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1 Introduction

In this paper we consider a system of equations modelling the steady flow of compressible, heat-conducting,
n-component mixtures, undergoing reversible chemical reactions in a bounded domain Q ¢ R3. These are n
reaction-diffusion equations coupled to the Navier-Stokes—Fourier system describing the fluid motion. The
applications of such systems are numerous, especially in engineering, like spatial vehicle reentry, crystal and
polymers growth, combustion or atmospheric pollution [12], but they may also be used to describe popula-
tion or the chemotaxis models [4, 11]. This is a strong motivation for investigating the mathematical structure
and properties of the corresponding PDEs. Our goal is to extend the existence theory [20, 25] to the case of
heat-conducting mixtures with strong cross-diffusion.

The motion of gaseous mixture can be described by a system of equations governing the total mass den-
sity o = o(x), the velocity vector field u = u(x), the absolute temperature 9 = 9(x) and the species concen-
trations Yi(x), k € {1, ..., n}. These equations express the conservation of the total mass, momentum, total
energy and species masses. They may be written as

div(pu) = 0,

div(ou®u) + divS + Vr = pof, (1.1)
div(oEu) + div(rru) + div Q + div(Su) = of - u, '

div(eYiu) + divFx = mywy, kef{l,...,n}.

In the above equations, S denotes the viscous tensor (it has the opposite sign to the viscous stress tensor also
considered in continuum mechanics), 77 the internal pressure of the fluid, f the external force, E the specific
total energy, Q the heat flux, wy the molar production rate of the k-th species, Fj the diffusion flux of the k-th
species, and my the molar mass of the k-th species.
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320 — V. Giovangigli et al., On the steady flow of reactive gaseous mixture DE GRUYTER

The fundamental difficulty in such type of systems is the coupling between the fluid mechanics part,
governed by the Navier—Stokes—Fourier system, with the species reaction-diffusion equations. The coupling
appears through the form of the pressure, which may depend on the species concentrations, and through
the heat-flux which, in contrast to the single-component flows, includes a term representing the transfer of
energy due to species molecular diffusion.

Here we focus on the second type of coupling, while we assume that the molar masses are comparable,
ie.

mlz...:mnzl’ (12)
which leads to the pressure independent of the species concentrations. Assumption (1.2) is fulfilled for the
mixtures of isomers or in the state-to-state fluid models where each quantum state is a separate pseudo
species [2]. A similar assumption was made in [10], where the existence of variational weak entropy solu-
tions was shown, yet for the diagonal Fick diffusion. This approximation, however, does not take into account
the cross-effects that are well known to play an important role in the flows of multicomponent fluids. In the
recent papers [25, 27] the model of isothermal flow with the Fick diffusion and pressure depending on the
species concentration was considered. However, it turns out that this assumption leads to inconsistency with
the Second Law of Thermodynamics when the heat-conductivity is taken into account.

Reaction-diffusion equations with more complex diffusion and even their coupling to the incompressible
Navier—Stokes equations were investigated using many different approaches [1, 3, 5, 12, 13, 15]. Our goal
in this paper is to provide analogue existence results with no restriction on the size of data but in the com-
pressible setting. So far, such results were available only for systems with viscosity coefficients satisfying the
so-called BD relation and some further restrictions on the form of the pressure [19, 26].

In our case, due to relatively weak coupling between the Navier-Stokes equations and the rest of sys-
tem (1.1), a part of the techniques is a combination of methods developed first by Lions [14] and Feireisl
[8] for evolutionary barotropic flows and by Mucha, Pokorny [16] and Novotny, Pokorny [20] for the station-
ary Navier—Stokes—Fourier system. The main difference and the biggest difficulty in the present paper con-
cerns much more complex forms of the entropy inequality, which is a source of majority of a-priori estimates.
Therefore, the approximation scheme had to be considerably modified in comparison to the single-fluid case
considered in [20]. Some ideas for construction of the solution to the subsystem of species reaction-diffusion
equations can be already found in our previous work [17]. Here, however, we had to extend them by adding
further regularizations necessary to handle the general form of the diffusion matrix.

The outline of the paper is the following. In the next section we introduce the main assumptions on the
parameters of our model. In Section 3 we present the definition of the weak solution and formulate the main
result: existence of a weak solution under certain restriction on the parameters of our model. Sections 4 and 5
contain the description of the approximate scheme. In Section 6 we prove existence of a solution to the full
approximation. In Sections 7 and 8 we pass to the limit with all regularizing parameters to get existence of a
solution to the original problem.

2 Formulation of the problem

We consider system (1.1) supplemented by the no-slip boundary conditions
ufpq =0, (2.1)

together with
Fi-mlpo =0, (2.2)

and the Robin boundary condition for the heat flux:
-Q-n+L(Y-390) =0. (2.3)

The last condition means that the heat flux through the boundary is proportional to the difference of the
temperature inside Q and the known external temperature 9y.
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We assume that the total mass of the mixture is given by

J pdx=M > 0.
Q
The mass fractions Yy, k € {1, ..., n}are defined by Yy = %, where gy are the species densitiesand Y ;_; ok =
. Thus, by definition, the mass fractions satisfy
n
Z Yi=1.
k=1

The consistency with the principle of mass conservation requires that the diffusion fluxes and the species
production rates satisfy

i Fi =0, i wi =0, (2.4)
k=1 k=1

keeping in mind that the species molar masses are equal (see (1.2)).

2.1 Fundamental thermodynamic relations

We consider a pressure 7 = 71(p, 9) of the form

n(g, 9) = nc(0) + mm(e, 9), (2.5)
where 71, obeys the Boyle law
n
Ty = z oYi9 = o9, (2.6)
k=1

i.e., it represents the pressure for an ideal mixture of n species, whose molar masses are equal to 1 and we
take, without loss of generality, the gaseous constant R = 1.
The first component of (2.5), 7., is the so-called cold pressure or the barotropic correction:

me=0%, y>1.
The specific total energy E is a sum of the specific kinetic and specific internal energies:
E(,u,9,01,...,0n) = %|u|2 +e(,9,Y1,..., Yy,
where the latter, similarly to the pressure, consists of two components
e=ecp)+en(9,Y1,..., Y.
The cold energy e. and the ideal gas mixture energy e, are given by

1 3 n n
ec = _10)» Loem=) Yier=9) cuYi,
Y- k=1 k=1
where ¢, is the mass constant-volume specific heat. The constant-pressure specific heat, denoted by ¢y, is
related (under assumption (1.2)) to cyk in the following way:

Cpk = Cyk + 1, 2.7)

and both c,x and cpy are assumed to be constant (but possibly different for each constituent).

In agreement with the second law of thermodynamics, there exists a differentiable function called the
specific entropy of the mixture s(p, 9, Y1, ..., Y,) that can be expressed in terms of the partial specific en-
tropies si = sx(o, 9, Yi) of the k-th species:

n
S = z YiSk. (2.8)
k=1
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The differential of entropy is related to the differential of energy, total density and mass fractions by the Gibbs
formula

n
9Ds = De + nn(%) - Y gy, (2.9)
k=1

with the Gibbs functions
8k = hy — 9sg, (2.10)

where hy = hx(9) and sy = sk(p, 9, Yx) denote the specific enthalpy and the specific entropy of the k-th
species, respectively, with the following exact forms:

hi = cpi9, sk = cyklog 9 —logp —log Y.

The cold pressure and the cold energy correspond to isentropic processes, therefore using (2.9) one can
derive an equation for the specific entropy s:

div(gsu) + div(9 i &Fk) (2.11)
g &9
where o is the entropy production rate
Vu Q VS gk\  Yke1 SkWk
s B v(&) - D 212
Z 9 3 (2.12)

2.2 The form of transport fluxes
The viscous tensor S is determined by the Newton rheological law as
S =S(9,Vu) = —u| Vu + (Vu)! - %div ul | - v(divu)l, (2.13)

where py = u(9) > 0 and v = v(9) > 0 are the shear and bulk viscosity coefficients, respectively, and I is the
identity matrix.

The heat flux Q consists of two terms (we already neglect the Soret and the Dufour effects) representing
the transfer of energy due to the species molecular diffusion and the Fourier law, respectively:

n
Q=) mFr+q, q=-xVY, (2.14)
k=1

where x = k(9) > 0 is the thermal conductivity coefficient.
The diffusion flux of the k-th species Fy is given by

n
Fr=-oYx Z D%VYI,
=1
where Di, = Dil(g, 9,Y1,...,Yn,k,1=1,...,nare the multicomponent diffusion coefficients.

The diffusion matrix. The coefficients gDﬁl depend only on §and Y3, ..., Yy, see for instance [12], therefore
we introduce another matrix

(Di)f 1oy = @R 1=y = D8, Y1, oo, YD)y

The main properties of the diffusion matrix D, discussed in [12, Chapter 7], are

D=D!, N(D)=RY, R(D)=Y", Dispositivesemidefinite over R", (2.15)
where we assumed that Y = (Y1, ..., Y,)! > 0. Here, N(D) denotes the nullspace of matrix D, R(D) denotes
itsrange, U = (1, ..., 1){, and U* denotes the orthogonal complement of RU.
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Furthermore, we assume that the matrix D is homogeneous of a non-negative order with respect to
Y1, ..., Y, and that D;; are differentiable functions of 9, Y1, ..., Y, foranyi,j € {1, ..., n} such that

ID;(9, V)| < C(Y)(1 + 9%)
for some a > O.

Remark 2.1. Asa consequence of (2.15) the matrix D is positive definite over U+. This property corresponds
to the positivity of the entropy production rate associated with the diffusive process, see [24]. Indeed, accord-
ing to above definitions, o may be rewritten in the form

va x[VIP? & o
0=-S(9,Vu): 5t % _ z Fi - V(log pi) — Zk_légk k’
k=1

where we denote py = pYx9. Let us investigate the structure of the third term, we have

n

n
F
=Y Fr-V(ogpi) =- ) p—l; - VDk

k=1 k=1
n Y,
==Y Ee (T YD) (dueto 2.4
k=1 Y ed
n n
= Z DVY;-VYr > ¢ Z [VY|?. (2.16)
Lk=1 k=1

The transport coefficients. The coefficients u, v, k are continuous functions of temperature and the following
growth conditions are imposed:

pA+9) <u@ <p+9), 0<v@)<v(l+9), k(1+ 9™ < k(9) <x(1+39™),
with m > 0 and the positive constants p, jt, v, k, K.

The species production rates. We assume that the species production rates are smooth bounded functions
of (0,9, Y1, ..., Y,) such that

wi(e,9,Y1,...,Y,) >0 whenever Yy =0. (2.17)

Next, in accordance with the second law of thermodynamics we assume that

n
- ) &wi 20, (2.18)
k=1
where gy are specified in (2.10). Note that thanks to this inequality, (2.16), together with (2.13) and (2.14),
yields that the entropy production rate defined in (2.12) is non-negative.

2.3 Notation

The matrices from R™" are denoted by capital letters, the vectors from R" are denoted by ~. The vectors
from R3 and the tensors from IR3*3 are denoted by small and capital bold letters, respectively. We use a generic
constant denoted by C which may change from line to line. When it is important, its dependence of parameters
will be indicated in parentheses.

We work in the framework of Sobolev and Lebesgue spaces denoted by W"™P(Q), m € N, and L”(Q),
p = 1, respectively, endowed with the standard norms. For brevity we will write

lullwmr@y = llm,p, Nulie) = lulp, lNulzreq) = lullp,s0

independently whether u is a vector or scalar. By C°(Q) we denote the space of C* functions on Q with zero
value at the boundary 0Q.
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3 Weak solutions, main result

We are now in a position to formulate the definition of weak solutions for our system.

Definition 3.1. We say the set of functions (p, u, 9, ¥) is a weak solution to problem (1.1)-(2.3), (2.5)—-(2.14),
(2.17), (2.18) provided p > O a.e. in Q, p € LY(Q), IQ pdx=M,uc Wé’z(Q), olul? e LY(Q), Yy >0a.e.in Q,
Y e Wh2(Q), Fx-nlog =0, and ¥}, Y =1 ae.in Q, 9> 0, ae. in Q, 9"VI € L1(Q), 9 € L}(9Q), and the
following integral equalities hold:

o the weak formulation of the continuity equation

Jgu-ledx:O
Q

for any test function ¢ € C®(Q);
o the weak formulation of the momentum equation

—J(Q(U@U) :Vh+S: V¢)dx—Jﬂdiv¢dx= Jgf-dldx
Q

Q Q

for any test function ¢p € C3°(Q);
o the weak formulation of the species equations

—IYkQu~V¢dx—JFk~V¢dx=kalpdx

Q Q Q

for any test function Y € C°°(§) andforallk=1,...,n;
« the weak formulation of the total energy balance

_([(%QMZ +ge)u~ledx+£KV.9-V1/)dx—(!(kzz:1 hka) -Vip dx

- Jgf-ut,bdx+J(Su)-Vl,bdx+Jrru-Vl,bdx— J L(9 - 9o)p S
Q Q Q 0Q

for any test function ¢ € C* Q).

Remark 3.2. Indeed, there exists a more general definition of a solution to our problem which is based on
replacing the weak formulation of the total energy balance by the entropy inequality and the global total
energy balance; see [20] or [21] for more details. The reason for this is that it allows to prove the existence of
those variational entropy solutions for a larger range of parameters. Nonetheless, we prefer to stay here with
a (more direct) definition of weak solutions to our problem, even for the prize of more restrictive conditions
on mand y.

Remark 3.3. The kinetic energy balance is (at least formally) nothing but the momentum equation multiplied
by u and integrated over Q, thus we may write the balance of the internal energy in the form

n
div(geu) + div( Z hiFy - KVS) +madiva+S:VvVua=0.
k=1

However, the balance of the total energy is equivalent to the balance of the internal energy and the momentum
equation only for sufficiently regular solutions, but it might be not true for weak solutions introduced above.

We will also use the notion of the renormalized solution to the continuity equation.

Definition 3.4. Letu ¢ Wl’z(Q) andp € L6/5(Q) solve

loc loc

div(ou) =0
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in the sense of distributions on Q, then the pair (p, u) is called a renormalized solution to the continuity
equation, if
div(b(e)u) + (eb'(@) - b(p)) divudx = 0,

in the sense of distributions on Q, for all b € W°°(0, co) n C1([0, 00)), such that sb'(s) € L*(0, c0).
The main theorem of this paper reads as follows.

Theorem 3.5. Lety> 3, M >0, m > 1, a < 22, Let Q € C2. Then there exists at least one weak solution to
our problem above in the sense of Definition 3. 1 Moreover, (0, u) is the renormalized solution to the continuity
equation in the sense of Definition 3.4.

4 First level of approximation

This section is devoted to the main level of approximation on which all essential approximation parame-
ters appear: € > 0 indicating additional dissipation and relaxation in the continuity equation as well as in
the species mass balance equations, A > 0 providing elliptic regularization in the species equations while
written in terms of entropic variables, and § > 0 improving the integrability of the density and provid-
ing the bound from below for the temperature. Combining ideas from [10, 20 25] we consider the fol-
lowing approximative system. We look for o € W24(Q) n LF(Q) for some g 2 ,ue W0 2(Q), ¥ e wh2(Q),
9 e WH2(Q)nL3B(Q) nL?B(0Q) withp > 0, Yy > 0and 9 > Oa.e.in Q satlsfylng the following system:

o The approximate continuity equation

ep +div(pu) = eAp +€p, Vp-mnlyo =0 (4.1)
is satisfied pointwisely and we require g > O, IQ 0 dx = M, thus we may take p = 4,

19
o The weak formulation of the approximate momentum equation

j(%gu-Vu.qb-%g(u@u) VP -S: v¢)dx-J(n+5gﬁ+agz)div¢dx= Jgf-tpdx 4.2)
Q

Q Q
is satisfied for each ¢p € C3°(Q).
« The weak formulation of the approximate species balance equations (k = 1, 2, ..., n)

JsYle/)dx— J Yeou- Vi dx - j?k VY dx+AJ(Vlog Yi - Vi + log Yip) dx

Q Q Q o
= J[wkl/) - oVYy - VY + ediv(Yi Vo) — eVY - VY + g ] dx (4.3)
)
is satisﬁed for any ¥ € C®(Q), where 0x >0, k=1,...,n satisfy Y;_, o, = p; for instance, we take

- 3 _
0k=1 = nIQI Moreover,

1 o
Fie ==Y Z Du(9, Y)VY;, Dp(9,Y) = (—,Dkl(& Y) (4.4)
1=1 0y +£)

for suitable r > 1 (connected with the order of the homogeneity of D(-, Y/)) and oy = Z,’(’Zl Y.
o The weak formulation of the approximate total energy equation

- J [Qe + %Qlul2 +(+ 80P + 692)]u Vi dx - J(Su Vih +6971p) dx

Q Q
+J g;‘gva Vi dx + I[(L + 89519 - 89) + £log 9 + 19% log ]y dS
0Q
L - VY
+Y cka ~Fi- Vi + (e + DY+ ) - Vip] dx
k=1 Y
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= Jgf - dx + 3 f : J(eﬁ@gﬂ‘llp +0Pu- vy - eBoPy) dx
0 0
+ 5 [ (2620w + 0?u- Vi - cho’y) dx (4.5)
Q

is satisfied for any ¥ € C®(Q), where k5 = k + 698 + §971.

Remark 4.1. Above f and B are some positive, large enough numbers that will be determined in the course
of the proof.

For this system we will prove the following result.

Theorem 4.2. Let 0 < A < £ < 8, B and B be sufficiently large positive numbers. Let Q € C?. Then there exists
a solution to the approximate system in the sense specified above.

The existence of solutions to the above system will be proven below, by introducing another artificial level of
approximation.

5 Full approximation

Now, our task is to construct a regular solution defined in the previous section, i.e. to prove Theorem 4.2.
For this purpose we introduce two new parameters: the dimension N € N of the Galerkin approximation in
the momentum equation, and the regularization n of the coefficients in the temperature and the momentum
equations. Note that since the species molar masses are assumed to be equal, the species concentrations
do not appear in the momentum equation. This allows to solve more or less separately the Navier—Stokes—
Fourier system and the reaction-diffusion system and to combine them via a suitable fixed-point theorem. In
order to consider the former, we used the slightly modified strategy from [20] by Novotny and Pokorny. The
existence of weak solutions to a similar system of reaction-diffusion equations in the evolutionary case is due
to Mucha, Pokorny and Zatorska [17]. In [18, 19] the same authors investigated also the coupling between
the two systems, note however, that the assumptions on the form of the fluxes and pressure are now quite
different. Nevertheless, we use some of their arguments here.

In the basic level of approximation we look for the set of functions {p, u, Y, 9} satisfying the following
system:
o The approximate continuity equation

ep +div(ou) = eAp +€p, Vp-nlyo =0 (5.1)

is satisfied pointwisely.
o The Galerkin approximation for the momentum equation

1 1
j(zgu -Vu-w - Eg(u®u) :VW-S§;: VW) dx - J(n +60P + 8p?) divwdx = j of -wdx (5.2)
) Q Q
is satisfied for each test functionw € Xy, Xy = span{wi}ﬁ e Wé’z (Q), where {wi}f’ , arethe first N eigen-
functions of the Laplace operator with Dirichlet boundary condition; indeed, u € Xy. In (5.2) we denoted

__FU(S)I: t_% . ]_ ) ..
1= Tend Vu + (Vu) 3 divul 1+r[:9(d1VU)L (5.3)
» The approximate species mass balance equations

div]x = Rk, Jk-mlog =0 (5.4)
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are satisfied pointwisely. Here, we denoted

n
Ji=- z YiYiDu(9, Y)VY)/Y) - (e(o + 1)Yi + A)VYy /Yy, (5.5)
=1

Ry = wil(o, 9, Y)+ £0y — €Yro - div(Yipu) + e div(YxVp) — Alog Yy, (5.6)

and Dy(9, Y) was defined in (4.4).
« The approximate internal energy balance

—div(xg,,l¥vﬂ) = —div(gpeu) - mdivu + é =S, :Vu

9
n
+8e(Bo"? + )Vl - div(9 Y, i), (5.7)
k=1
with the boundary condition
Ké,n %V& ‘a0 + (L + 695 1)(9-90) +elog 9 + 197 log 9 = 0, (5.8)

is satisfied pointwisely and Sg stands for a smooth, strictly positive approximation of 9.

Remark 5.1. Note that in fact we expect to have in (5.7) in the last term cpy instead of ¢k, which can be easily
observed by setting A = € = § = 0. However, since Zﬁzl Fi = Zzzl Fi = 0, both ¢,x and Cpk lead after the limit
passages to the same. Hence we prefer to keep ¢,y in the approximate scheme.

In the above system xs,y, 1y, vy are regularizations of functions «s, u, and v extended by constants ks(0),
1(0) and v(0) to the negative half-line.
The existence of solutions is formulated in the following theorem.

Theorem 5.2. Let 8, €, A and n be positive numbers and N be a positive integer. Let Q € C2. Then there ex-
ists a solution to system (5.1)—(5.4) such that p € W>4(Q) for all q < co, p >0 in Q, IQ pdx =M, u e Xy,
Y € W2(Q) withlog Yy € W24(Q) forall g < oo, Yi > 0a.e.inQand 9 € W24(Q) forall g < co, 9 > C(N) > 0.

The strategy of the proof is the following:

(i) We rewrite the system above for 7 = log 9and Zy = log Yy, k=1,2,...,n.

(ii) We fix uin the space Xy and use it to find a unique smooth solution p = g(u) to (5.1); here we may follow
[23] verbatim.

(iii) We find a unique solution to a system of equations which is nothing but a linearization of the above
system (5.2)—(5.8) written in the new variables.

(iv) We apply a Schauder type of fixed-point theorem for the momentum, the internal energy and the species
equations and we deduce the existence of u € Xy andlog 9 € W24(Q), log Y; € W29(Q); this part follows
similarly to [20] provided some a-priori estimates are valid.

6 Existence of solutions for the full approximation
Step 1. We define the operator
$: Xy — WP(Q),

1 < p < 00, 8(u) = p, where p solves the approximate continuity equation (4.1) with the Neumann boundary
condition. We then claim the following lemma.

Lemma 6.1. Let the assumptions of Theorem 5.2 be satisfied. Then the operator S is well defined for all p < co.
Moreover, if $(u) = g, then p > 0in Q and IQ odx = IQ 0 dx = M. Additionally, if |ul|x, < L, L > 0, then

loll2,p < Cle,p, Q,M)(1+L), 1<p<oco.

The above lemma is an analogue of [23, Proposition 4.29], so we omit the proof.
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Step 2. We consider the mapping
T Xy x WhR(Q) x Wh®(Q) > Xy x WHR(Q) x WH®(Q)
with
(I(vy §’ 0) = (u’ 21 T), 3 = (Sly ey Sn)t, 2 = (Zl’ oo ’Zrl)ty
where (we take always p = p(v) as the unique solution to (5.1) with u replaced by v)
. 1 1
J—S,l(e ,Vu) : Vwdx = I(EQ(V®V) :Vw — Egv- Vv~w) dx
Q Q

+ J(ﬂ(g, e%) + 80P + 60%) divw dx + Jgf -wdx, (6.1)
Q Q

which is fulfilled for any w € Xy,
n -
- div( y Dri(e?, e%)eSeS1vZ) + (e(o + 1)eSk + A)VZk> +AZy
=1

= Wk + €0 — gper — div(gvesk) +& div(eskVQ), k=1,...,n (6.2)
and

—div(xs,p(e?)(e + e%)VT) = —div(pe(p, €7, eg)v) - (g, e%)divv
-8, (e%, V) : Vv + 8e ™7 + 8e(BoP? + 2)|Vol?

n n o
+ Z Cvk div(e" Z eSkeSiD(e%, e%)VZ; + e(ep + 1)eSk + A)VZk),
k=1 =1

with the boundary conditions

n )
( Z Du(e%, e%)eSeS1vZ; + (e(p + 1)e5 + A)VZk) ‘njyq =0, (6.3)
=1

Kn,5(e%)(e +e°)VT -mlsq + (L + 8e?B-D) (e - .93) +eT+21e%%T = 0. (6.4)

The existence of a unique solution to (6.1)—(6.4) is a consequence of the Lax—Milgram theorem. Since
the right-hand sides and the boundary terms are of lower order and sufficiently smooth, the operator 7 is
compact. The continuity of T is straightforward.

In what follows we will show that there exists a bound (independent of t) for all fixed points to

tTu,Z, 1) = (u, Z, 1) (6.5)

for t € [0, 1]. Thus, due to a well-known version of the Schauder fixed-point theorem (see, e.g., [7, Theorem
9.2.4]) we finish the proof of Theorem 5.2. In fact, we shall show that these estimates are independent of N,
n and A which will be used in the subsequent limit passages.

6.1 Uniform estimates

We now denote 9 = e”, thus 9 > 0, and we can in particular divide the energy equation by 9. Similarly we
denote Yy = e and have also Yy > 0, but we do not know vyet if ZZ=1 Y, = 1. However, we denote

and in what follows, we show certain estimates of oy — 1 (we get the norm small, provided A is small). Take
t € [0, 1] and consider the fixed points as in (6.5), i.e. consider
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» the continuity equation
ep +div(pu) = eAp + €9, Vp-njyq =0;

« the momentum equation

1 1
j—Sq :Vwdx = tJ(EQ(uebu) : Vw — Egu-Vu-w)dx
Q

+tj(n+5g/3+5g2)divwdx+tjgf-wdx; 6.6)
Q Q
o the species mass balance equations
RSP VY
- d1v< Z YD VY + (e + 1) Vi + A)Y—> + Alog Yy
=1 k
= t{wi + €0y — €0 Yk — div(puYy) + ediv(YyVp)), k=1,...,n; (6.7)
o theinternal energy equation
. e+8 . s B-2 2 1)
- d1v<K5,nTVL9) = —tdiv(geu) — trdivu + tde(Bo" “ + 2)|Vp|” - Sy : Vu + t§
n . n . VYk
+ Y cudiv(9) ViDuvYi+ S(e@ + DY+ )7L ), (68)
k=1 =1 Yi

with the boundary conditions

L= \%%
( Z YiDuVY; + (S(Q + 1Y, + A)Tkk> -Njyq =0,
=1

Kn,6 #Vé) -n|pq + t(L + 89819 - 88) +elog 9+ 9% log 9 = 0. (6.9)
We first add up the equations for the species (6.7) for k=1,...,n and test the obtained sum by

& € C°(Q). We get

n n
£J(Q+ 1)Voy-Védx + A Z JVIong-V{dx+)l Z Jlong{dx
a k=1 k=1
=t J’(eﬁ - gpoy - div(puoy) + e div(oyVp))& dx.
Q

On the other hand, the continuity equation can be written as

ng.{dx—Jgu-vfdx:—eJVg-V{dx+£J§£dx.
Q Q Q Q

Therefore, multiplying the latter by t and subtracting the two equations above, we may write

tJ[e(ay )0 — 0(0y - 1)u- V& + e(oy — 1)VoVE] dx + ¢ J(g +1)Voy - VEdx

Q Q
n

n
—-1, [ viogYe-vgdx-21) [log ¥ig dx.
k=17 k=1

Now, taking & = (oy — 1), we obtain

a2
€ J(g + 1)|Voy|>dx - Jgu- Vioy -1)7 dx + tJ(sg(ay ~-1)? +e(oy - 1)Vp - V(oy — 1)) dx
Q Q
n n
=-A z leog Yk~V0ydx—AZ Jlog Yi(oy — 1) dx. (6.10)
k=1g k=1g
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, we obtain

Multiplying the continuity equation by (”Vgl)z

—_1)2 _1)2 _1)2 _1\2
SQ(Oyzl) +diV(Qu)(0Y21) :SAQ(Uyzl) +£§(0Y21) ,

thus, multiplying (6.11) by t, integrating it over Q and subtracting from (6.10), we see that

(6.11)

—1)2 _1\2
te J Q% dx + teJE% dx+¢ j(g + D)|V(oy - D)% dx
Q Q Q

n n
=-A Z JVIog Yi-Voydx-A z Jlog Yi(oy — 1) dx.
k=1 k=1

Hence we get an estimate for };_; Yi:

e(tloy - 11 + IVoyI3) < C@R ¥ (IV1og Vil2 + Fllog ¥id3), (6.12)
k=1

which will become very important in the derivation of estimates following from the entropy inequality.
Next, using w = u in (6.6), we obtain

- JS'I :Vudx = tJ([rr+ 80P + 0% divu + of -u) dx. (6.13)
Q Q

Integrating (6.8) over Q and using (6.9), we get that

J (t(L + 59%1)(9— 91) + elog 9 + 9% log 9) dS
20
=t J Sy : Vudx + tj 69 tdx - tJ adivudx + ted J IVol?(BoP~% +2) dx.
Q Q Q Q
We add up these two expressions and use the renormalized continuity equation, to get

J (L + 59%-1)(9 - 9) + £log 9 + A9 log 9) dS

00
+ te&J(%gﬁ +292)dx—(1 - t)ISn :vudx + & J log 9dS
Q Q 20
= tjgf-udx + tJ 6 dx + teb J’(Lﬁg‘m1 + 259) dx. (6.14)
0 Q 9 0 p-1

Moreover, dividing (6.8) by 9, we derive

e+9 (e +9)|VI?
- div(xa g V9) <Koy g

- —tgu(% 7.; QQ) tdlv(gu)( Qn ) Z Cuk d1v<lzi YiDiVY; + ((ep + )Yy + /1) )
n

- Z CkakaIVYI Vlog 9 - chk 8(Q+1)Yk+/1)— VlogJ

K.I=1 k=1
S, :Vu
-t ; T t8e(BoP2 + 2) 80 'Vgl (6.15)
Now we multiply (6.7) by ¢ = log Yj, sum up with respect to k and integrate over Q:
2 = u |VYk|2 2 2
y JDleYk VYdx+ Y J(e(g +1) + AIV1og Yi 2 + Adlog Vi) >dx
kiI=1g k=1g Yi
n
=t Z J[wk + €0y — €0Yx — div(ouYy) + £ div(Y,Vp)] log Yy dx. (6.16)
k=19
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Next we multiply (6.7) by & = cyi log 9 — cpk, sum up with respect to k and integrate over Q:

n

Y
z Cuk JYkaIVYz Vlongx+chkJ (g+1)Yk+/\)u-Vlog8dx
k=1 k=1 g Yi

n
= Z A J log Yi[cpk — cvilog 9] dx
k=1 g

n
+t Z Cyk J[wk + €0y, — €0 Yk — div(puYy) + £ div(YyVp)] log 9 dx
=1

Q
n
—t Z Cpk j[wk + €0y — oY — div(puYy) + e div(YyVp)] dx. (6.17)
k=1 g

Now, take (6.14) - [, (6.15) dx - (6.16) - (6.17):

n n
Z IﬁkIVYk.VYldx+ Z J(s(g 1)| W’ +/l|V10ng|2)dx
k,l=1Q k:1
n £+9) V9|2 -Sp:Vu § v
+AZI(long)2dx+I 5,1( 3 )|92| dx+tj(’7T 5 +6e(BoP? 2)I ol* )dx
k=1 Q Q
8”[
-(1- t)J'SU :Vudx + teb J([%Qﬂ + 292>dx +t J(L +6895°1H9dS + ¢ J(L . 693"1)§0 ds
Q Q Y 00
N J (elog 9+ 197 log 9) dS - j (310%9 +A.9“110g.9) dS = RHS,
a0n{9>1} 20n{9<1)
where

RHS = ¢ J (L + 595 1)9LdS + t J (L +5951)dS

0Q 0Q
_ J (€ +19%)1og 9 dS + j €91+ 295 ) 1og 9 dS
20n{9<1} 20n{9>1}
tjgf~udx+ tI gdx+tsb’j %59/}*1 dx + teGJZEde
Q Q Q

+t

—_—

T g aven(5 e Z)
Ql.l( g9 dx + t | div(ou) .9+98 dx
)

+t

+

~

M= IM= °
O, O,

[wilog Y + €py log Yy — epYi log Yy — div(puYy) log Y| dx
k

I
[

n
ediv(Y,Vp)log Y dx — ¢ z Cvk J[a)k log 9 + €p; log 9] dx
k=1

=~
1
Ju

t

+

M=

cvk | [e0Yklog 9 + div(puYy)log 9 - £ div(YVp) log 9] dx

k

1l
[

n
+A z
k=1 k=1 Q
n 25
+tz cpk | [wk + €0y — e0Yk] dx = ZL-. (6.18)

k=1 i=1

Q
n
Cyk J log Yilog9dx - A Z Cpk J log Y dx
Q
)
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Finally, from (6.13) and the renormalized continuity equation we see

ll? , + ted (ol + IVeP213) + tes(lol3 + IVel?) < t”(n divu +of -u) dx|,
Q

and from the standard elliptic regularity for the continuity equation we also have
IVollg < C(e)(1 + llefullly), 1 <g <oo.

Hence,
2
Il , + tz6(llolly + IVeP213) + t8 (ol + IVel3) < CE(1+ 1917, ), (6.19)
B2

2

provided 8 > 2, and

= 6B
P2
IVely < c@)(1+401%). 1<as<g. (6.20)

We can now estimate the terms on the right-hand side of (6.18). First, note that we may easily estimate the
boundary integrals and the terms I to Ig. In order to estimate terms Iy and I, recall that we may write

1
e:—gV1+BchkYk—ec+em
k=1

We first estimate the part corresponding to e.. We have

t!gu(vgc - gzg>dx+ t!div(gu)(% + %)dx

~ : 1 o't o't
= J’gu —dx+t‘|’c11v(gu)(y_1 9 +1+ g >dx
o)

Q
Y E)
=t d1v(gu)<logg+y 179 dx

|
i

vt
=t|(ehp+€0 - eg)(logg +— - —) dx

_ IVol® _
=—¢t 0 dx — et plogpodx + et plogpdx
Q {o=1} fo<1}

o'y
—¢t plogpdx + et ologpdx —et dx

9
fo<1} {o=1} v
-2|vp2 . oY1
_ tgyJ ﬂdx+gt 14 JQV_I Vo V9 dx+£t—y J oo dx. (6.21)
9 -1 0 y-1 : 9
Q Q

Now, observe that the terms no. 1, 2, 3, 6, 7 of the right-hand side of (6.21) are non-positive, therefore they
can be transferred to the left-hand side of (6.18). The terms no. 4, 5, 8, 9 can be then easily estimated by
means of those terms and the rest of the terms from the left-hand side of (6.18). This part of the proof is a
repetition of arguments from [20] so we skip the details. Next we take Iy(en,) + I1o(em) + I14 + I19 and get

n
z J [— V(9cyi Yi) + div(pu)(cyk Yi) — div(ouYy) log Yk] dx + Z Cyk J log 9div(puYy) dx
=1 k=1

= tjgu -Voydx = -t I(SAQ —€p +¢€p)oydx.
Q Q

Then, to handle the first term, we use (6.12) and (6.19):

B n
et|[ o voy ax| < etlvelaIvoyl < Ce)e(1 + 18] ) 2. A1V 108 Yul2 + 1/ellog Vi),

B-2
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which can be estimated by the left-hand side of (6.18). The second term can be estimated similarly, and the
last term is non-positive.

Now, for I11 + I16 + I»3, recalling that }';_; wi = 0, we obtain

n n
z J wr(log Yi — cuilog 9 + cpi)dx = ¢ J wi(log Yy — cvilog 9 + cpic + log o) dx
k=1 Q

Further, for I, we use again (6.12) to write

n
Ilzstz< J eoy log Yidx + J ebklongdx>

k=1 " oni<1) on{T>1}
n n
<ty j €0, Y dx < c<1 +1 Y (VEIV1og Vil + llog Yk||2)> (6.22)
k=1on (Y1) k=1

and the terms on the right-hand side of (6.22) can be now easily estimated by the left-hand side of (6.18).
Next, I;3 may be split into two parts, namely

n
I3 =—tsz ( J oYilog Yidx + J QYklongdx>s CtngdeC(M).
k=1 " onivs1) Qn{Yi<1} Q

The term I;5 can be estimated similarly as I + I for e,;,. The term I17 can be easily estimated by means of
t IQ 9% dx from the left-hand side of (6.18).
For @ > 0 small, we may write

n
Iig = ¢t J ologd z cvkYrdx < Cet J ollog 9|(oy — 1) dx + Cte J’ ollog 9| dx
o k=1

Q Q
2
< Cetlollp(loy - 11, + 1)( J 9% log 9dS + j m,ﬂ@)% d 103‘9 ds)
20 ) 30n{9<1}
A < 5 o A oE € h € log 9
< Z IV 1og Yill3 + llog Yill3) + 7 j 92 log 9dS + 7 J K5, (DIVOI* dx+ - J —g—dS.
k= 20 Q 30n19<1}

To treat I,o, we will use the continuity equation to replace the highest order terms of the density:

n

Lo=-te Yy cu I div(YxVp) log 9 dx
=g

n n
= —te Z Cvk J VY -Vplog 9dx - te Z Cvk J YiAplog 9dx
k=1 k=1 g

L|VY 2 l ! o
<C (j Z "' ) oy - 113 ||VQ||4||log8||6—tZcvkjYk(e@—eg+d1v(@u))log8dx
k=1 k=1
A n
<% Z IV log Yl + llog Yxli3) + Z IVVYil3 + j 9% log 9dS

k=1 aQ

N j 1089y, ¢t JSBdS+—JK5,,1|VL9|2dx.

£
4 9

20n{9<1} aQ Q
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Next

n
Iy = Z ijk log Yy log 9dx
log 9

l9dS

A A
ZZIlong||2+— J .9210g.9dS+—JK5,,(|9)|V.9|2dx+— J
k=1 Yo Q 20n{9<1}

so0, I1g, I0, I>1 may be estimated by the left-hand side of (6.18).

The terms I,,, I,4 and I,5 are easy or can be estimated as above. Now we may employ the standard elliptic
theory (cf. [20]) to show that we can estimate log 9 and log Yy in W2-4(Q) for any q < oo, i.e. in particular, in
W (Q) independently of t. The proof of Theorem 5.2 is finished.

7 Proof of Theorem 4.2

7.1 Limit passage N — co

Recall that in the previous section, we proved the following estimates (see (6.18) with ¢ = 1). Note that the
constant on the right-hand side is independent of N, n and A, however, may depend on ¢ and §:

VAITE 2+ 3 [T vty « |2 + 19720 +19Ms00 + |52, +telssc. @)
k=1 k

9 "1,a9

Moreover, (6.19) and (6.20) together with (5.1) imply
IV2pll2 + llull1,> + IVells < C. (7.2)

Hence, we easily let N — oo in the continuity equation (5.1), in the weak formulation of the momentum
equation (5.2) and the weak formulation of the species mass balance equations (5.4).

However, we cannot pass to the limit so easily in the internal balance equation due to the presence of the
term S, (9, Vu) : Vu which is bounded only in L' (Q). Nonetheless, we may proceed as in [20]: we may use as
test function in the limit momentum balance the function u to show that

A}im JS,I(BN, Vuy) : Vuy dx = JSH(S, Vu) : Vudx
Q Q

which yields the strong convergence of the velocity gradient in L?(Q), and the passage to the limit in the
weak formulation of the internal energy balance (5.7) can be performed. Let us stress that this is the only
limit passage for which the strong convergence of the velocity gradient can be shown. It is caused by the fact
that the momentum equation may be tested by the solution u only when n > 0.

7.2 Limit passagen — 0"

Before the next limit passage 7 — 0" we must replace the internal energy balance by the total energy balance.
Note that at this level, they are still equivalent (we may test the momentum equation by u) but this might not
be true after the limit passage n — 0*. Therefore, we use in the momentum equation as a test function ui
with i € C*® (Q) and sum it with the weak formulation of the internal energy balance with the test function
Y. We get the weak formulation of the approximate total energy balance:
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- J [ge + %Qlul2 +(m+ 80P + 6@2)]u-V1/) dx
Q
- J(Snu VY + 697 1) dx + j Kls,n#VS -Vipdx
Q Q
+ J (L + 89519~ 91) + elog 9 + A9% log 9]p dS
00
n n
Z J[Sz YkaIVYI Vl/)+19(8(g+ 1)Yk+/1)—7,[)
k=1 =1
= Jgf ‘updx +6 J[£|VQ|2(ﬁQﬁ_2 +2) + (0P + 0?) divu]y dx.
Q Q

Therefore, using the renormalized continuity equation we deduce
- J [Qe + lQlul2 +(m+ 80P + 692)]u -Vipdx

(Syu-Vip + 69 11/))dX+JK5,, ggvs Vip dx

Q Q

+j [(L+695 )9 91) + elogd + 197 log 9] dS
Q
n
k

0
n

+ Y eu HszzlykalWl Vl/)+.9(£(g+1)Yk+/\)— Vl/)]

=jgf~ul/)dx+ﬁf
Q Q Q

- [(eBag p + oPu- vy - epol ) dx+ 5 [ (2630 + % Vi - 2607 ) dx

for all 1 € C®(Q). Hence we may now use (7.1) and (7.2) to justify the limit passage n — 0* and hence to

verify the validity of (4.1)-(4.5). Theorem 4.2 is proved.

8 Proof of Theorem 3.5

To finish the proof of the main theorem we subsequently let A — 0%, ¢ —» 0* and § — 0*.

8.1 Limit passaged — 0*

The first limit passage in this section is still based on estimates (7.1) and (7.2). Note, however, that we cannot
dispose with the estimate of Yin W'2(Q) anymore. On the other hand, from (6.12) we still have

loy - 1lle < C(A),

(8.1)

with C(1) — 0 when A — 0. Therefore, combining estimate (8.1) with the second term on the left-hand side

of (7.1), we get
VY] <,

(8.2)

with C independent of A. Therefore, using (7.1), (7.2), (8.1) and (8.2) we may let A — 0* and get the following:

» the approximate continuity equation

ep +div(ou) = Ao+ €0, Vo-nlyq =0

(8.3)
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o the weak formulation of the approximate momentum equation

j(%gu-Vu-tp— %Q(u@au) :Vp-S: V(j))dx— J(n+6@ﬂ+692)div¢dx= Jgf-q)dx (8.4)
Q Q Q

for each ¢p € C3°(Q);
« the weak formulation of the approximate species balance equations

n
£ J Yoy dx - J Yiou- - vipdx + I Z YiDuVY; - Vi dx
Q Q a =t

= J[a)kl/) - VY- VY + ediv(Yi Vo) — eVYy - Vi + egi ] dx (8.5)
Q

forany y € C°°(§), k=1,2,...,n
o the weak formulation of the approximate total energy equation

- J [ge + %Qlul2 +(m+ 608 + 692)]u -Vip dx

Q
- J(Su Vi + 697 1p) dx + j xé%()va Vi dx + J [(L + 8951)(9 - 9) + elog 9]y dS
Q Q 0Q
n . n
+ Hs Y cuYiDVY; -V +9 Y (o + 1)cyVYi - Vl/)] dx
a k,1=1 k=1
= jgf ~updx + 3 f 1 j(sﬁ@gﬁ‘llj) +0Pu-vip — eBoPyp)dx + 6 J(ZsEgt/) +0%u-Vih - 2ep%P) dx
Q Q Q

(8.6)

forany ¢y € C®(Q).

8.2 Limit passage € — 0"

At this step we loose all the control of the density, except for the L1-bound due to the given mass. On the other
hand, due to (8.1), we know now that oy = 1 which leads to the bounds (recall Y > 0)

0<Yy<1 forallke{1,2,...,n}.

Unlike the situation before, we may also deduce from the first term on the left-hand side of (6.18) an addi-
tional bound on VY. Employing again oy = 1, we have

n
J Z BkIVYkVYI dx > C||Vl7||§
5 =1

Further, due to the Korn inequality and the form of the viscous tensor, we control the W2-norm of the
velocity. We can therefore estimate most of the terms on the right-hand side of (6.18) and get (cf. [20])

o - B
10,2 + 1¥lloo + V92 12 + 191B,00 + 19l13m + 1972111 + 19 1,00 + lull1,2 < C(l + Jef : udx). (8.7)
Q

However, due to lack of sufficient density estimate, the boundedness of the right-hand side of (8.7) has to
be verified. Note that the momentum equation is in fact the same as in the case of the compressible Navier—
Stokes—Fourier system studied in [20], so, we may apply the same technique to obtain the so-called Bogovskii-
type of estimates. Following [20], we use as test function in (8.4) the function ¢, solution to

€L JQ%ﬁ dx, @loa =0.

divep = 03P -
=0 'Q|Q
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For more information on the Bogovskii operator, we refer the reader to [23, Lemma 3.17] and to [6]. In con-
sequence of this testing we obtain the additional bound on g, namely

lolls < C-

Thus we may pass to the limit in (8.3)—(8.6) and get
» the weak formulation of the continuity equation

J’ pu-Vipdx =0
Q
forall i € C®(Q);
o the weak formulation of the approximate momentum equation

- J(g(u@u) .V +S: V) dx— J(ga + 07+ 6(0F +02)) div p dx = Jgf.¢dx 8.8)
Q Q Q

forall ¢p € C3°(Q);
o the weak formulation of the approximate species balance equations

n
- j Yiou- Vip dx + J Y Y Du(®, V)VY; - Vi dx = j W dx
Q o = Q

forally € C*(Q), k=1,2,...,mn;
o the weak formulation of the approximate total energy equation

_”si Vir 2olul + (08 + Yo7+ 608 +.09)|u- v x
09 ). cati+ olul’ + (@8 + 707 + 8ol +.0%) ) u
JETE

—J(Su~Vl/)+53_1l/))dX+JKgVS-Vl/)dX

Q Q

n
v [ @69 O~ 0wds+ [9 Y cutiDuvYi- Vi dx
20 o kb=t
1
=Igf-uzpdij([ﬁgﬁ+gz)u.v¢)dx (8.9)
Q )
forany ¢ € C®(Q).
Here and in the sequel, the bar denotes the weak limit of the corresponding term, for instance
o' = lim p!
o' = m Q.
5B
in the sense of the weak convergence in L3 (Q). Recall that since ¢ € L%(Q), we also have (see, e.g., [9]) the
continuity equation satisfied in the renormalized sense (cf. Definition 3.4).
Next, we should also show the strong convergence of the density. Since this can be shown exactly as in
[20] and we meet similar problems in the next subsection when letting § — 0%, we skip here all details. Hence
we may remove the bars in (8.8) and (8.9).

8.3 Limit passage d — 0*

This last subsection is devoted to the limit passage § — 0%, i.e. to the final step of the proof of Theorem 3.5.
Similarly as in the previous section, we may use the entropy inequality to deduce a-priori estimates indepen-
dent of 6. However, in this case, we must proceed more carefully.
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The main idea is that unlike the previous limit passage, we subtract the total energy balance tested by a
constant function from our entropy estimate and deduce estimate of the type

= m — B _1 — _
IVYIZ +IVOZ I3 + lullf , + 19 00 + 8(IVIZ I3 + IV 713 + 1972111 + 19°111,00)
< C(1+ 681957 1,00)- (8.10)

Recall that as oy = 1, we also have || Y|« < C. From the total energy balance tested by a constant function we
deduce
191,00 + 819”1100 < (1 + | eu-£ax| + 8157111)- (8.11)
Q

To get rid of the §-dependent terms we use once more the Bogovskii-type of estimates, i.e. we test the mo-
mentum equation by a solution ¢ to

. M
divep =p - @, Ploq = 0.

This allows us to get a bound
Sliolyy < C

which can be employed to get rid of the §-dependent terms in (8.10) and (8.11). It yields
IIV?H% + 1V leo + IIVS%H% + IIUIIiz + 197 1,00 + 5(IIV~9%II§ + IIVS_%II)g +19701 + ||~93_2||1,au <C (8.12)
and
[9l3m < C(1 + ||Q||g)- (8.13)

The details can be again found in [20].
Thus we need now additional §-independent estimates of the density. To this aim, we employ again the
Bogovskii-type estimates i.e. we test the momentum equation by a solution ¢ to
3 a 1 74
divgp =p ——JQ dx, ¢lsq =0.

1Q
Q

We obtain

J(n(g, 9) +8(0f + %)% dx = - J po(usu) : Vepdx
Q Q

- J(S(B, Vu) : V¢p — of - p) dx + Iﬁll j(p(g, 9) + 6(0” + 0?)) dx j 0% dx
Q Q 0

and we show the estimates of the most restrictive terms. The convective term yields

|j o) : Ve dx| < ClolyraltlZ121% .m0

2(y+a)-3
Q

which leads to the restriction 0 < a < 2y - 3 for y > 3. The stress tensor can be estimated as

< CA+1193m)llul1,2llll_en < C(1 + llolle)lell sme

’
3m-2

u S(9, Vu) : Vb dx

which leads to the restriction 0 < & < 322y, m > 2.

Thanks to this we get, in addition to (8.12) and (8.13),

-2
lollysa < C, whereO < a < min{zy_ 3, ;Z — zy}
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withy > % and m > % Using these bounds, we may pass to the limit in our system to get the weak formulation
of the continuity equation

J opu-Vydx=0

Q

for all i € C*(Q), and in the weak formulation of the approximate momentum equation

—J(g(u@u) Ve +S: Vep)dx - J(g&+a)div¢dx - Jgf-tpdx
Q Q Q
for all ¢p € Cz°(Q). Note that here we used that ps converges weakly to g in LY*%(Q), 95 converges strongly
to 9 in L9(Q) for any g < 3m. Again, ¥ stands for the weak limit of o} in L#*®/?(Q). Note also that all the
8-dependent terms tend strongly in L(Q) to zero. It is also not so difficult to pass to the limit in the species
balance equations to get

n
—J Yiou- Vipdx + J Yy ZDleYI -Vipdx = kal/)dx
Q o = Q

forall Y € Cm(ﬁ), k=1,2,...,n, under the assumptions that the growth in the Dj; term with respect to

temperature is below 37’" Anyway, we get a stronger restriction below.
We get the weak formulation of the total energy balance in the form

n
—J[@SzckawlgluIzw% y@]u-vwdx—JSu-vlpdx
k=1 2 y-1
Q Q
n
+Jxv9-v¢dx+ JL(8—80)¢dS+J.9 y
1=

e YiDiqVY; - Vipdx = J of -uy dx
ol 00 o k

1 Q
satisfied for any ¢ € C* (5), under several additional restrictions. First of all, we must assume that
Dy(9,-) < C(1 + 8%

fora < # In order to pass to the limit in the term ps|us|>us, we must require that the density is bounded
in LP(Q) for some p > 2. To pass to the limit in the term with the stress tensor, we must require that 95 — 9
strongly in L4(Q) for ¢ > 3. This leads to the restrictions m > 1 and y+ a > 2, i.e. > 3 and m > 1. In order
to finish the proof, we have to remove the bars over certain nonlinear quantities which requires that g5 — p
strongly in L1(Q).

The last step of the proof of our main theorem is hence to show the strong convergence of the density.
Here we follow the ideas of P. L. Lions [14] developed for the isentropic flows, used in the context of the heat
conducting fluid in [16] for constant viscosities and in [22] for temperature-dependent viscosities. Due to
the uniform L? bounds of the density, we can directly employ the renormalized solution to the continuity
equation and no truncations in the test functions are needed.

We first verify the validity of the effective viscous flux identity in the form

(09 +0")0% — (1(9) + v(9))o%divu = pI + p¥ p* — (u(9) + v(9))e? divu,

with a > 0 from the estimates above. It can be shown exactly as in [21, Lemma 8] (with a instead of ©).
It is based on testing the momentum equation before and after limit passage by {(x)VA’l(lggg) and by
&x)VA~1(1p%), respectively, and on proving certain limit passages via a compensated compactness tech-
nique. Next we may verify (note that both p and ps belong to L2(Q)) that the following versions of the renor-
malized continuity equation hold true:

div(e§us) + (a - 1)p§ divus = 0,  div(p%us) + (a — 1)p*divu = 0,
both in the sense of distributions in R3. Hence (see [23, Lemma 4.39])
_ l1-a,— 1 g ——
div((®)«u) = T“(Q“)li Y(p%divu - p*divu).
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Therefore

. — 1 1- 1 9 No? — p9 S
div((@+ - o) =~ (@) +Qu3§>+5<sf =

again in the sense of distributions in R3. Testing (8.14) by 1 = 1 reads

(8.14)

x =0.

— 1.1 (09 + 0?)o% - 09 + 0" o*
a\a d
i (%) u +v(©9)

It is easy to verify that ps — 0in L1 ({p* = 0}). Thus the monotonicity of ¢ — t¥ and the strong convergence of
the temperature yield
0"*% + 9ol = gV 0% + Jpo°.

As 9 > O a.e.in Q, we obtain p® = p% which implies

1+a

plta =p a.e.in Q,

whence the strong convergence of the density. The proof of Theorem 3.5 is now complete.
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