. 141, no. 10, p. 104502, 2014.

[53] B. Chen, I. Ivanov, M. L. Klein, and M. Parrinello, “Hydrogen bonding in water,”

Phys. Rev. Lett., vol. 91, p. 215503, 2003.

[54] J. A. Morrone and R. Car, “Nuclear quantum effects in water,” Phys. Rev. Lett.,

vol. 101, p. 017801, 2008.

[55] G. R. Medders, V. Babin, and F. Paesani, “Development of a first-principles wa-

ter potential with flexible monomers. iii. liquid phase properties,” J. Chem. Theory

Comput., vol. 10, no. 8, pp. 2906–2910, 2014.

[56] V. Babin, G. R. Medders, and F. Paesani, “Development of a first principles water

potential with flexible monomers. ii: Trimer potential energy surface, third virial

coefficient, and small clusters,” J. Chem. Theory Comput., vol. 10, no. 4, pp. 1599–

1607, 2014.

[57] X. Z. Li, B. Walker, and A. Michaelides, “Quantum nature of the hydrogen bond,”

Proc. Natl. Acad. Sci. U.S.A., vol. 108, no. 16, p. 6369, 2011.
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perature,” J. Phys. Chem. A, vol. 118, no. 1, pp. 78–82, 2014.



Bibliography 149

[61] J. O. Richardson, “Microcanonical and thermal instanton rate theory for chemical

reactions at all temperatures,” Faraday Discuss., vol. 195, pp. 49–67, 2016.

[62] D. Chandler and D. E. Manolopoulos, “Reaction rate theory: summarising remarks,”

Faraday Discuss., vol. 195, pp. 699–710, 2016.

[63] R. Collepardo-Guevara, I. R. Craig, and D. E. Manolopoulos, “Proton transfer in

a polar solvent from ring polymer reaction rate theory,” J. Chem. Phys., vol. 128,

no. 14, p. 144502, 2008.

[64] T. F. Miller and D. E. Manolopoulos, “Quantum diffusion in liquid water from ring

polymer molecular dynamics,” J. Chem. Phys., vol. 123, no. 15, p. 154504, 2005.

[65] Y. Li, Y. V. Suleimanov, and H. Guo, “Ring-Polymer Molecular Dynamics Rate Co-

efficient Calculations for Insertion Reactions: X + H2 HX + H (X = N, O),” J. Phys.

Chem. Lett., vol. 5, no. 4, pp. 700–705, 2014.

[66] N. Boekelheide, R. Salomón-Ferrer, and T. F. Miller, “Dynamics and dissipation in

enzyme catalysis,” Proc. Natl. Acad. Sci. U.S.A., vol. 108, no. 39, pp. 16159–16163,

2011.

[67] L. Y. P. Luk, J. Javier Ruiz-Perna, W. M. Dawson, M. Roca, E. J. Loveridge, D. R.

Glowacki, J. N. Harvey, A. J. Mulholland, I. Tun, V. Moliner, and R. K. Allemann,

“Unraveling the role of protein dynamics in dihydrofolate reductase catalysis,” Proc.

Natl. Acad. Sci. U.S.A., vol. 110, no. 41, pp. 16344–16349, 2013.

[68] E. R. M. Davidson, J. Klime, D. Alf, and A. Michaelides, “Cooperative interplay of

van der Waals forces and quantum nuclear effects on adsorption: H at graphene and

at coronene,” ACS Nano, vol. 8, no. 10, pp. 9905–9913, 2014.
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