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Abstract

A quantum-orbit analysis of laser-matter interactions allows us to understand, in terms
of electron trajectories, the influence of intense orthogonally polarised fields on strong
field phenomena. In doing so it allows us to understand the electron dynamics in the
continuum and disentangle the influence of the field from the imprints left by the target
molecule in the photoelectron and high-order harmonic spectra of strong field phenomena.
This is the main topic of this thesis which focuses on temporal and spatial quantum
interference in high harmonic generation (HHG) from molecules and above-threshold
ionisation (ATI) from atoms. These are investigated semi-analytically at the single-
molecule response and single-active orbital level, using the strong field approximation and
the steepest descent method. In the case of HHG, a further investigation is performed at
the macroscopic harmonic response level to model experimental HHG spectra by using
Maxwell’s wave equations. HHG from molecules in orthogonally polarised fields is the
most extensive topic of this work.

At the single-molecule response level, we first investigate the influence of employ-
ing an orthogonally polarised field on the structural interference minima in high-order
harmonic spectra from aligned diatomic molecules such as H2 and Ar2 in bichromatic
orthogonally polarised fields and elliptical fields. We derive a generalised two-centre in-
terference condition, which accounts for s-p mixing and the orbital symmetry, within
the strong field and the single-active electron approximation. We show that the orthog-
onally polarised fields introduce an effective dynamic shift in the angle for which the
two-centre interference maxima and minima occur, with regard to the existing condition
for linearly polarised fields. This shift depends on the ratio between the field-dressed
momentum components of the returning electron parallel and perpendicular to the ma-
jor polarisation axis along each possible orbit, and therefore incorporates the electron’s
angle of return. Because of this dependence, we find that there will be a blurring in the
two-centre interference minima, and that increasing ellipticity leads to splitting in such
patterns. We modelled the macroscopic harmonic response level, to investigate whether
the features were washed out or survive high harmonic propagation to the far-field. We
propose the optimal conditions for observing these shifted minima, using phase matching
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and polarisation gating, so they can be measured experimentally, with the possibility of
extracting the electrons angle of return.

In our analysis of the imprint of nodal planes in high-order harmonic spectra from
aligned diatomic molecules in orthogonal polarised fields, we show that the typical sup-
pression in the spectra associated to nodal planes is distorted. This distortion can also
be employed to map the electron’s angle of return to its parent ion. We show that the
velocity form of the dipole operator is superior to the length form in providing informa-
tion about this distortion. However, both forms introduce artefacts that are absent in
the actual momentum-space wavefunction. Furthermore, elliptically polarised fields lead
to larger distortions in comparison to two-colour orthogonally polarised fields. These fea-
tures are investigated in detail for O2, whose highest occupied molecular orbital provides
two orthogonal nodal planes.

Lastly we investigate temporal interference in direct ATI momentum distribution
maps, employing linear and orthogonally polarised fields. We identify a type of intra-cycle
interference that is often overlooked in other studies and using an orthogonally polarised
field we show that the momentum distributions for individual trajectories separate. This
reduces the overlap between the two distributions leading to the reduction of intra-cycle
interference.
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7.3 (Color online) Panels (a) and (b) show the transition probabilities |𝑀(Ω)|2
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dipole operator. Panel (a) [Panel (b)] shows the individual contributions
from the long [short] orbit. In panel (a), the shifted positions of the
nodal-plane suppression calculated using Re[𝜁(𝑡, 𝑡′)] given by Eq. (3.84)
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is indicated by the thick vertical black line in the figure. For simplicity, all
fields have been normalised to the vector potential amplitude A0 = E0/𝜔. 83

7.4 Panels (a) and (b) show the transition probabilities |𝑀(Ω)|2 for the long
and short individual orbits respectively as functions of the alignment an-
gle 𝜃𝐿 for O2 in an elliptical field described in Eq. (3.58) using the same
parameters as in Fig. 7.2, but calculated using the velocity form of the
dipole matrix elements. Panel (c) shows |𝑀(Ω)|2 for a coherent superpo-
sition of the dominant long and short orbits considered in Panels (a) and
(b). The shifted positions of the nodal-plane suppression calculated using
Re[𝜁(𝑡, 𝑡′)] are indicated by the white short dashed curves for the long
orbit, and by the solid black lines for the short orbit. For comparison,
we also indicate the position of the nodal-plane suppression for linearly
polarised fields as the dashed black lines. . . . . . . . . . . . . . . . . . . . 84

7.5 In the first, second and third row we compare the probability density
|Ψ0(p)|2 in momentum space with the absolute squares of the dipole ma-
trix elements 𝑑(𝑣)rec(p · 𝜖‖) and 𝑑(𝑙)rec(p · 𝜖‖) along the major polarisation axis,
respectively, for the HOMO of O2. The alignment angle 𝜃𝐿 is increased
from the left column, 𝜃𝐿 = 0, to the right column 𝜃𝐿 = 𝜋/2 in increments
of 𝛿𝜃𝐿 = 𝜋/8. The HOMO of O2 is a 1𝜋𝑔 orbital with 𝐼𝑝 =0.441 a.u. and
the internuclear separation is 𝑅 = 2.28 a.u. The green and red lines in
all the panels indicate the orientation of nodal planes constructed using
atomic basis functions at single and different atomic centres, respectively.
The quantity in each panel has been normalised by its maximum value. . . 85

xviii



7.6 In panels (a) to (f), we show |𝑀(Ω)|2 calculated using the length (first col-
umn) and the velocity (second column) forms of the SFA. The first, second
and third row have been calculated using the coherent superposition of the
dominant orbits [panels (a) and (b)], and the individual contributions of
the long [panels (c) and (d)] and short orbits [panels (e) and (f)], respec-
tively. The harmonic yield in these panels is given in a logarithmic scale.
The parameters used are the same as in Fig. 7.2, but with a time delay
𝜑 = −0.1 between the parallel and perpendicular waves. The black dashed
lines indicate the position of the nodal-plane suppressions for a linearly
polarised field, whilst the white short dashed and solid black curves give
the calculated position of the suppression for the long and short orbit,
respectively, for elliptically polarised fields. Panel (g) and (h) shows the
same plot as panels (c) and (d) in Fig. 7.3, but using a relative phase of
𝜑 = −0.1. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88

7.7 In panels (a) to (c), we show the transition probabilities |𝑀(Ω)|2 along
the major polarisation axis as functions of the alignment angle 𝜃𝐿 for O2

(ionisation potential 𝐼𝑝 = 0.441 a.u. and internuclear separation 𝑅 = 2.28
a.u.). The parameters used are the same as in Fig. 7.2, but with 𝑛 = 2
for the perpendicular wave, which is in phase (𝜑 = 0) with the parallel
component of the laser field. Panels (a) and (c) give the individual con-
tributions from the long and short orbit respectively, whilst (b) shows the
result using their coherent superposition. The black dashed lines indicate
the positions of the nodal-plane suppressions in the spectrum for a lin-
early polarised field, whilst the white short dashed and red curves give
the calculated modified position of the suppression for the long and short
orbit, respectively. The harmonic yield is given in a logarithmic scale. The
increase in the harmonic yields after the cut-off observed in panel (a) is
related to a breakdown of the standard saddle-point approximation which
occurs to the long orbits for this particular phase difference (for details
see Ref. [3]). In panel (d) we have the same plotted as Fig. 7.3c, but using
the same relative phase, intensity and frequency as in panels (a), (b) and
(c) in this figure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

8.1 Panel (a) shows the real part of the ionisation times and the final momen-
tum p that the electron acquires while in the continuum when following
orbit 1𝑗 (red line) and orbit 2𝑗 (blue line). The end of the first cycle of the
laser field is indicated by the horizontal dashed line. Panel (b) shows a
schematic representation of two cycles electric field E(t)(black curve) and
the vector potential A(t)(red curve) of a monochromatic linearly polarised
field. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

xix



9.1 Panel (a) shows the real part of the ionisation times and the final mo-
mentum the electron acquires while in the continuum. Orbits 2𝑗 and 2𝑗
are indicated by the red and blue curves, respectively. The solid [dashed]
curves indicate the orbits have ionised from the first [second] cycle of the
field. The regions shaded by well separated linear hatching and labelled
“type A” indicate the interfering parts of the orbits where the ionisation
time difference between them is less then half a cycle, i.e., Δ𝑡 < 𝑇/2. The
regions shaded by closely spaced linear hatching indicate the interfering
parts of the orbits where Δ𝑡 > 𝑇/2, “type B”. Panel (b) shows the value of
the action for the orbits shown in panel (a), for a given final momentum
that the electron acquires while in the continuum. . . . . . . . . . . . . . . 100

9.2 Momentum distribution maps for direct ATI from a helium atom in a
linearly polarised laser field of intensity 𝐼 = 3.8 W/cm2 and frequency
𝜔 = 0.059 a.u. The ionisation energy for helium is 𝐼𝑝 = 0.92 a.u. Panel
(a) shows type A intra-cycle interference, where the Δ𝑡 is less than half a
cycle and panel (b) shows type B intra-cycle interference where the Δ𝑡 is
greater than half a cycle. In panel (c) we show the complete contributions
of orbits 11 and 21 from the first cycle of the field (see Fig. 9.1a). Panel
(d) is the same as panel (c), but includes contributions over 2 cycle of the
electric field, i.e., orbits 11,2 and 21,2. . . . . . . . . . . . . . . . . . . . . . 101

9.3 Momentum distribution maps for direct ATI from a helium atom in a
elliptically polarised laser field described by Eq. (9.1) of intensity 𝐼 = 3.8
W/cm2 and frequency 𝜔 = 0.059 a.u. computed for orbits 11 and 21. The
ionisation energy for helium is 𝐼𝑝 = 0.92 a.u. The ellipticity of the field is
increasing from 𝜉 = 0, 0.16, 0.21 to 0.29 from panel (a) to (d). . . . . . . . 104

9.4 Same as Fig. 9.3 except two cycles of the fundamental driving field are
considered, i.e., orbits 11,2 and 21,2 contribute to the momentum maps. . . 105

9.5 Same as Fig. 9.3 except computed for orbits 11,2,3 and 21,2,3. . . . . . . . 106
9.6 Momentum distribution maps for direct ATI from a helium atom, 𝐼𝑝 =

0.92 a.u., computed for orbits 1𝑗 only. Panel (a) considers ionisations
over three cycles of the fundamental driving field, i.e orbits 11, 12 and 13.
Panel (b) considers contributions from orbits 11 and 12 and (c) considers
contributions from orbits 11 and 13. In all three panels the driving laser
field is linear, 𝜉 = 0, of intensity 𝐼 = 3.8 W/cm2 and frequency 𝜔 = 0.059
a.u. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 107

9.7 Partial momentum distribution maps for the second electron of the RESI
mechanism of NSDI ionising from the excited state of the He atom. Only
one cycle of the fundamental driving field is considered and the ellipticity
is increasing from 𝜉 = 0, 0.125 to 0.2 from panel (a) to (c) . . . . . . . . . 108

xx



Part I

General overview

xxi



Chapter 1

Introduction

1.1 Orthogonally polarised fields

The common topic of the work represented in this thesis is the interaction of matter with
fields composed of two orthogonally polarised wave propagating in the same direction,
but oscillate at a perpendicular angle to each other. The importance of fields composed
in this way is that they introduce control over another degree of freedom to processes such
as molecular alignment and electron motion. For instance, it was shown theoretically and
experimentally that elliptically polarised fields could be used to achieve three dimensional
alignment of 3,4-dibromothiophene molecules and restrict its movement along all three
axes [4]. Previous to this work linearly polarised fields were used, which could align
molecule along one axis, but could not restrict the rotation of the aligned molecule.
Even at a biological level studies have suggested that elliptically polarised light can be
tuned between linear and circular polarisation to be used as a non-invasive probe to
image tissues such as an exposed cerebral cortex or skin specific depths. In this way
they could serve as diagnostic tool for early disease detection, such as cancerous growths
[5, 6, 7, 8].

Since the mid 1990s, orthogonally polarised fields have been proposed as a resource
for controlling strong-field phenomena, such as high-order harmonic generation (HHG),
above threshold ionisation (ATI) and non-sequential double ionisation (NSDI). These
phenomena were measured for the first time when strong driving fields of intensity I
> 1013 W/cm2 were employed [9, 10, 11, 12]. At the time their existence could not be
explained by perturbation theory. This is because at these intensities the driving field
can no longer be treated as a perturbation, as it was now comparable to the Coulomb
field of the target atom or molecule for the outer-shell electrons.

Nowadays, the three step mechanism [13] is commonly used to explain how the strong-
field phenomena are produced [see Fig. 1.1]. The first step of this mechanism is ionisation

1



Figure 1.1: Schematic representation of the three step mechanism (TSM) for (a) direct ATI (i)
and rescattered ATI (ii), (b) HHG, (c) electron impact (EI) NDSI and (d) recollision excitation
with sub-sequential tunnelling ionization (RESI) NSDI. The numbers in black circles indicate
the steps in the TSM.

of an electron via multiphoton or tunnel ionisation [Fig. 1.1(1)]. In the second step this
freed electron propagates in the continuum accumulating kinetic energy from the laser
field [Fig. 1.1(2)]. Some electrons may leave the vicinity of their parent ion reaching
the detector without further interaction (direct ATI) [Fig. 1.1(a)i] and some may return.
If an electron returns, in the third step it can either: recombine with its parent ion,
releasing its energy in the form of emitted high-harmonic radiation (HHG) [Fig. 1.1(b)];
elastically re-scatter with it (rescattered ATI) [Fig. 1.1(a)ii] or collide inelastically to
free a second electron from the atom or molecule (electron impact NSDI) [Fig. 1.1(c)] or
excited the second electron which tunnel ionises some time later and reaches the detector
(recollision excitation with sub-sequential tunnelling ionization NSDI) [Fig. 1.1(d)].

Introducing a second field that is orthogonally polarised to the first, enables one to
steer the motion of the active electron in the continuum and control how it returns to
the core. This introduces a momentum component perpendicular to the momentum an
electron usually acquires from a linearly polarised laser. This is the key idea behind
polarisation-gating techniques, where this new degree of freedom may be controlled by
modifying the field ellipticity. For instance, lasers with changing ellipticity over time
were suggested in [14, 15, 16, 17] as a way to produce isolated attosecond pulses. This
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was experimentally realised in [18, 19], where the dependence of HHG on the ellipticity of
the driving pulses was used to create a temporal window of linear polarisation, for which
the generation of extreme ultra violet (XUV) harmonics is possible. This technique
allows the generation of a broadband of XUV pulses with the possibility of single-cycle
pulses. This is an improvement on the attopulses produced through linearly polarised
pulses, for which only the spectral portion around the cut off can be used [20, 21, 22].
Furthermore, polarisation-gating techniques allow a substantial increase in the intensity
of the attosecond pulses produced [23]. Another important application of polarisation-
gated pulses is the attosecond imaging of matter, in particular the reconstruction of
molecular orbitals [24].

This potential for imaging was first realised with aligned molecules using linearly
polarised fields [25] and was later achieved for molecules such as CO2 [26] and CO
[27, 28]. However, pairs of orthogonally polarised fields exhibit a series of advantages.
They allow a greater degree of control of the angle with which an electron leaves and
returns to its parent ion [29, 24]. Hence, in principle, there is no necessity of aligning
or rotating the molecule to be imaged, this provides access to degenerate orbitals, or
molecules that are difficult to align. They also allow molecular-orbital reconstruction
from a single-shot measurement [24]. This may be useful for probing dynamic processes
in which space, energy and time coherence are important.

Orthogonal two colour fields have a particular advantage over elliptically polarised
fields as they have less impact on HHG efficiency as the strength of the perpendicular field
is increased. In fact it was shown in [30, 31] that adding a weaker second harmonic field
at a well chosen phase difference enhanced the signal of the harmonics generated. This
has also been shown to suppress or enhance the contributions of individual orbits along
which the re-colliding electron may return [32]. Trajectory selection was also reported in
Ref. [33], where it was shown that the correlated electron dynamics in the electron impact
mechanism of NSDI was strongly influenced by the phase difference in the orthogonal two
colour field, producing strong anti correlated patterns in momentum distribution maps.
The origin of this influence was due to the fact that the window of time with which the
first ionised electron could return to the parent ion was significantly reduced. This meant
that only a select group of trajectories could rescatter and ionised the second electron.

For ATI most studies with orthogonally polarised fields have focused mainly on the
angular dependence on the ionisation rate [34, 35, 36, 37]. In one study it was shown
that elliptically polarised fields could be used to suppress the contribution of electrons
that re-scatter. This revealed temporal interference between electron trajectories that are
associated with direct ATI, where recollision does not occur [38]. For rescattered ATI, it
has been shown that increasing the ellipticity of the field, increases the contributions of
quantum orbits that spend much longer in the continuum, with contributions from shorter
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Figure 1.2: High-order harmonic spectrum calculated using the strong field approximation model,
from a hydrogen atom, H (black and red solid curves) and a hydrogen molecule, H2 (dark and
light green curves) subjected to a continuous monochromatic linearly polarised field of intensity
𝐼 = 5 × 1014 W/cm2 and frequency 𝜔 = 0.057 a.u. The ionisation potential of H and H2 are
𝐼𝑝 = 0.5 a.u. and 𝐼𝑝 = 0.59 a.u., respectively. The H2 molecule has an internuclear distance
of 𝑅 = 1.4 a.u. and is aligned parallel to the polarisation of driving laser field. The red and
light green [black and dark green] curves give the HHG spectrum contributions from the two [six]
shortest trajectories ionising from the same peak in the electric field.

orbits decreasing rapidly [39]. This kind of work shows the importance of including these
longer orbits when modelling these phenomena, which are often ignored.

1.2 Quantum interference

1.2.1 Temporal interference

The three step mechanism of ionisation, propagation and possible recombination, tells
us that in the propagation step the electron follows a trajectory that is influenced by
the force exerted on it by the laser field. For strong field phenomena that involve a
rescattering or recombination mechanism such as rescattered ATI, NSDI and HHG, this
trajectory returns to the site of ionisation after it has propagated in the continuum. In
HHG for example, the quantum mechanical picture tells us that an emitted high harmonic
is the result of a sum over many quantum trajectory contributions that the electron can
take and return with a particular kinetic energy that it has gained in the continuum
[40, 41]. These trajectories acquire a phase while propagating in the continuum which
will depend on the excursion time and the pondermotive energy of the laser driving field,
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𝑈𝑝 = 𝐸2
0/4𝜔

2, where 𝐸0 and 𝜔 are the electric field amplitude and the angular frequency
of the driving laser field. The difference in phase between these trajectories will give rise
to constructive and destructive interference, which will lead to an interference pattern
across the high harmonic spectrum. In Fig. 1.2 we can see the temporal interference
between the two shortest trajectories, giving rise to the bumps and troughs in the higher
harmonic spectrum given by the red curve. We can also see that as we go to the high
harmonic orders the interference pattern gets thicker, indicating that phase difference due
to the difference in excursion time is getting smaller. In fact, at the cut-off, indicated
by the sudden drop in HHG signal, the trajectories have actually coalesced into one
trajectory. For rescattered ATI, where the electron reaches the detector in the final step,
the individual contributions from different pairs of trajectories were observed, when the
single plateau normally observed with a linearly polarised field was transformed into a
staircase of plateaus with the use of elliptically polarised fields [42, 43]. Each plateau
could be associated to contributions from a particular pair of trajectories. For HHG,
observing temporal interference of trajectories is less straight forward as spatial and
temporal averaging blurs the fringes at the macroscopic harmonic response level. In
Ref. [44] they showed that this can be avoided by varying the intensity of the driving laser
field, thereby changing the relative phase of the contributing trajectories and carefully
selecting macroscopic conditions. This allowed them to observe interference between the
two shortest pairs of trajectories.

For direct ATI, these trajectories take the electron to the detector without rescatter-
ing. In a linearly polarised field their final momentum is determined by the time at which
they are ionised, which is most probably around the peak of the electric field. Construc-
tive or destructive interference will occur when trajectories that start at different parts of
the electric field reach the detector with the same final momentum. Within one cycle of
the electric field the electron can reach the detector with a range of final momentums via
two possible trajectories that start from adjacent peaks of the electric field. This creates
an intra-cycle interference pattern that arises from the temporal double slit created by
the time difference between these trajectory start times [45]. If more than one cycle
of the field is considered, trajectories starting from consecutive peaks separated by one
cycle will constructively and destructively interfere. This leads to inter-cycle interference
pattern that can be thought of as arising from a temporal diffraction grating consisting
of N slits, where N is the number of cycles of the field [45]. This inter-cycle interfer-
ence is the well known ATI peaks which appears as a pattern of rings in the momentum
distribution maps [46, 47].
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1.2.2 Spatial interference from molecules

For linearly polarised driving fields, molecular imprints in HHG spectra have been widely
studied, at least within the single-active electron and single-active orbital approximation.
For instance, it is by now common knowledge that nodal planes cause a strong suppres-
sion in HHG spectra if they are aligned parallel to the laser-field polarisation [48]. This
suppression arises from the fact that nodal planes are areas of vanishing probability den-
sity in the wavefunction of the target molecule. This suppresses ionisation in the first
step of the HHG mechanism. Additionally a vanishingly small overlap of the returning
electronic wavefunction and the core wave function of the molecule suppresses recom-
bination in the third step of the HHG mechanism. This suppression was confirmed in
experiment and theoretical calculations that compared HHG from aligned CO2, which
possesses two nodal planes in its highest occupied molecular orbital (HOMO), and N2,
which possesses none.

High harmonic spectra from aligned molecules also exhibit a multi-slit like interference
pattern, with pronounced maxima and minima, which are dependent on the internuclear
distance and the orientation of the molecule with respect to the polarisation of the laser
field. This is a structural effect that results from the electron wave packet recombining
to spatially different centres. For the simplest scenario, i.e., a diatomic molecule, these
interference patterns have been experimentally observed for molecules such as H+

2 and
CO2 (which can be considered to be an elongated O2 molecule) [49, 50, 51]. They have
also been observed in other strong field phenomena such as rescattered ATI from O2

[52]. In Ref. [53], theoretical predictions for two centre interference in HHG showed the
pronounced minima within the plateau of the HHG spectrum from H2 and H+

2 , were
expected to occur for

𝑅 cos 𝜃𝐿 = (2𝑛+ 1)𝜆/2, (1.1)

where 𝑅 is the internuclear distance of the diatomic molecule, 𝜃𝐿 was the orientation of
the molecule with regards to the polarisation of the field and 𝜆 = 2𝜋/𝑝 is the De Broglie
wavelength of the returning electron wavepacket. Using the fact that the harmonic order
of a radiated photon in HHG is given by the sum of ionisation energy (𝐼𝑝) of the molecule
and the kinetic energy (𝐸𝐾.𝐸) of the returning electron, Ω = 𝐼𝑝 + 𝐸𝐾.𝐸 , the predicted
harmonic that the minima would occur is given by

Ω = 𝐼𝑝 +
(2𝑛+ 1)2𝜋2

2𝑅2 cos2 𝜃𝐿
. (1.2)

In Fig. 1.2, we compare the calculated harmonic spectrum from a Hydrogen atom (red
and black curves) and a Hydrogen molecule (green and dark green curve). We can clearly
see a structural interference minimum in the plateau of the H2 HHG spectrum, the posi-
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tion of which is predicted by Eq. (1.2) at the 54th harmonic. However, this interference
condition was found to incorrectly predict the position of the minimum of experimentally
measured HHG from CO2 [54] and N2 [55] because the valence orbitals of these molecules
are made up of both 𝑠-type and 𝑝-type orbitals, unlike H2, which is made up of purely 𝑠-
type orbitals, Furthurmore, some studies have suggested that multi-electron effects may
be important [56]. In 2009 a generalised two-centre interference condition for HHG from
homonuclear diatomic molecules subjected to a linearly polarised laser field that accounts
for the orbital geometry and also 𝑠 − 𝑝 mixing was introduced [57]. This condition was
shown to correctly predict the position of the minima in calculated HHG spectra from
H2, O2 and N2 whose HOMOs are composed by 𝑠-type, 𝑝-type and 𝑠-𝑝 mixed orbitals,
respectively. Two centre interference has also been studied in heteronuclear diatomic
molecules, where it was found in one particular theoretical study that the asymmetry of
the heteronuclear molecular orbitals leads to some blurring in the interference patterns
[58].

The model used to calculate the harmonic spectrum from H2 in Fig 1.2 employs the
Born-Oppenheimer approximation, which means that the electronic and nuclear degrees
of freedom are disentangled. This allow us to neglect nuclear motion as it happens on
a much larger time scale compared to electronic motion. Therefore the position of the
nuclei of the molecular target in this model are assumed to be fixed. For large molecules
such as N2 and O2 this is a good approximation as the vibration of the heavy nuclei
is very small [59]. This is not the case for molecules such as H2 and D2 for which the
internuclear distance can change within the time the electron ionises and recombines.
This effect has been shown to lead to a lower minimum in the harmonic spectrum than
previously predicted [50], as well as terminating HHG from these molecules after a few
periods of the field, causing a shortening of the attosecond pulse trains and in general
leading to a lower HHG efficiency [60, 61]. Nevertheless, in order to isolate the effects of
orthogonally polarised fields of quantum structural interference, the Born-Oppenheimer
approximation has been employed throughout the work presented in this thesis.

Studies of the above-mentioned two-centre interference for elliptically polarised fields
are comparatively few. Most of the studies are focused on the harmonic yield, as a func-
tion of the driving-field polarisation [62], or on the ellipticity of the high-order harmonics
as a way to probe the anisotropy of a molecular medium [63, 64, 65]. In particular, recent
investigations have shown that the minimum related to two-centre interference becomes
increasingly blurred and appears to split if the ellipticity of the driving field is increased
[66]. Therein, an interference condition for the perpendicular molecular orientation was
presented, which was different along the major and the minor polarisation axis of the
driving field. The focus of such papers, however, was on the vector character of the HHG
transition probabilities [66], and on the ellipticity of the high-order harmonics [65]. So far

7



the above-mentioned blurring and splitting has not been addressed. Two centre interfer-
ence patterns in ATI spectra are also possible, with some studies proposing interference
conditions for rescattered ATI from diatomic molecules in linearly polarised fields, which
can take into account 𝑠 − 𝑝 mixing [67]. In Ref. [68], structural two-centre interference
in direct ATI spectra from diatomic molecules was analysed as well as temporal inter-
ference. In this study they found that increasing field ellipticity blurred the temporal
interference, but the spatial interference patterns were unaffected.

Two centre interference can tell us a lot about our target molecule, such as the inter-
nuclear separation, alignment of a molecule [53]and the movement of the atomic centres
between ionisation time and recombination time which occurs on a femtosecond time
scale [50]. The revelation that the minimum could contain information about structure
and properties of the target molecule led to orbital tomography, in which the orbital the
electron ionises from is reconstructed from the HHG spectra of the target molecule. Two
centre interference has also been shown to reveal the information about the strength of
s-p mixing of molecular orbital to which the electron returns [57, 69] and whether dif-
ferent ionisation and recombination channels play an important role in the final HHG
spectra [69, 48]. In fact this is the idea behind HHG spectroscopy, where the modulation
of the two centre interference pattern caused by changes in relative amplitude of the
different ionisation channels as a function of the molecular alignment are used to track
the multi-electron rearrangement on an attosecond timescale [70, 71].

But in order to be able to image molecules with orthogonally polarised fields, one
must disentangle the imprints left by the field on the molecular target from the features
caused by the field itself. In this thesis, we perform a detailed study of the influence of
an orthogonally polarised driving field on the structural interference in HHG, in order to
explain the effects found in [66]. We find that the blurring and splitting of interference
minima are the result of sub-cycle modifications of the electrons trajectories mentioned in
Sec. 1.2.1, caused by the orthogonally polarised field. The field imparts a perpendicular
momentum on to the electron trajectories which will depend on their ionisation and
recombination time, therefore inducing the electron to return at varying angles with
respect to the field. This range of return angles will cause the position the minimum in
the spectra to shift differently for each trajectory, leading to blurring.

We then show that we are able to predict the position of the shifted minima for
the individual trajectories with a modified two-centre interference condition for diatomic
molecules in orthogonally polarised driving fields. This condition holds for arbitrary
shapes, relative phase and frequencies of these two fields and in the limit of vanishing
perpendicular field, the interference condition in Ref. [57] is recovered. If observable in
experiments, it would therefore be possible to extract the electrons angle of return from
the modified positions of two centre interference minima, which, as we can see in Fig. 1.2
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is a dominant feature in HHG spectra of diatomic molecules. Observing shifted two centre
interference in HHG spectra from aligned diatomic molecules has not been accomplished
to date. This is mostly likely due to blurring caused by this variation in the return angle
for the electron trajectories. In Ref. [54], this blurring was observed experimentally.
They found that increasing the ellipticity of the driving field had little effect on the HHG
intensity for harmonic orders influenced by destructive two centre interferences compared
to those that were not. Here, the expected loss in HHG intensity is compensated by an
increase in intensity due to the blurring minimum. This experiment highlights our main
motivation of work in this thesis, which is to reduce the blurring observed in [54] and aid
in the observation of shifted two centre interference experimentally. With our detailed
study of the physics behind this phenomena, we have a better understanding of the
conditions that need to be met at the single atom response level, such as field type
and phase difference, and the macroscopic phase matching conditions (discussed later in
Sec. 1.4), such as gas jet position and pulse duration, in order to achieve observation of
the shifted minimum experimentally.

Additionally, understanding how to control an electron’s angle of return could prove
useful for molecular imaging and orbital reconstruction. For instance, HHG spectroscopy
uses the alignment of the molecule to select which channel the electron ionises from when
tracking electron hole dynamics [70]. Using this extra degree of freedom could also open
up this technique to molecules that are difficult to align. In fact it was shown in Ref. [72]
that using an elliptically polarised field allowed for the retrieval of energy and angular
dependence of the photorecombination cross section of p-states, which was not possible
with linearly polarised fields. Preparing a desired spread of recollision angles could also
allow molecular-orbital reconstruction from a tailored single-shot measurement. This
would be useful for dynamic processes in which space, energy and time coherence are
important. Furthermore, this control over the electron angle could also be useful in other
fields such as laser induced electron diffraction (LIED) in which the electrons that are
ionised from a molecule are used to probe the molecule when they rescatter on their return
[73, 74, 75, 76]. Reconstruction of the molecular orbital can be achieved by retrieving
structural information in the diffraction patterns [77].

Moreover, manipulation of the shifted minimum itself can be useful. In Ref. [78]
they showed that the minimum could provide a window to reveal contributions to the
high harmonic spectrum from other orbitals, which would normally be washed out by the
HHG signal from the HOMO. Orthogonally polarised fields could provide more freedom
to tweak the window provided by the interference minimum. One should note, however,
that there may also be imprints caused by the dynamics of the core [56, 63]. The Coulomb
potential, like the driving laser field can modify the trajectories of the propagating elec-
trons [79]. Such effects will not be addressed in this work, but a detailed investigation of
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the behaviour of destructive interference in HHG spectra from molecules in orthogonally
polarised fields will be helpful when disentangling its effects from the influence of the
Coulomb potential in future studies and experiments.

1.3 Modelling strong field phenomena

In order to learn any information about the target atom or molecule from the high
harmonic spectra or photo-electron momentum distributions of ATI and NSDI, we must
disentangle the imprint on the spectra left by the field from the features related to the
target. It is therefore important to chose a theoretical method, for which there are various
employed within the strong field community, that allow you to do this.

Numerical methods such as solving the time dependent Schrödinger equation (TDSE)
provides a benchmark for other models as there are no physical approximations and so-
lution are close to the experimental result. However, the underlying physics is hard to
disentangle. Furthermore, although current computational capabilities mean solving for
one-electron systems can be easily done, the numerical effort increases exponentially with
the increase in the system’s degrees of freedom, requiring a great deal of computer power
for more complex systems, [80, 81, 82]. In order to avoid the “experimental wall” one
needs to employ all sorts of approximations in order model these phenomena. Classical
methods do just this and approximate the behaviour of the quantum mechanical wave-
function using an ensemble of classical trajectories that the electron can follow when in
the continuum. This provides insight into the physics of the phenomena, which the nu-
merical methods above could not. It could predict the energy in which a high harmonic
spectrum would cut-off, but it could not reproduce the interference patterns, plateau or
cut-off when calculating the harmonic spectrum.

The strong field approximation (SFA) [83] is a successful model that treats the prob-
lem semi-analytically, providing a transparent physical interpretation in terms of electron
orbits, while retaining quantum-mechanical features such as spatial and temporal inter-
ference. For this reason the SFA is the model of choice in this study as it allows us to
assess these difference types of quantum interference and understand how their signatures
in high harmonic spectra and photo-electron momentum distributions are affected by the
introduction of a second orthogonally polarised field. The main assumptions of the SFA
are that if the electron is in the continuum any influence from the binding potential of
the atom or molecule will be ignored. This is done by describing the free electrons in the
continuum as field dressed plane waves called Volkov states [84]. In turn the influence of
the laser field will be ignored when the electron is bound. Although these assumptions
are the reasons for its success, they can lead to short comings and a loss of physics when
modelling strong field phenomena. For instance the two centre interference minimum

10



for N2 has never been observed experimentally [25, 85, 86] despite being predicted to be
present using SFA models. In Ref. [87], the influence of the field on the HOMO of N2 was
included, showing that the missing structural minimum was due to a distortion of the
HOMO of N2 by the field. The SFA is also unable to reproduce certain features in the
spectra of strong field phenomena such as the fan-shaped structure in the photo-electron
momentum distributions of direct ATI [88, 89, 90, 91, 92]. This is because the origin of
these features are a consequence of the presence and influence of the Coulomb potential
modifying the trajectories of the electrons in the continuum, which is not included in
this model. These assumptions also mean that the SFA is not gauge invariant, yielding
different results depending on whether the velocity or length gauge of the Hamiltonian
are used in the computation. If the Schrödinger equation is solved exactly, both gauges
would produce equivalent results. Therefore, it is important to choose the appropriate
gauge when employing the SFA, which is a hotly debated subject in the strong field
community. In the work that follows the length gauge has been used as it reproduces
structures associated with two centre interference patterns which is one of the main fo-
cuses of this study. In the velocity gauge these patterns are absent as they are shifted
beyond the cut off of HHG [93, 94, 95]. Nevertheless, the SFA is a very powerful and
highly flexible model allowing the analysis of the quantum mechanical aspects of strong
field phenomena, such as interference, using a intuitive picture in terms of electron tra-
jectories. In fact in Ref. [96] it was shown that the SFA can still be employed to model
HHG spectra from more complex molecules such acetylene (C2H2) and allene (C3H4).
The work in this thesis has been done within the framework of the SFA utilising the
single-active electron (SAE) and single-active orbital approximations, which mean only
the least bound electron and the HOMO are assumed to contribute to most of the physics
of the phenomena studied. It is also assumed that ground state depletion and electron
transitions to different continuum states do not occur and that the all other dynamics
and the core are frozen. Such effects as well as imprints caused by the dynamics of the
core [56, 63], will not be addressed in this work. In our study of HHG we employ intense
orthogonally polarised fields on diatomic targets and similarly to other studies, which
are performed within the strong field approximation we have extended it for molecular
systems [97, 59, 98, 93, 94, 69, 99, 100, 57, 66, 68].

1.4 Macroscopic propagation of HHG

It is a reasonable question to ask, whether features found when modelling the HHG
spectrum using the SFA can be seen in experimentally measured HHG spectra. High
harmonic radiation generated and measured in the lab is not observed from a single atom
or molecule interacting with a strong laser field. Instead it is the coherent sum of all the
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Figure 1.3: Simple representation of the experiment set-up used to measure HHG in the labora-
tory

constructively interfering harmonics, generated from all the atoms or molecules supplied
by the gas jet that are interacting with the strong laser field [101]. Are the features lost
in the macroscopic high harmonic response and do they survive propagation into the far
field? At this level phase matching has a considerable influence over the resultant XUV
field that is measured in the lab [102, 103], where the phase of newly generated harmonics
must be in phase with the phase front of the already propagating harmonics generated
earlier. Whether the harmonics will phase match constructively or destructively depends
on the intensity and phase of the driving laser across the interaction region, which is
where the gas jet and the strong laser field interact. Because these properties of the
laser field vary across the gas jet causing a variation at the single atom response level.
At the single atom response level the phase of the emitted harmonic will depend on
the trajectory the electron takes while propagating in the continuum. For any given
harmonic on the plateau region of the high harmonic spectrum there are two dominant
paths. Because these two paths spend a different amount of time propagating in the field
they accumulate different phases. This means that it is possible for the two trajectories
to phase match differently giving us the opportunity to suppress one of the trajectories
with well chosen macroscopic conditions [104, 105]. This type of selection has been used
successfully in the past to optimise attosecond pulse production [104, 101]. In fact, it
has even been shown that to obtain clear enough interference patterns between both
orbits requires a very delicate tuning on the propagation conditions [44, 106]. In general
placing the gas jet after the focus gives rise to good phase matching condition for the
short trajectory and placing before the focus gives good phase matching conditions for
the long trajectory.

What must also be taken into account is how the medium in the interaction region
affects the propagating IR and XUV laser fields. Effects such as linear dispersion and
absorption by free-electron and neutral atoms can reshape the driving pulse and affect
the generated propagating harmonics differently. After this propagation through the in-
teraction region, the high harmonic radiation must propagate to the far-field through a
vacuum towards the detector where is it measured. In order to model experimentally

12



measured HHG seen in the laboratory one needs to describe the singe atom or molecule
response the laser matter interaction as well as the collective macroscopic response. In
this study we follow the example of [101, 107] and model the single atom response using
the strong field approximation allowing us to keep our intuitive description in terms of
trajectories and numerically integrate the Maxwell’s wave equation to model the experi-
mental data. In doing so it allows us to understand if features we find modelling HHG at
the single molecule response level survive propagation effects and are hence observable in
an experiment. It is therefore a useful tool that can be used to encourage and facilitate
the setting up of an experiment and is helpful in determining the preferable parameters
and conditions required to observe the desired features. Of course this model incorpo-
rates the SFA and does not take into account the effect of the core on the trajectories
while propagating and retains all the problems mentioned in Sec 1.3. In Ref. [108], a
numerical integration of the TSDE and the SFA were compared and were found to dis-
agree on which trajectory contributes more to the spectrum, with the TSDE predicting
the shortest and the SFA predictive the second shortest. This leads to discrepancies in
macroscopic prediction. Nevertheless, modelling the macroscopic harmonic response us-
ing the SFA at the single molecule response level is a very powerful, controllable model,
which avoids the “exponential wall” when computing systems with increasing degrees of
freedom such as molecules.

1.5 Structure of the thesis

The structure of this thesis is organised as follows. In Chapter 2 we present the basic
formalism for the ionisation of an electron by a laser field from a single active electron
system and employed the SFA to it. This will then be used later in in Chapters 3 and 8
to derive the SFA transition amplitude for direct HHG and ATI, respectively.

In Part II we focus on high harmonic generation (HHG) and derive the HHG transition
amplitude employing the SFA derived in Chapter 2 to which we will then apply the
saddle point approximation and uniform approximation. This model will be extended to
a diatomic molecular system in Sec 3.6 and a modified two centre interference condition
for orthogonally polarised fields will be presented in Sec 3.7. The model is extended
further to the macroscopic harmonic response level in Sec 3.8.

In Chapters 4 to 7, we present all our results regarding HHG from diatomic molecules
in orthogonally polarised fields.

In Chapter 4 we compute HHG spectra at the single molecule response level using
a bichromatic field composed of two orthogonal, linearly polarised waves. We show
that the orthogonally polarised fields introduce an effective dynamic shift in the angle
for which the two-centre interference maxima and minima occur. This angle depends
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on the ratio between the field-dressed momentum components of the returning electron
parallel and perpendicular to the major polarisation axis along each possible orbit, and
therefore incorporates the electrons angle of return. It is shown that this dynamic shift
is responsible for a blurring and splitting similar to that observed in Ref. [66].

In Chapter 5 we model the macroscopic harmonic response and propose the optimal
conditions for observing these shifted two centre interference minima. We use phase
matching conditions and polarisation gating, so these minima can be measured experi-
mentally with the possibility of extracting the electrons angle of return.

In Chapter 6 we investigate two centre interference in the elliptically polarised fields.
We propose a new opportunity in which one may observe the dynamic shift of the two
centre interference, without the need to remove trajectory contributions through phase
matching at the macroscopic harmonic response level. We also discuss the pros and cons
of using an elliptical field over an orthogonal two colour field.

In our final investigation of HHG from diatomic molecules in Chapter 7, we show that
the typical suppression in the spectra associated to nodal planes is distorted, and that this
distortion can be employed to map the electron’s angle of return to its parent ion. In Sec
7.2, we show that the velocity form of the dipole operator is superior to the length form
in providing information about this distortion, although both forms introduce artefacts
that are absent in the actual momentum-space wavefunction.

In Part III we move the focus of this thesis to the direct ATI. In Chapter 8, using the
derivation of the SFA in Chapter 2, we derive the transition amplitude for the direct ATI
mechanism to which we employ the saddle point approximation. We present our results
from our investigation of temporal interference in direct ATI momentum distribution
maps. In Sec 9.1, we identify a type of intra-cycle interference that is often overlooked
in other studies. Using an orthogonally polarised field we show in Sec 9.2 that the
momentum distributions for individual trajectories separate, leading to a reduction in
intra-cycle interference.
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Chapter 2

Strong-field approximation (SFA)

In this chapter we present the theoretical approach used to investigate both ATI and
HHG in linearly and orthogonally polarised fields. The SFA approach allows us to analyse
the quantum mechanical aspects of ATI and HHG using a intuitive picture in terms of
electron trajectories. Below we introduce the basic formalism for the ionisation of an
electron by a laser field from a single active electron system to which the SFA will be
employed. This will then be used in Chapters 3 and 8 to derive the SFA transition
amplitude for HHG and direct ATI.

We can begin by evolving the wavefunction |Ψ(𝑡′)⟩ from a time 𝑡′, before the laser is
turned on, to a time 𝑡 when the laser field is turned on using,

|Ψ(𝑡)⟩ = 𝑈(𝑡, 𝑡′)|Ψ(𝑡′)⟩. (2.1)

𝑈(𝑡, 𝑡′) is the time evolution operator given by

𝑈(𝑡, 𝑡′) = 𝒯 exp[−
∫︁ 𝑡

𝑡′
𝐻(𝜏)d𝜏 ], (2.2)

where 𝒯 is the time-ordering operator. It evolves the wavefunction under the influence
of the full Hamiltonian, given by

𝐻 = 𝐻0 +𝐻𝐼(𝑡), (2.3)

which satisfies
𝑖
𝜕

𝜕𝑡
|Ψ(𝑡)⟩ = 𝐻|Ψ(𝑡)⟩. (2.4)

In Eq. (2.3), 𝐻0 is the field-free Hamiltonian and H𝐼(t) is the interaction Hamiltonian of
the atom or molecule with the laser field. The field-free Hamiltonian is given by

𝐻0(𝑡) =
p̂2

2
+ 𝑉 (𝑟), (2.5)
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which satisfies,

𝑖
𝜕

𝜕𝑡
|Ψ(𝑡)⟩ = 𝐻0|Ψ(𝑡)⟩, (2.6)

where p̂2/2 is the kinetic energy of the electron and V(r) is the Coulomb potential of the
system. The expression for the interaction Hamiltonian depends on the gauge. In the
length gauge it is given by

𝐻
(𝑙)
𝐼 (𝑡) = r · E(𝑡), (2.7)

and the velocity gauge by

𝐻
(𝑣)
𝐼 (𝑡) = −∇ · A(𝑡) +

A2(𝑡)

2
(2.8)

If the Schrödinger equation is solved exactly both gauges are equivalent, but if it is solved
using approximations, such as the strong field approximation the invariance is broken and
the two gauges yield different results. In the work that follows the length gauge has been
used so that the interaction Hamiltonian 𝐻𝐼 is given by Eq. (2.7). We can now make use
of the following Dyson equation

𝑈(𝑡, 𝑡′) = 𝑈0(𝑡, 𝑡
′)− 𝑖

∫︁ 𝑡

𝑡′
d𝑡′′𝑈(𝑡, 𝑡′′)𝐻𝐼(𝑡

′′)𝑈0(𝑡
′′, 𝑡′), (2.9)

where 𝑈0(𝑡, 𝑡
′) = 𝑒−𝑖𝐻0(𝑡−𝑡′) is the field-free time evolution operator which evolves the

system according to the field-free Hamiltonian given by Eq. (2.5) and satisfies

𝑖
𝜕

𝜕𝑡
𝑈0(𝑡, 𝑡

′) = 𝐻0(𝑡)𝑈0(𝑡, 𝑡
′)

−𝑖 𝜕
𝜕𝑡′

𝑈0(𝑡, 𝑡
′) = 𝑈0(𝑡, 𝑡

′)𝐻0(𝑡
′). (2.10)

Substituting Eq. (2.9) into Eq. (2.1) gives us,

|Ψ(𝑡)⟩ = 𝑈0(𝑡, 𝑡
′)|Ψ0(𝑡

′)⟩ − 𝑖

∫︁ 𝑡

𝑡′
d𝑡′′𝑈(𝑡, 𝑡′′)𝐻𝐼(𝑡

′′)𝑈0(𝑡
′′, 𝑡′)|Ψ0(𝑡

′)⟩ (2.11)

The first term in this equation describes the evolution of a bound electron under the
influence of the field-free Hamiltonian from time 𝑡′ to time 𝑡. It does not feel the laser
field and does not contribute to ionisation. The second term however, describes a system
that is initially evolving without the presence of the laser field, where it accumulates
phase described by the field-free evolution operator. At time 𝑡′′ the field turns on and
the bound electron interacts with the laser field described by the interaction Hamiltonian
𝐻𝐼(𝑡

′′), which causes a transition to a continuum state. The evolution of the system is
then described by the complete time evolution operator 𝑈(𝑡, 𝑡′′) in which the electron
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interacts with the laser field and the field-free atomic potential, via the full Hamiltonian.
So far no approximations have been made and Eq. (2.11) is an exact solution of Eq. (2.4).
In this work the laser fields of interest are strong, with intensities of 𝐼 > 1013 W/cm2

comparable to that the atomic potential. This means we can make the approximation
that when the electron is in the continuum it is dominated by the laser field and thus we
can neglect the influence of the Coulomb potential. This is the strong field approximation
which we can employ by using an approximate time evolution operator called the Volkov
propagator, given by

𝑈𝑉 (𝑡, 𝑡
′) = 𝑒−

∫︀ 𝑡
𝑡′ 𝐻𝑉 (𝜏)d𝜏 . (2.12)

The Volkov propagator evolves the wavefunction according to the Volkov Hamiltonian,
which in the length gauge reads,

𝐻𝑉 (𝑡) =
p̂2

2
+ E(𝑡) · r, (2.13)

and satisfies

𝑖
𝜕

𝜕𝑡
𝑈𝑉 (𝑡, 𝑡

′) = 𝐻𝑉 (𝑡)𝑈𝑉 (𝑡, 𝑡
′)

−𝑖 𝜕
𝜕𝑡′

𝑈𝑉 (𝑡, 𝑡
′) = 𝑈𝑉 (𝑡, 𝑡

′)𝐻𝑉 (𝑡
′). (2.14)

We employ the SFA to Eq. (2.11) by replacing the complete time evolution operator
𝑈(𝑡, 𝑡′) with the Volkov time evolution operator 𝑈𝑉 (𝑡, 𝑡

′), giving us

|Ψ(𝑡)⟩ = 𝑈0(𝑡, 𝑡
′)|Ψ0(𝑡

′)⟩ − 𝑖

∫︁ 𝑡

𝑡′
d𝑡′′𝑈𝑉 (𝑡, 𝑡

′′)𝐻𝐼(𝑡
′′)𝑈0(𝑡

′′, 𝑡′)|Ψ0(𝑡
′)⟩, (2.15)

where the first term in the equation describes the evolution of an electron that has not
ionised and the second term describes ionisation of an electron, after which it’s evolution
is only influenced by the laser field. Unlike Eq. (2.11), the advantage of Eq. (2.15) is that
the solution to the Volkov time evolution operator is known analytically.

As successful as the SFA has been at modelling strong field phenomena and giving
us insights into the mechanics behind them, there are some shortcomings that all come
from the fact that the Coulomb potential is ignored as part of the approximation. This
has the following repercussions:

1. The propagation of the electron is not correctly modelled as the Coulomb potential
would in reality modify the trajectories of the electrons.

2. The ionisation amplitudes are under-estimated because the potential in the SFA is
assumed to be zero range. For a long range Coulomb potential the barrier would be
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smoother and additional ionisation pathways would be provided via highly excited
states.

3. Volkov states are dependent on the gauge of the Hamiltonian. This leads to different
results when using the length and velocity gauges to calculate the photoelectrons
and high-order harmonic spectra.

4. The Volkov states used to approximate the continuum states are not orthogonal to
the ground state. This results in an over complete basis set which leads to further
inaccuracies in the prefactor. In particular it leads to a loss of translation invariance
when the length form of the dipole operator used to calculate HHG spectra. The
form of dipole is discussed in more detail in Chapter 3.

Nonetheless, despite these shortcomings the SFA is a very powerful model that allows
the analysis of the quantum mechanical aspects of strong field phenomena, such as in-
terference, via a clear and intuitive picture of electron trajectories.
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Part II

High-order harmonic generation
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Chapter 3

Theoretical background (HHG)

In this Chapter we present the theoretical approaches used to investigate HHG in or-
thogonally polarised fields. We follow the example of [109] and apply the SFA derived
in Chapter 2 to HHG to get the transition amplitude within the framework of the SFA.
The saddle point and uniform approximations are then employed at the single atom re-
sponse level for linearly polarised fields. We will consider how this model is modified
if orthogonally polarised fields are used in Sec 3.5 and extend it for a molecule by ap-
proximating the highest occupied molecular orbital (HOMO) using a linear combination
of orbitals (LCAO) in Sec 3.6. We will then present a modified structural interference
condition in Sec 3.7 that can be used to predict the position of the minima in the HHG
spectrum for any field composed of two orthogonal linearly polarised waves. In Sec 3.8
we extend our model for HHG from the single atom response level to the macroscopic
harmonic response level. By doing so we can understand whether features found at the
single molecule response level can survive harmonic propagation and essentially be ob-
served in an experimental setting. This is done by numerically integrating Maxwell’s
wave equation to model experimental data.

3.1 Single-atom response

Light emitted by an accelerating charge is proportional to the dipole acceleration

a(𝑡) = D̈(𝑡) =
𝜕2

𝜕𝑡2
D(𝑡). (3.1)

where D(t) is the laser induced dipole given by the expectation value of the dipole
moment, d̂,

D(𝑡) = ⟨Ψ(𝑡)|d̂|Ψ(𝑡)⟩. (3.2)
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Hence, in order to calculate the harmonic spectrum emitted from an atom or molecule
in strong laser field one must calculate the Fourier transform of the second derivative of
the expectation value of the dipole operator along the field polarisation given by

a(𝜔) =
1√
2𝜋

∫︁ ∞

−∞
𝑒−𝑖𝜔𝑡D̈(𝑡) · 𝑒𝜂d𝑡, (3.3)

where 𝜂 and 𝜔 are the field polarisation direction and the angular frequency of the
driving laser frequency, respectively. If we consider a pulse of length T starting at time
t=0, Eq. (3.3) becomes

a(𝜔) =
1√
2𝜋

∫︁ 𝑇

0
𝑒−𝑖𝜔𝑡D̈(𝑡) · 𝑒𝜂d𝑡

=
1√
2𝜋

(︂
𝑒−𝑖𝜔𝑇 Ḋ(𝑇 ) + 𝑖𝜔𝑒−𝑖𝜔𝑇D(𝑇 )− 𝜔2

∫︁ 𝑇

0
𝑒−𝑖𝜔𝑡D(𝑡)d𝑡

)︂
· 𝑒𝜂, (3.4)

The first two terms in the Eq. (3.4) are dependent on the final momentum and position
of the returning wavefunction. These terms grow with the length of the simulation giving
rise to background noise when calculating the harmonic spectrum from intense driving
laser fields [110]. For this reason they can be neglected, giving us

a(𝜔) = − 𝜔2

√
2𝜋

∫︁ 𝑇

0
𝑒−𝑖𝜔𝑡D(𝑡) · 𝑒𝜂d𝑡. (3.5)

The harmonic yield can then be found by calculating the absolute value of Eq. (3.5)

𝑆(𝜔) = |a(𝜔)|2. (3.6)

Following [109], we can calculate the harmonic spectrum using the expectation value of
the dipole moment, given by Eq. (3.2). We can employ the SFA by substituting Eq. (2.15)
into the expectation dipole moment, giving us

𝐷(𝑡) = ⟨Ψ0(𝑡)|𝑈0(𝑡, 𝑡
′′)d̂𝑈0(𝑡

′′, 𝑡′)|Ψ0(𝑡
′)⟩

− 𝑖

∫︁ 𝑡

−∞
d𝑡⟨Ψ0(𝑡)|𝑈0(𝑡, 𝑡

′′)d̂𝑈𝑉 (𝑡
′′, 𝑡)𝐻𝐼(𝑡)𝑈0(𝑡, 𝑡

′)|Ψ0(𝑡
′)⟩

+ 𝑖

∫︁ 𝑡

−∞
d𝑡′⟨Ψ0(𝑡)|𝑈0(𝑡, 𝑡

′)𝐻𝐼(𝑡
′)𝑈𝑉 (𝑡

′, 𝑡′′)d̂𝑈0(𝑡
′′, 𝑡′)|Ψ0(𝑡

′)⟩

− 𝑖

∫︁ 𝑡

−∞
d𝑡

∫︁ 𝑡

−∞
d𝑡′⟨Ψ0(𝑡)𝑈0(𝑡, 𝑡

′)𝐻𝐼(𝑡
′)𝑈𝑉 (𝑡

′, 𝑡′′)d̂𝑈𝑉 (𝑡
′′, 𝑡)𝐻𝐼(𝑡)𝑈0(𝑡, 𝑡

′)|Ψ0(𝑡
′)⟩.

(3.7)
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The first term vanishes due to the symmetry of the wavefunction and the dipole oper-
ator and the last term describing continuum-continuum transitions is neglected as it is
assumed their contributions to the dipole are negligible. Eq. (3.7) now reads,

D(𝑡) = 𝑖

∫︁ 𝑡

−∞
d𝑡′⟨Ψ0(𝑡)|d̂𝑈𝑉 (𝑡, 𝑡

′)𝐻𝐼(𝑡
′)|Ψ0(𝑡

′)⟩+ 𝑐.𝑐, (3.8)

where c.c denotes the complex conjugate. Utilizing |Ψ0(𝑡)⟩ = 𝑒−𝑖𝐸0𝑡|Ψ0⟩ where 𝐸0 is the
bound energy of the state and expressing the Volkov time-evolution operator in terms of
Volkov states

𝑈𝑉 (𝑡, 𝑡
′) =

∫︁
d3p|Ψ𝑉

p (𝑡)⟩⟨Ψ𝑉
p (𝑡

′)|, (3.9)

one can rewrite Eq. (3.8) giving us

D(𝑡) = 𝑖

∫︁ 𝑡

−∞
d𝑡′
∫︁

d3p⟨Ψ0|d̂|Ψ𝑉
p (𝑡)⟩⟨Ψ𝑉

p (𝑡
′)|𝐻𝐼(𝑡

′)|Ψ0⟩𝑒−𝑖𝐸0(𝑡−𝑡′) + 𝑐.𝑐. (3.10)

We can approximate the electron in the continuum by the Volkov states |Ψ𝑉
p (𝑡)⟩, which

in the length gauge are given by plane waves (exp[ikr]) with a kinetic momentum k(t)
= p + A(t), so that

|Ψ𝑉
p (𝑡)⟩ = 𝑒−𝑖𝑆(𝑡)|p + A(𝑡)⟩, (3.11)

where

𝑆(𝑡) =
1

2

∫︁ 𝑡

−∞
d𝑡′′[p + A(𝑡′′)]2. (3.12)

Here, p and A(t) are the canonical momentum and the vector potential of the laser
field, respectively. Here the spatial dependence of the field has been neglected by em-
ploying the dipole approximation. This approximation is valid as the wavelength of
the driving field is much larger than the De Broglie wavelength of the returning elec-
tronic wavepacket. The vector potential can therefore be related to the electric field
via E(𝑡) = 𝜕A(𝑡)/𝜕𝑡. Using Eq. (3.11) and (3.12) and taking the Fourier transform of
Eq. (3.10) over all time, one gets the following transition amplitude for HHG within the
framework of the SFA,

M(Ω) = −𝑖
∫︁ ∞

−∞
d𝑡

∫︁ 𝑡

−∞
d𝑡′
∫︁

d3p d*
rec(p+A(𝑡))dion(p+A(𝑡′))𝑒−𝑖𝑆(p,Ω,𝑡,𝑡′)+𝑐.𝑐, (3.13)
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where
drec(p + A(𝑡)) = ⟨p + A(𝑡)|d̂|Ψ0⟩, (3.14)

and
dion(p + A(𝑡′)) = ⟨p + A(𝑡′)|r̂ · E(𝑡′)|Ψ0⟩, (3.15)

are the recombination and ionisation dipole matrix elements or prefactors, respectively.
All the information about the atom or molecule are contained within these prefactors.
The semi-classical action is given by

𝑆(p,Ω, 𝑡, 𝑡′) =
1

2

∫︁ 𝑡

𝑡′
[p + A(𝜏)]2d𝜏 − 𝐸0(𝑡− 𝑡′) + Ω𝑡. (3.16)

3.2 Form of the dipole operator

The recombination prefactor [Eq. (3.14)] is dependent on the form of the dipole operator,
d̂. If the wavefunction is an exact solution to the Hermitian Hamiltonian, the forms of the
dipole expectation value are equivalent. However, because of the approximations made
in the SFA, the different forms of this operator will lead to differing results. For instance,
different forms of the recombination dipole matrix can influence the structural interfer-
ence in the HHG spectrum, [99, 111, 112]. Which form to use is still a hotly debated
subject in the strong field community [113, 114, 115]. The acceleration and velocity forms
yield acceptable results when compared to the TDSE, but due its computation ease and
superior accuracy, the velocity form is generally considered the best [112]. Nevertheless,
the length form has been successfully employed many times within strong field research
[25, 66, 65, 115] and in some studies found to produce better results when compared to
the velocity [99]. For this reason the length form of the dipole expectation value will be
used in this work alongside the velocity form. The forms of the dipole operator should
not be confused with the gauge [94, 116, 93], which determines how the Hamiltonian is
written. Explicitly, the length, velocity and acceleration forms of the dipole operator
read d̂

(𝑙)
= r̂, d̂

(𝑣)
= p̂, d̂

(𝑎)
= −∇𝑉 (r̂). The expectation value of the dipole moment in

the velocity and acceleration form can be derived from the length form using Ehrenfest’s
theorem, which uses the Heisenberg equation

𝜕

𝜕𝑡
⟨𝐴⟩ = 𝑖

~
⟨[𝐻,𝐴]⟩, (3.17)

where 𝐴 is a quantum mechanical operator and 𝐻 is the Hamiltonian of the system. In
this work we calculate the dipole matrix elements in the length and velocity form only
and it is useful, in order to calculate these, to express them in terms of bound states
of the momentum wavefunction 𝜓0(p). In the length form this is achieved by inserting
d̂
(𝑙)

= r̂ and the position space closure relation in to the recombination prefactor, so that
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d(𝑙)
rec = ⟨p|r̂|Ψ0⟩,

=

∫︁
⟨p|r⟩⟨r|r̂|Ψ0⟩d3r,

=
1

(2𝜋)3/2

∫︁
𝑒−𝑖p·r⟨r|r̂|Ψ0⟩d3r, (3.18)

where
⟨p|r⟩ = 1

(2𝜋)3/2

∫︁
𝑒−𝑖p·rd3r. (3.19)

Using the fact that that momentum wavefunction and the position operator in momentum
space are given by

Ψ(p) =
1

(2𝜋)3/2

∫︁
𝑒−𝑖p·r⟨r|Ψ0⟩d3r, (3.20)

and
r̂ = 𝑖

𝜕

𝜕p
, (3.21)

respectively, we can express the recombination prefactor in terms of bounds state of the
momentum operator,

d(𝑙)
rec(p) = −𝑖𝜕Ψ0(p)

𝜕p
, (3.22)

The same can be achieved for the velocity form of the recombination prefactor, where
d̂ = p̂, giving us

d(𝑣)
rec(p) = ⟨p|p̂|Ψ0⟩,

=

∫︁
p⟨p|r⟩⟨r|Ψ0⟩d3r,

=
1

(2𝜋)3/2

∫︁
𝑒−𝑖p·rp⟨r|Ψ0⟩d3r, (3.23)

, (3.24)

using Eq. (3.20) we get
d(𝑣)
rec(p) = pΨ0(p). (3.25)

3.3 Saddle point equations

In order to solve Eq. (3.13) one can take advantage of the fact that the action oscillates
very quickly in comparison to the prefactor [117]. This means that we can employ the
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Figure 3.1: Illustration showing the three-step mechanism of HHG

saddle point approximation, by which the stationary points of the semi-classical action
can be use to calculate the integral as they make the largest contributions to Eq. (3.13).
For HHG the action is a function of three variables, 𝑡′, p and 𝑡. Therefore we need to
find the solutions of 𝜕𝑆(p, 𝑡, 𝑡′)/𝜕𝑡′ = 0, 𝜕𝑆(p, 𝑡, 𝑡′)/𝜕p = 0 and 𝜕𝑆(p, 𝑡, 𝑡′)/𝜕𝑡= 0, which
respectively give the following saddle point equations

[p + A(𝑡′)]2

2
+ 𝐸0 = 0, (3.26)

∫︁ 𝑡

𝑡′
d𝜏 [p + A(𝜏)] = 0, (3.27)

[p + A(𝑡)]2

2
+ 𝐸0 = Ω. (3.28)

These equations can be related back to the three step model. Eq. (3.26) can be
interpreted as the conservation of energy for the active electron upon tunnel ionisation
in the first step shown in Fig. 3.1a. The solutions to this equation are complex, this
is due to the quantum mechanical nature of tunnel ionisation. Eq. (3.27) imposes a
return condition on the propagating electron, fixing its intermediate momentum so that
it returns to the site of its release (see Fig. 3.1b). For a diatomic molecule this site is
assumed to be its geometrical centre, r = 0. Finally, Eq. (3.28) gives the conservation of
energy of the active electron upon recombination in the third step of the HHG mechanism,
in which its kinetic energy is converted into a high-harmonic photon of frequency Ω,(
Fig. 3.1c).

The major contributions to the momentum integral in Eq. (3.13) come from the region
around the value of p for which the action is stationary. Using Eq. (3.27), we can write
an expression for the stationary moment, ps,

ps = ps(𝑡, 𝑡
′) =

−1

𝑡− 𝑡′

∫︁ 𝑡

𝑡′
d𝜏A(𝜏). (3.29)
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Using the saddle point method we can approximate the momentum integral by employing
a Taylor expansion of the action around the saddle point, ps,

𝑆(p, 𝑡, 𝑡′,Ω) = 𝑆(ps, 𝑡,𝑡
′
,Ω) +

𝜕𝑆(ps, 𝑡,𝑡
′
,Ω)

𝜕p
(p − ps) +

1

2

𝜕2𝑆(ps, 𝑡,𝑡
′
,Ω)

𝜕p2
(p − ps)

2 + ...

≈ 𝑆(ps, 𝑡,𝑡
′
,Ω) +

1

2
(𝑡− 𝑡′)(p − ps)

2. (3.30)

Here, orders higher than the second-order are ignored and since ps is a stationary point
the first-order derivatives of the action vanish. Looking back at Eq. (3.16), it is easy
to see that we can simplify the second-order terms to (𝑡 − 𝑡′). Inserting Eq. (3.29) into
Eq. (3.30), the integral over the intermediate momentum becomes,

∫︁
d3p𝐷(ps, 𝑡, 𝑡

′,Ω)𝑒−𝑖𝑆(p,Ω,𝑡,𝑡′) ≈ 𝐷(ps, 𝑡, 𝑡
′)𝑒−𝑖𝑆p,Ω(𝑡,𝑡

′)

∫︁
𝑒−𝑖 1

2
(𝑡−𝑡′)(p−ps)

2
d3p,

≈
(︂

2𝜋

𝑡− 𝑡′

)︂3/2

𝐷(ps, 𝑡, 𝑡
′)𝑒−𝑖𝑆p,Ω(𝑡,𝑡

′), (3.31)

where 𝐷(ps, 𝑡, 𝑡
′) = d*

rec(ps + A(𝑡))dion(ps + A(𝑡′)), which varies more slowly then the
action and can be considered constant and moved outside of the integral over the mo-
mentum. Inserting Eq. (3.31) into the transition amplitude Eq. (3.13) we get.

M(Ω) ≈ −𝑖
(︂

2𝜋

𝑡− 𝑡′

)︂3/2 ∫︁ ∞

−∞
d𝑡

∫︁ 𝑡

−∞
d𝑡′ d*

rec(ps +A(𝑡))dion(ps +A(𝑡′))𝑒−𝑖𝑆p,Ω(𝑡,𝑡
′) + 𝑐.𝑐,

(3.32)
where 𝜏 = 𝑡− 𝑡′. We can simplify Eq. (3.13) even further and approximate the integrals
over time by a sum over the individual trajectories of propagating electron. We start
with a Taylor expansion around the saddle points 𝑡s and 𝑡′s,

𝑆p,Ω(𝑡, 𝑡
′) = 𝑆p,Ω(𝑡s, 𝑡

′
s) +

1

2

[︃
𝜕2𝑆p,Ω(𝑡s, 𝑡

′
s)

𝜕𝑡2
(𝑡− 𝑡s)

2+

+
𝜕2𝑆p,Ω(𝑡s, 𝑡

′
s)

𝜕𝑡′2
(𝑡′ − 𝑡′s)

2 + 2
𝜕2𝑆p,Ω(𝑡s, 𝑡

′
s)

𝜕𝑡s𝜕𝑡′s
(𝑡− 𝑡s)(𝑡

′ − 𝑡′s)

]︃
. (3.33)

Where the first-order terms are zero because 𝑡s and 𝑡′s are at stationary points and higher
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order terms are ignored. This gives,

M(Ω) ≈ −𝑖
(︂

2𝜋

𝑡− 𝑡′

)︂3/2

𝐷(ps, 𝑡s, 𝑡
′
s)𝑒

−𝑖𝑆p,Ω(𝑡s,𝑡
′
s)

∫︁ ∞

−∞
d𝑡

∫︁ 𝑡

−∞
d𝑡′𝑒−𝑖 1

2
𝐵

≈ −𝑖
(︂
2𝜋

𝑖

)︂(︂
2𝜋

𝑡− 𝑡′

)︂3/2 𝐷(ps,Ω, 𝑡s, 𝑡
′
s)√︁

det[𝑆′′
p,Ω(𝑡s, 𝑡

′
s)]
𝑒−𝑆p,Ω(𝑡s,𝑡

′
s)

=

(︂
2𝜋

𝑡− 𝑡′

)︂5/2 𝐷(ps,Ω, 𝑡s, 𝑡
′
s)√︁

det[𝑆′′
p,Ω(𝑡s, 𝑡

′
s)]
𝑒−𝑖𝑆p,Ω(𝑡s,𝑡

′
s), (3.34)

where in the first row 𝐵 is given by

𝐵 =
𝜕2𝑆p,Ω(𝑡s, 𝑡

′
s)

𝜕𝑡2
(𝑡−𝑡s)2+

𝜕2𝑆p,Ω(𝑡s, 𝑡
′
s)

𝜕𝑡′2
(𝑡′−𝑡′s)2+2

𝜕2𝑆p,Ω(𝑡s, 𝑡
′
s)

𝜕𝑡s𝜕𝑡′s
(𝑡−𝑡s)(𝑡′−𝑡′s). (3.35)

As above, the prefactors vary slowly compared to the action, so that we can consider
them constant and take them out of the integrals over time. Using Eq. (3.34) we can
approximate Eq. (3.13) as a summation of all the saddle point contributions,

𝑀(Ω) =
∑︁
s

𝐴s𝑒
𝑖𝑆p,Ω(𝑡s,𝑡

′
s), (3.36)

𝑆p.Ω(𝑡s, 𝑡
′
s) = −1

2

∫︁ 𝑡s

𝑡′s

[ps + A(𝜏)]2d𝜏 − 𝐸0(𝑡s − 𝑡′s) + Ω𝑡s, (3.37)

and
𝐴s = (2𝜋)5/2

dion(ps + A(𝑡′s))d
*
rec(ps + A(𝑡s))

(𝑡− 𝑡′)
√︁
det𝑆′′

p,Ω(𝑡s, 𝑡
′
s)

, (3.38)

where, det𝑆′′
p,Ω(𝑡s, 𝑡

′
s) represents a 2×2 determinant of the second derivative of the action

and 𝑝s, 𝑡s and 𝑡′s are the solutions of the saddle point equations.
The solutions of the saddle point equations above can be associated with classi-

cal trajectories of the electron in the laser field. For HHG there are two sets of solu-
tions/trajectories per laser half cycle which leave the vicinity of the parent ion and return
within one period of the field with the same kinetic energy. These two trajectories are
well known and are often referred to as the “ long” and “ short” orbits [104], referring to
the time it takes the electron to propagate along them. Both orbits ionised around the
peak of the electric field with the long orbit ionised before the short orbit. When they
return, the long orbit recombines after the crossing of the electric field and the short
before. Respectively, the real parts of 𝑡′ and 𝑡 can be interpreted as the trajectory start
and return times. The imaginary parts of these times reflect the quantum nature of these
trajectories, for instance, Im[𝑡′] can be associated to the width of the barrier the electron
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Figure 3.2: Panels (a) and (b) show the start and return times of the electron’s propagation
in the continuum via the short and long trajectory pair (solid and dashed curves respectively)
ionising from a H2 molecule (ionisation potential, I𝑝= 0.58 a.u. and internuclear separation, R
= 1.4 a.u.) by the driving field described in panel (c). The three shortest electron trajectory
pairs ionising from the same half cycle are shown. These trajectories recombined in the second,
third or fourth half cycles (red, green and blue curves, respectively). Panel (c) is a schematic
representation of the electric field E(t) (black curve) and the vector potential A(t) (red curve) of
a monochromatic linearly polarised field with a wavelength of 𝜆 = 800 nm and driving intensity
𝐼0 = 5× 1014 W/cm2. For simplicity, all fields in panel (c) have been normalised to the electric
field amplitude 𝐸0 and vector potential amplitude 𝐴0 = 𝐸0/𝜔.

tunnels through at the time of ionisation and can be interpreted as the probability of ion-
isation [83, 118]. The real part of these times have been plotted in Fig. (3.2) which show
that the electron typically ionised around the peak of the electric field and recombined
at the crossing.

This figure also shows that the time difference between the long and short excursions
decreases as the kinetic energy of the electron increases until they converge upon a sin-
gle set of solutions/trajectory. Electrons returning along this single trajectory will gain
the maximum kinetic energy from the field whilst propagating in the continuum. The
resultant radiation given off when the electron recombines will be the highest order har-
monic in a plateau of harmonics of relatively similar intensity and represents the cut-off
of this plateau, after which the yield of the spectrum quickly drops off. Ionising electrons
can recombine within one cycle, or spend some more time in the continuum propagating
and recombine in the subsequent half cycles. These longer trajectories contribute less
to the high harmonic spectrum due to wavepacket spreading, which increases for longer
excursions in the continuum.
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If the saddle point solutions are well separated, the SPA is well suited to calculating
the transition amplitude of HHG. However, as the return kinetic energy increases towards
the cut-off, the real parts of the ionisation and recombination times begin to coalesce [see
Fig. 3.2]. The trajectories will then pass through a stokes transition, in which the real
part of the action for both trajectories are identical

Re[𝑆𝑖(𝑡s, 𝑡
′
s)] = Re[𝑆𝑗(𝑡s, 𝑡

′
s)], (3.39)

where 𝑖 and 𝑗 denote a pair of trajectories. This is a problem for the SPA, which will
no longer be able to treat the solutions as independent because the second derivatives of
the action in Eq. (3.36) tends to zero, causing the approximation to become increasingly
inaccurate. After this transition the imaginary component of the action Im[𝑆𝑗(𝑡s, 𝑡

′
s)]

will decrease for one of the trajectories and increase for the other. The trajectory with
the increasing imaginary component will begin to diverge. As the kinetic energy of
the returning electrons increases, further the trajectories pass through an Anti-Stokes
transition in which the imaginary part of the action for both trajectories is identical

Im[𝑆𝑖(𝑡s, 𝑡
′
s)] = Im[𝑆𝑗(𝑡s, 𝑡

′
s)], (3.40)

At this point the diverging trajectory is no longer valid and its contributions cause an
un-physical increase in harmonic intensity after the cut-off. This problem can be avoided
if the diverging saddle is removed by hand [119] after the cutoff, but this leaves us with
a cusp around the cut off region of the calculated harmonic spectrum. For this reason,
in the work that follows, the SPA is limited to calculating HHG contributions from
individual trajectories only.

3.4 Uniform approximation

When calculating the contributions from a pair of trajectories to the HHG spectrum, we
employ the uniform approximation (UA). The advantage of this approximation is that it
minimises cusps around the cut-off and produces a smooth transition across the stokes
line. This is achieved by expanding the action to orders higher then the second-order
used for the SPA. We can then calculate the transition amplitude, using contributions
from a pair of trajectories, 𝑖 and 𝑗, using two equations. The first calculates the transition
amplitude before the cut-off

𝑀𝑖+𝑗 =
√︀

2𝜋Δ𝑆/3𝑒𝑖𝑆+𝑖𝜋/4

× [𝐴(𝐽1/3(Δ𝑆) + 𝐽−1/3(Δ𝑆)) + Δ𝐴(𝐽2/3(Δ𝑆)− 𝐽−2/3(Δ𝑆))], (3.41)
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where,

Δ𝑆 =
𝑆𝑖 − 𝑆𝑗

2
, 𝑆 =

𝑆𝑖 + 𝑆𝑗
2

, (3.42)

Δ𝐴 =
𝐴𝑖 − 𝑖𝐴𝑗

2
, 𝐴 =

𝑖𝐴𝑖 +𝐴𝑗

2
, (3.43)

and is written in terms of Bessel J functions [3]. To calculate the transition amplitude
after the cut-off, we use

𝑀𝑖+𝑗 =
√︀

2𝑖Δ𝑆/𝜋𝑒𝑖𝑆 [𝐴𝐾1/3(−𝑖Δ𝑆) + 𝑖Δ𝐴𝐾2/3(−𝑖Δ𝑆)], (3.44)

which is written in terms of Bessel K functions. Written in this way the UA does
not need any additional information about the electron trajectory pairs, other than the
information needed when using the saddle point approximation. Therefore, in order
to calculate Eq. (3.41) and Eq. (3.44), all we need S and A, which are the action and
prefactors given by Eq. (3.37) and Eq. (3.38), respectively. In fact, when the saddle
points are well separated the Eq. (3.41) reduced back to the SPA.

3.5 Orthogonally polarised fields

We will now assume that the external driving field is orthogonally polarised, i.e., made
up of two orthogonal linearly polarised laser fields. This implies that the time dependent
electric field E(𝑡) = −dA(𝑡)/d𝑡 and the vector potential A(𝑡) may be written as

E(𝑡) = 𝐸‖(𝑡)𝜖‖ + 𝐸⊥(𝑡)𝜖⊥, (3.45)

and
A(𝑡) = 𝐴‖(𝑡)𝜖‖ +𝐴⊥(𝑡)𝜖⊥, (3.46)

where the unit vector along the major and the minor polarisation axis are denoted by 𝜖‖
and 𝜖⊥, respectively. Changing the parameters of the parallel and perpendicular fields,
such as the colour or phase difference between them, can help one to tailor any specific
field desired. For instance in panel (b) of Fig. 3.3, we show a circularly polarised field
that is composed using two orthogonal linearly polarised waves that are out of phase
by half a cycle. By decreasing the amplitude of one of the waves, we can make the
resultant fields elliptical [panel (c)]. We can compose two-colour orthogonally polarised
fields by increasing the frequency of one of the component waves. If for example we
chose a frequency ratio of 2:1 between the two waves, we can create an interesting figure
of “8” shape [see panel (d)]. With small adjustments to the parameters of these two
waves, almost any field shape is possible. Eq. (3.45) and (3.46) modify the transmission
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Figure 3.3: Schematic representation of a (a) linearly, (b) circularly, (c) elliptically and (d)
two-colour orthogonally polarised field. The black and red curves indicate the parallel and per-
pendicular waves, respectively. The green curve indicates the field resulting from the combination
of the both waves. The amplitude of the fields in the 𝑥𝑦 plane are indicated by the dashed black
curves.

amplitude such that the calculated harmonic spectrum is proportional to

𝑆(Ω) ∝
∑︁
𝑏

|𝑀𝑏(Ω)|2, (3.47)

where 𝑏 =‖,⊥ refer to the components of the HHG transition amplitude M(Ω) parallel
and perpendicular to the major polarization axis of the laser field [66, 65]. In this work we
compute the transition probability |𝑀‖(Ω)|2, which gives the polarization component of
the harmonics along the major axis. This contribution is much larger than that from the
perpendicular component for the ellipticity ranges used, and leads to the main features
in the spectra. The parallel component of the transition amplitude is given by

𝑀‖(Ω) =
∑︁
s

(2𝜋)5/2
dion(ps + A(𝑡′s))d

*
rec(ps + A(𝑡s))

(𝑡− 𝑡′)
√︁
det𝑆′′

p,Ω(𝑡s, 𝑡
′
s)

𝑒𝑖𝑆p,Ω(𝑡s,𝑡
′
s), (3.48)

where the ionisation and recombination prefactors are given by

dion(p) = ⟨p|r̂ · E‖(𝑡
′)|Ψ0⟩, (3.49)
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Figure 3.4: Illustration showing the three step mechanism of HHG for an orthogonally polarised
field

and
drec(p+A(𝑡)) = ⟨p+A(𝑡)|d̂ · 𝜖‖|Ψ0⟩, (3.50)

respectively. The action given by Eq. (3.37) can therefore be re-write as

𝑆(𝑡, 𝑡′,Ω,p) = −1

2

∫︁ 𝑡

𝑡′
d𝜏 [𝑝|| +𝐴||(𝜏)]

2 − 1

2

∫︁ 𝑡

𝑡′
d𝜏 [𝑝⊥ +𝐴⊥(𝜏)]

2 − 𝐼𝑝(𝑡− 𝑡′) + Ω𝑡,

(3.51)

and the saddle-point equations as

𝜕𝑆(𝑡, 𝑡′,p)

𝜕𝑡′
=

[𝑝|| +𝐴||(𝑡
′)]2

2
+

[𝑝⊥ +𝐴⊥(𝑡
′)]2

2
+ 𝐼𝑝 = 0, (3.52)

𝜕𝑆(𝑡, 𝑡′,p)

𝜕p
=

∫︁ 𝑡

𝑡′
d𝜏 [p|| +A||(𝜏)] +

∫︁ 𝑡

𝑡′
d𝜏 [p⊥ +A⊥(𝜏)] = 0, (3.53)

and
𝜕𝑆(𝑡, 𝑡′,p)

𝜕𝑡
=

[𝑝|| +𝐴||(𝑡)]
2

2
+

[𝑝⊥ +𝐴⊥(𝑡)]
2

2
+ 𝐼𝑝 − Ω = 0, (3.54)

respectively. From Eq. (3.53) we obtain an equation for the stationary momentum for
orthogonally polarised fields,

pst = 𝑝st‖𝜖‖ + 𝑝st⊥𝜖⊥, (3.55)

where

𝑝st‖ =
−1

𝑡− 𝑡′

∫︁ 𝑡

𝑡′
𝐴‖(𝜏)d𝜏, (3.56)

and

𝑝st⊥ =
−1

𝑡− 𝑡′

∫︁ 𝑡

𝑡′
𝐴⊥(𝜏)d𝜏. (3.57)

This new action (3.51), modifies the motion of the electron in the continuum, giving it
perpendicular momentum components as well as parallel. We can see from (3.52), (3.53)
and (3.54) that the saddle point equations now incorporate an angle in the processes
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they describe [see Fig. 3.4].
In our investigation of quantum interference in HHG, we use an orthogonally polarised

field of the form

E(𝑡) =
𝐸0√︀
1 + 𝜉2

[︀
sin(𝜔𝑡)𝜖‖ + 𝜉 sin(𝑛𝜔𝑡− 2𝜋𝜑)𝜖⊥

]︀
, (3.58)

where the frequency ratio of 𝑛 = 1 gives an elliptically polarised field and 𝑛 = 2 cor-
responds to an orthogonally polarised two colour (OTC) field, for which the frequency
of the field component along the minor axis is twice that of the wave along the major
axis. In Eq. (3.58), the strength of the field component along the minor polarisation axis
relative to its component along the major axis is determined by 𝜉, and the relative phase
𝜑 controls the time delay between both waves. The field has been normalised so that
the overall time-averaged intensity ⟨E2(𝑡)⟩𝑡 remains constant. This implies that the total
ponderomotive energy 𝑈𝑝 = ⟨𝐴2

‖(𝑡)⟩𝑡/2 + ⟨𝐴2
⊥(𝑡)⟩𝑡/2 is kept constant for elliptical fields

(𝑛 = 1), and that 𝑈𝑝 will decrease with 𝜉 for OTC fields (𝑛 = 2). For 𝜉 = 0 the field in
Eq. (3.58) reverts to a linearly field polarised along the parallel axis.1

3.6 Extending the SFA to diatomic molecules

Within our model we assume that only the highest occupied molecular orbital (HOMO)
contributes to the dynamics. This means that the ionising electron leaves and recombines
to and from the HOMO only. Unlike the case for an hydrogen atom in which there is
an exact analytical expression for the ground state |Ψ0⟩, for a molecule there is no such
luxury. The simplest way to approximated the HOMO is to use a linear combination of
atomic orbitals (LCAO) and to neglect the motion of the atomic centres of the diatomic
molecule in question. Hence, the position wavefunction of the HOMO is given by

Ψ(r) =
∑︁
𝛼

𝑐𝛼

[︂
𝜓𝛼

(︂
r +

R
2

)︂
+ (−1)ℓ𝛼−𝑚𝛼+𝜆𝛼𝜓𝛼

(︂
r − R

2

)︂]︂
, (3.59)

where the sum over 𝛼 denotes the sum over the atomic orbitals (AO), 𝜓𝛼(r), R is the
internuclear distance, ℓ𝛼 is the orbital angular momentum quantum number, 𝑚𝛼 is the
magnetic quantum number and 𝜆𝛼 = 𝑚𝛼 + 1 and 𝜆𝛼 = 𝑚𝛼 correspond to bonding and
antibonding of the linear combination of atomic orbitals, respectively. If they are bonding
the overlap of the two AO wavefunctions constructively interfere with each other. This
can be seen in Fig. 3.5a and 3.5c, as an area of high probability density connecting the
atomic centres. If the orbital wavefunctions are antibonding the overlap will destructively
interfere between the two atomic centres, causing an area of vanishing probability density

1In the bichromatic case, division of the field amplitude by an overall factor
√︀

1 + 𝜉2/4 is required in
order to keep 𝑈𝑝 constant. This factor, however, excludes an overall constant time-averaged intensity.
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Figure 3.5: Schematic representation of bonding [first column] and anti-bonding [second column]
orbitals in positions-space for H2 [first row] and O2 [second row]. The H2 orbitals are 1𝜎𝑔 and
1𝜎𝑢, and are shown in panels (a) and (b) respectively. These are made up of a linear combination
of two atomic 𝑠 orbitals, where the internuclear separation is R = 1.4 a.u. The O2 orbitals are
1𝜋𝑢 and 1𝜋𝑔, and are shown in panels (c) and (d) respectively. These are made up of a linear
combination of two atomic 𝑝 orbitals, where the internuclear separation is R = 2.28 a.u. The
contours have been normalised to the maximum yield in each panel, and the blue [red] lobes
correspond to the negative [positive] values of the real parts of the wave functions. In this
picture, the internuclear axis is oriented along the 𝑧 axis.

called a nodal plane, as seen in Fig. 3.5b and 3.5d. The nodal plane parallel to the 𝑧 axis
in Fig. 3.5c and 3.5d, arises from the nodes in the p orbitals around the atomic centres.
The resultant molecular orbitals mentioned above are ungerade if the phase of the orbital
changes when the molecule is inverted through its centre of symmetry. If the phase stays
the same the molecular orbital is labelled gerade. Diatomic molecular orbitals composed
of two s-type atomic orbitals have 𝜎-symmetry. If these 𝜎 orbitals are bonding they
are symmetric when inverted. Fig. 3.5a shows an example of such an orbital called 1𝜎𝑔,
where g signifies that it is gerade. Antibonding 𝜎 orbitals such as the 1𝜎𝑢 orbital shown
in Fig. 3.5b are ungerade because they are antisymmetric upon inversion of molecule,
causing the phases of the orbital to change. In contrast to 𝜎 orbitals, molecular orbitals
composed of p-type orbital have 𝜋-symmetry, which are ungerade if the 𝜋 orbital are
bonding such as 1𝜋𝑢 shown in Fig. 3.5c and gerade if they are antibonding such as 1𝜋𝑔
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Figure 3.6: A comparison of Gaussian (GTOs) and Slater type orbitals (STOs) where 𝜁 = 1 in
Eq. (3.60).

shown in Fig. 3.5d.
For the 1s state of hydrogen centred at the origin the Gaussian type orbitals (GTOs)

and Slater type orbitals (STOs) [120, 121] are given by

𝜓GTO
0 (𝑟) = 𝑏𝑒−𝜁𝑟2 , (3.60)

and

𝜓STO
0 (𝑟) = 𝑒−𝜁𝑟, (3.61)

respectively, are often used to approximate AOs. As we can see in Fig. 3.6, the STOs are
superior to GTOs, as they represent the electron density in the valence region well and
more accurately approximate the cusp at an atomic nucleus. In contrast, GTOs have a
quickly diminishing tail as the distance from the nucleus increases and have a vanishing
slope at the atomic nucleus. Therefore to more accurately represent AOs using GTOs,
it is necessary to use a combination of them. Nevertheless, they are easier to compute,
and are widely used in the quantum chemistry community [122]. In this work we use
a contraction of GTOs to approximate the atomic wavefunction 𝜓𝛼 in Eq. (3.59), using
the following expression

𝜓𝛼(r) =
∑︁
𝑗,𝜈

𝑐𝛼,𝑗𝑏𝜈𝜑𝜈(r), (3.62)
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where
𝜑𝜈(r) = x𝑖y𝑗z𝑘𝑒−𝜁𝜈r2 , (3.63)

gives us a Cartesian Gaussian type orbital. When ℓ𝛼 = 𝑖 + 𝑗 + 𝑘 = 0, Eq. (3.63) gives
an s-type orbital and for ℓ𝛼 = 𝑖+ 𝑗 + 𝑘 = 1, it gives p-type orbitals aligned along the x,
y or z coordinate axis.

In practice coefficients 𝑏𝜈 in Eq. (3.62) and exponents 𝜁𝜈 in Eq. (3.63) have been
optimised and standardised for a given atom in a given basis set. To establish coefficients
𝑐𝛼 (Eq. (3.62)) for a given target molecule we used an open access ab initio quantum
chemistry package, GAMESS-UK [123]. More precisely a set of Hartree-Fock equations
is solved self consistently. In this way based on variational principle one can optimize
the coefficients 𝑐𝛼 by minimising the energy for a given basis set. The values of the
LCAO coefficient 𝑐𝛼,𝑗 , expansion coefficient 𝑏𝜈 and the exponential coefficient 𝜁𝜈 for the
desired basis set are then obtained from calculations performed by this package and used
to approximate the wavefunction in Eq. (3.62).

For atomic interactions with strong fields it is normally the valence electrons that
will take part. For this reason we use a split valence-shell basis set to approximate the
molecular orbital [124, 125, 126], which commonly represents the core with one basis
function and the valence orbitals with more than one basis function. There are many
variations of split basis contracted GTOs which are labelled using the following X-YZG
format. Here, X represents the number of primitive Gaussians summed to describe the
inner orbital basis function, whilst Y and Z indicate that the valence orbital are composed
of two basis functions. The first basis is a linear combination of Y Gaussian functions,
the other of a linear combination of Z Gaussian functions, [127]. For instance in this
work we approximate the HOMO of the argon molecule Ar2 using a 6-31G split basis set.
This means for the inner orbitals 1𝑠, 2𝑠 and 2𝑝, are modelled using 6 Gaussians. For the
valence orbitals, 3𝑠 and 3𝑝, we model them using a set of three Gaussians and a single
Gaussian. A split basis set using fewer Gaussians will decrease computation times, but
the accuracy of the approximation will be compromised. In terms of picking the best
basis set, the bigger the basis set the better if you have the time and computation power.
In this work we use the 3-21G basis set when calculating the HOMO of H2 and the 6-31G
basis set when calculating the HOMO of Ar2 and O2.

From Eq. (3.18) and (3.25) we know that we can calculate the recombination prefactor
using the momentum-space wavefunction given by

𝜓𝑎(p) =
1

(2𝜋)3/2

∫︁
d3𝑟𝜓𝑎(r)𝑒

−𝑖r·p. (3.64)
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For a diatomic molecule this can be rewritten as

Ψ(p) =
∑︁
𝛼

𝑒
𝚤p·R

2 𝜓𝛼(p) + (−1)ℓ𝛼−𝑚𝛼+𝜆𝛼𝑒
−𝚤p·R

2 𝜓𝛼(p), (3.65)

where,
𝜓𝛼(p) =

∑︁
𝑗,𝜈

𝑐𝛼,𝑗𝑏𝜈𝜑𝜈(p), (3.66)

and

𝜑𝑗,𝜈(p) = (−𝚤p𝛽)
ℓ𝛼 𝜋

3
2

2ℓ𝛼(𝜁𝜈)
3
2
+ℓ𝛼

𝑒
− p2

4𝜁𝜈 , (3.67)

when only 𝑠 and 𝑝 types orbitals are considered, which has been done throughout this
work.

The reference frame of the molecule is rotated by the alignment angle 𝜃𝐿 with regard
to the major polarisation axis of the field. If we consider 𝑥𝑧 as the polarisation plane,
this means that one may relate the 𝑝‖, 𝑝⊥ components to the components 𝑝𝑥, 𝑝𝑧 parallel
and perpendicular to the molecular axis via(︃

𝑝‖

𝑝⊥

)︃
=

(︃
cos 𝜃𝐿 sin 𝜃𝐿

− sin 𝜃𝐿 cos 𝜃𝐿

)︃(︃
𝑝𝑥

𝑝𝑧

)︃
, (3.68)

Using the equations above means we can rewrite the recombination prefactor in the
length form as

𝑑(𝑙)rec(p(𝑡))=
∑︁
𝑎

𝑐𝑎

[︁
𝑒𝑖p(𝑡)·

R
2 + (−1)ℓ𝑎−𝑚𝑎+𝜆𝑎𝑒−𝑖p(𝑡)·R

2

]︁
𝑖𝜕𝑝‖(𝑡)𝜓𝑎(p(𝑡)) +

R
2
Λ(p), (3.69)

where
Λ(p) =

∑︁
𝑎

𝑐𝑎

[︁
𝑒𝑖p(𝑡)·

R
2 + (−1)ℓ𝑎−𝑚𝑎+𝜆𝑎𝑒−𝑖p(𝑡)·R

2

]︁
𝜓𝑎(p(𝑡)), (3.70)

and in the velocity form by

𝑑(𝑣)rec(p(𝑡))=
∑︁
𝑎

𝑐𝑎

[︁
𝑒𝑖p(𝑡)·

R
2 + (−1)ℓ𝑎−𝑚𝑎+𝜆𝑎𝑒−𝑖p(𝑡)·R

2

]︁
𝑝‖(𝑡)𝜓𝑎(p(𝑡)), (3.71)

where p(𝑡) = p+A(𝑡). In Eq. (3.69), the last term on the right hand side arises due to
the lack of orthogonality between bound states and continuum states that occurs in the
SFA. Its value increases with internuclear separation, blurring the interference caused by
the molecules structure. In this work it has been removed by hand which is a widely
used procedure (see [93, 116, 94] for discussions).
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Figure 3.7: Indicates 𝜃𝐿 as the angle between the internuclear separation of the diatomic molecule
and major polarisation of the field.

3.7 Two centre interference condition

When high harmonics are generated from aligned molecules, a multi-slit like interference
pattern with pronounced maxima and minima form in the HHG spectra. This interfer-
ence is dependent on the internuclear distance and the orientation of the molecule with
respect to the polarisation of the laser field [See Fig. 3.7]. This is a structural effect
that results from the electron wave packet recombining to spatially different centres. For
the simplest scenario, i.e., a diatomic molecule, these interference patterns have been
predicted since the early 2000s [53] (for reviews see, e.g., [128, 129]). Many of such stud-
ies have been performed within the strong-field approximation (SFA), which has been
generalised to molecular systems (see, e.g., [97, 59, 98, 93, 94, 69, 99, 100, 57, 66]). In
2009, a generalised two-centre interference condition for high-order harmonic generation
in homonuclear diatomic molecules subjected to a linearly polarised laser field that ac-
counts for the orbital geometry and also 𝑠 − 𝑝 mixing has been introduced [57]. We
extend this two centre interference condition so that it takes in to account orthogonally
polarised light. To do so we follow the procedure presented in [57] and focus on the ex-
plicit expression for the recombination prefactor 𝑑rec. The ionisation prefactor 𝑑ion will
only influence the overall intensity in the spectrum, and is not relevant for a qualitative
discussion of two-centre interference effects [94]. We first consider the dipole matrix ele-
ment 𝑑rec(p+A(𝑡)) in the length form (3.69) for the wavefunction (3.59). The quantity
of interest is 𝑑*rec(p(𝑡) ·E(𝑡)) along the field-polarisation direction. Explicitly,

𝑑*rec(p(𝑡) ·E(𝑡)) =
∑︁
𝑎

𝑐𝑎

[︁
𝑒−𝑖p(𝑡)·R

2 + (−1)ℓ𝑎−𝑚𝑎+𝜆𝑎𝑒𝑖p(𝑡)·
R
2

]︁
×(−𝑖)

∑︁
𝑏

𝜕𝑝𝑏(𝑡)𝜓
*
𝑎(p(𝑡))𝐸𝑏(𝑡), (3.72)
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where b= ||, ⊥ indicate the components along the major and minor polarisation axis.
Eq. (3.72) can be rewritten as

𝑑*rec(p(𝑡) ·E(𝑡)) = 𝐴+ cos

(︂
p(𝑡) · R

2

)︂
+ 𝑖𝐴− sin

(︂
p(𝑡) · R

2

)︂
, (3.73)

where
𝐴± =

∑︁
𝑎

𝑐𝑎

[︁
(−1)ℓ𝑎+𝑚𝑎+𝜆𝑎 ± 1

]︁
𝜂(p+A(𝑡), 𝑡), (3.74)

and
𝜂(p, 𝑡) = −𝑖

[︁
𝜕𝑝‖𝜓

*
𝑎(p)𝐸‖(𝑡) + 𝜕𝑝⊥𝜓

*
𝑎(p)𝐸⊥(𝑡)

]︁
. (3.75)

Note that, because there is an electric field component 𝐸⊥(𝑡) and a field-dressed mo-
mentum component 𝑝⊥(𝑡) along the minor polarisation axis, the function 𝜂(p, 𝑡), the s-p
mixing embedded in 𝐴±, will be different from the expressions obtained in Ref. [57] for
linear polarisation. Re-writing Eq. (3.76) as

𝑑*rec(p(𝑡) ·E(𝑡)) =
√︁
𝐴2

+ −𝐴2
− sin

[︂
p(𝑡) · R

2
+ 𝛼

]︂
, (3.76)

where 𝛼 = arctan −𝑖𝐴+

𝐴−
, we expect interference minima at

𝛼+ p(𝑡) · R
2

= 𝑛𝜋. (3.77)

For orthogonally polarised fields we have

p(𝑡) · R
2

= 𝑝||(𝑡)
𝑅

2
cos 𝜃𝐿 + 𝑝⊥(𝑡)

𝑅

2
sin 𝜃𝐿, (3.78)

where 𝜃𝐿 is the angle between the molecular internuclear axis and the major polarisation
axis of the field. Using√︀

(p+A(𝑡))2 cos𝛽 = [𝑝|| +𝐴||(𝑡)] cos 𝜃𝐿 + [𝑝⊥ +𝐴⊥(𝑡)] sin 𝜃𝐿, (3.79)

where √︀
(p+A(𝑡))2 =

√︁
(𝑝‖ +𝐴‖(𝑡))2 + (𝑝⊥ +𝐴⊥(𝑡))2, (3.80)

and defining
[𝑝|| +𝐴||(𝑡)]√︀
(p+A(𝑡))2

= cos 𝜁(𝑡, 𝑡′), (3.81)

[𝑝⊥ +𝐴⊥(𝑡)]√︀
(p+A(𝑡))2

= sin 𝜁(𝑡, 𝑡′), (3.82)
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we obtain √︀
(p+A(𝑡))2

𝑅

2
cos(𝜃𝐿 − 𝜁(𝑡, 𝑡′)) = 𝑛𝜋 − 𝛼, (3.83)

where
𝜁(𝑡, 𝑡′) = arctan

[︂
𝑝⊥ +𝐴⊥(𝑡)

𝑝|| +𝐴||(𝑡)

]︂
. (3.84)

Physically, this equation demonstrates that a field composed of two orthogonally
polarised waves introduces an effective shift 𝜁(𝑡, 𝑡′) in the alignment angle 𝜃𝐿 at which
the interference minimum in the harmonic spectrum occurs, with regard to the linearly
polarised case. Using Eq. (3.83) and Eq. (3.54) we find that the destructive interference
leading to minima in the harmonic spectrum is determined by the expression

Ω =
2[𝑛𝜋 − 𝛼]2

𝑅2 cos2(𝜃𝐿 − 𝜁(𝑡, 𝑡′))
+ 𝐼𝑝. (3.85)

This condition holds for arbitrary shapes, relative phase and frequencies of these com-
ponents. It is applicable to elliptically polarized fields, and to bichromatic fields such as
in Ref. [24]. In the limit of vanishing ellipticity, the interference condition in Ref. [57] is
recovered.

From Eqs. (3.81) and (3.82) it is clear that the value of 𝜁 depends upon the field
dressed momentum components 𝑝‖+𝐴‖(𝑡) and 𝑝⊥+𝐴⊥(𝑡) of the returning electron, and
hence on its return time 𝑡 along each orbit. Furthermore, 𝑝‖ and 𝑝⊥ are functions of the
return and ionisation times 𝑡 and 𝑡′ according to the saddle-point Eqs. (3.56) and (3.57).
Therefore, the location of the minimum in the harmonic spectrum given by Eq. (3.85) is
dependent on the electron orbit, i.e., the orthogonal polarisation introduces a dynamical
shift. This implies that, whereas in the case of linearly polarised fields there is a clear
harmonic at which destructive interference occurs for any given alignment angle, and the
interference condition is purely structural, in the case of an orthogonally polarised field,
we expect to find minima in various places in the harmonic spectrum depending upon the
intermediate momentum components. As the overall spectrum is constructed from the
coherent sum of a large number of electron orbits, the above condition is likely to result
in blurring and in splitting of the two-centre minima found in the harmonic spectrum.

If the HOMO of the target molecule is composed of 𝑠 type orbitals only, such as, the
HOMO of H2, which is a 1𝜎𝑔 orbital, the interference condition reduces to

Ω = 𝐼𝑝 +
(2𝑛+ 1)2𝜋2

2𝑅2 cos2(𝜃𝐿 − 𝜁(𝑡, 𝑡′))
. (3.86)

If it is composed of only 𝑝 type orbitals the interference condition reduces to

Ω = 𝐼𝑝 +
2𝑛2𝜋2

𝑅2 cos2(𝜃𝐿 − 𝜁(𝑡, 𝑡′))
. (3.87)
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3.8 HHG propagation model

In the laboratory the single-atom or molecule harmonic response is not observed. What is
observed is the macroscopic harmonic response generated by an intense laser pulse focused
into gaseous medium, typically supplied by a gas jet directed perpendicularly across
the beam. To model experimental data, we must numerically integrate Maxwell’s wave
equations with source terms distributed across this extended medium. The simulations
are carried out in a comoving, cylindrically symmetric reference frame. After applying
the slowly evolving wave approximation (SEWA) 𝜕2𝐸/𝜕𝑧2 = 0, Maxwell’s equations can
be expressed in the time domain as

∇2
⊥𝐸(𝑟, 𝑧, 𝑡′)− 2

𝑐

𝜕2

𝜕𝑧𝜕𝑡′
𝐸(𝑟, 𝑧, 𝑡′) = −4𝜋

𝑐2
𝜕2

𝜕𝑡′2
𝑃 (𝑟, 𝑧, 𝑡′), (3.88)

or in frequency space as [103]

𝜕

𝜕𝑧
�̃�(𝑟, 𝑧, 𝜔) +

𝑖𝑐

2𝜔
∇2

⊥�̃�(𝑟, 𝑧, 𝜔) = −2𝜋𝑖𝜔

𝑐
𝑃 (𝑟, 𝑧, 𝜔), (3.89)

where �̃�(𝑟, 𝑧, 𝜔) is the electric field which contains both the driving laser field and the
generated harmonic field, and 𝑃 (𝑟, 𝑧, 𝜔) is the polarisation response of the medium. We
assume that the radiation generated by non-linear interactions does not influence the
strong driving field, which is a good approximation for the parameter range of interest
[103, 101]. This means that we can separate the driving IR laser field �̃�l(𝑟, 𝑧, 𝜔) and
the generated XUV field �̃�h(𝑟, 𝑧, 𝜔), allowing us to solve Eq. (3.89) for each component
independently using the appropriate approximations for each case. In this work we
consider atomic gas densities between 1016 and 1017 atoms/cm3 and interaction lengths
of approximately a few mm. These conditions allow us to ignore all linear dispersion
and absorption effects for the driving field and consider only the polarisation response
𝑃ion(𝑟, 𝑧, 𝜔) due to the oscillation of the free electrons created through ionisation of the
gas medium. For the laser component, Eq. (3.89) then simplifies to

𝜕

𝜕𝑧
�̃�l(𝑟, 𝑧, 𝜔) +

𝑖𝑐

2𝜔
∇2

⊥�̃�l(𝑟, 𝑧, 𝜔) = −2𝜋𝑖𝜔

𝑐
𝑃ion(𝑟, 𝑧, 𝜔), (3.90)

where the second term on the left describes diffraction of the field and the term on the
right-hand side describes non-linear polarisation. We then make the approximation that
over small distances Δ𝑧, the diffraction and polarisation terms may act independently
[130]. We can therefore propagate the field from 𝑧 to 𝑧 + Δ𝑧 in two steps. In the first
step the driving IR field is diffracted in frequency space, thus eq. (3.90) is give by

𝜕

𝜕𝑧
�̃�l(𝑟, 𝑧, 𝜔) = − 𝑖𝑐

2𝜔
∇2

⊥�̃�l(𝑟, 𝑧, 𝜔). (3.91)
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This is propagation is performed using the Crank-Nicholson finite-difference method
[131]. In the second step we calculate the non-linear polarisation in the time domain
via

𝜕2

𝜕𝑡′2
𝑃ion(𝑟, 𝑧, 𝑡

′) = 𝜔2
𝑝(𝑟, 𝑧, 𝑡

′) + �̃�l(𝑟, 𝑧, 𝑡
′) (3.92)

where the plasma frequency and the free electron number density are given by

𝜔2
𝑝(𝑟, 𝑧, 𝑡

′) =
√︀
4𝜋𝑛𝑒(𝑟, 𝑧, 𝑡′), (3.93)

and
𝑛𝑒(𝑟, 𝑧, 𝑡

′) = 𝑛𝑎(𝑧)(1− 𝑒−
∫︀ 𝑡′
−∞ Γ(𝐸(𝑟,𝑧,𝑡′′))d𝑡′′), (3.94)

respectively. In Eq. (3.94), Γ(𝐸(𝑟, 𝑧, 𝑡′′)) is the Ammosov-Delone-Krainov (ADK) [132]
ionisation rate and 𝑛𝑎(𝑧) is the gas density

𝑛𝑎(𝑧) = 𝑁𝑎𝑒
−4 ln 2(

𝑧−𝑧𝑗
𝑧𝜔

)2 , (3.95)

which we have defined using a Gaussian profile. In the above-stated equation, 𝑁𝑎 is the
peak gas density, 𝑧𝑗 marks the 𝑧 position of the centre of the gas jet, and 𝑧𝜔 is the full
width at half maximum (FWHM) width of the jet.

Using Eq. (3.92), the non-linear polarisation step of the propagation is performed by
integrating Eq. (3.88) with respect to 𝑡′ to give

𝜕

𝜕𝑧
𝐸l(𝑟, 𝑧, 𝑡

′) = −2𝜋

𝑐

𝜕

𝜕𝑡′
𝑃 (𝑟, 𝑧, 𝑡′)

= −8𝜋2

𝑐

∫︁ 𝑡′

−∞
𝑛𝑒(𝑟, 𝑧, 𝑡

′′)𝐸l(𝑟, 𝑧, 𝑡
′′)d𝑡′′. (3.96)

This is solved using a second-order Runge-Kutta algorithm [131]. For the propagating
XUV component of the field we can ignore the effect of the free electron. This is because
these frequencies quickly exceed the plasma frequency [133]. However, we must include
the non-linear dipole response of the atomic or molecular gas 𝑃 (𝑟, 𝑧, 𝜔) and absorption
of the XUV field by neutral atoms using XUV absorption coefficients 𝛼abs [134]. In the
present calculations the linear dispersion due to neutral atoms has not been included.
This simplification is justified for H2, as this molecule exhibits no resonances in the
continuum for the frequency range of interest. For the XUV component of the electric
field, Eq. (3.89) becomes

𝜕

𝜕𝑧
�̃�h(𝑟, 𝑧, 𝜔) +

𝑖𝑐

2𝜔
∇2

⊥�̃�h(𝑟, 𝑧, 𝜔) + 𝑛𝑎(𝑧)𝛼abs(𝜔)�̃�h(𝑟, 𝑧, 𝜔) = −2𝜋𝑖𝜔

𝑐
𝑃 (𝑟, 𝑧, 𝜔). (3.97)

The propagation of the XUV field can be performed in two steps. The first step is equiv-
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alent to the first step performed on the driving IR field, i.e. the XUV field is diffracted
in frequency space using Eq. (3.90). In the second step the non-linear polarisation step
can be performed in the frequency domain. We can also split this step into two pairs,
addressing the absorption and dipole terms separately. For the absorption step we get

𝜕

𝜕𝑧
�̃�h(𝑟, 𝑧, 𝜔) = −𝑛𝑎(𝑧)𝛼abs(𝜔)�̃�h(𝑟, 𝑧, 𝜔), (3.98)

is advanced as

�̃�h(𝑟, 𝑧 +Δ𝑧, 𝜔) = −𝑛𝑎(𝑧)𝛼abs(𝜔)�̃�h(𝑟, 𝑧, 𝜔)𝑒
−𝑛𝑎(𝑧)𝛼(𝜔)Δ𝑧. (3.99)

For the non-linear dipole response, the contribution is advanced using

𝜕

𝜕𝑧
�̃�h(𝑟, 𝑧, 𝜔) = −2𝜋𝑖𝜔

𝑐
𝑃 (𝑟, 𝑧, 𝜔), (3.100)

where
𝑃 (𝑟, 𝑧, 𝜔) = 𝑛𝑎(𝑧)𝑀𝜖(𝑟, 𝑧, 𝜔), (3.101)

and 𝑀𝜖(𝑟, 𝑧, 𝜔) is the frequency spectrum of the dipole acceleration along 𝜖. In this thesis
this is calculated using the single-atom response model of Sec. 3.1.

So far we have calculated the generated harmonics in the near field, immediately after
the interaction region. After exiting the interaction region, both the driving IR field and
the XUV field are propagated through the vacuum to model the far field spectrum ob-
served in the lab. This is calculated analytically in the frequency domain via a Huygen’s
integral, so that our field after a propagation distance of 𝑙 in the vacuum is given by

�̃�h(𝑟, 𝑧 + 𝑙, 𝜔) =
𝑖𝜔

𝑐𝑙

∫︁ 0

∞
𝑟′�̃�h(𝑟, 𝑧, 𝜔)𝑒

− 𝑖𝜔
2𝑐𝑙

(𝑟2+𝑟′2)𝐽0(
𝑟𝑟′𝜔

𝑐𝑙
)d𝑟′, (3.102)

where 𝐽0 is the zeroth-order Bessel function.
The measured XUV field is the coherent sum of all the harmonics generated from

all the atoms in the non-linear medium. Harmonics generated at certain position along
the z axis must be in phase with harmonics generated at earlier z position for them to
interfere constructively, which is mostly in the forward direction. The two main influences
to this phase matching (see Refs. [135] and [136]) is the variation of the intensity and
phase of the driving laser across the interaction region, which causes a corresponding
variation in the intensity dependent single-atom harmonic response generated throughout
the medium. The spatial distribution of the propagated harmonic spectrum is therefore
highly dependent on the position of the gas jet relative to the laser focus. Depending
on these parameters the newly generated harmonics will constructively or destructively
interfere, modulating the coherent accumulation of the macroscopic harmonic field. This
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dependence can be utilised to single out certain parts of the propagating XUV field
that you want to observe far field. When considering the macroscopic response and
propagation of HHG we approximate the field as a sum of parallel and perpendicular
components given by

𝐸‖ = 𝐸𝜔𝑓(𝑡) cos(𝑛𝜔𝑡), (3.103)

and
𝐸⊥ = 𝐸𝑛𝜔𝑓(𝑡) cos(2𝜔𝑡− 2𝜑𝜋), (3.104)

where, 𝑓(𝑡) is the pulse shape given by a Gaussian function.
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Chapter 4

Shifted two-centre interference
minima

In 2009, a generalised two-centre interference condition for high-order harmonic genera-
tion in homonuclear diatomic molecules subjected to a linearly polarised laser field that
accounts for the orbital geometry and also 𝑠−𝑝 mixing was introduced in [57]. Studies of
the above-mentioned two-centre interference for elliptically polarised fields, however, are
comparatively few. Most of the studies are focused on the harmonic yield, as a function
of the driving-field polarisation [62], or on the ellipticity of the high-order harmonics as
a way to probe the anisotropy of a molecular medium [63, 64, 65]. In particular, recent
investigations have shown that the minimum related to two-centre interference becomes
increasingly blurred and appears to split if the ellipticity of the driving field is increased
[66]. Therein, an interference condition for the perpendicular molecular orientation was
presented, which was different along the major and the minor polarisation axis of the
driving field. The focus of such papers, however, was on the vector character of the HHG
transition probabilities [66], and on the ellipticity of the high-order harmonics [65]. So
far, the above-mentioned blurring and splitting has not been addressed. In this chap-
ter we test our modified two-centre interference condition, (3.85), for aligned diatomic
molecules in driving fields of the form given by Eq. (3.58), where the frequency ratio is
chosen as 𝑛 = 2. This corresponds to a two-colour field composed of a monochromatic
wave of frequency 𝜔 along the major polarisation axis and of its second harmonic along
the minor axis, respectively.

4.1 Testing the interference condition

As a starting point, we will focus on whether the effective shift 𝜁(𝑡, 𝑡′) can be identified
and whether it agrees with Eq. (3.85). For that purpose, we will compute the transi-

45



Figure 4.1: Harmonic spectra along the major polarisation axis as functions of the alignment
angle 𝜃𝐿 for 𝐻2 (𝐼𝑝 =0.5 a.u. and internuclear separation 𝑅 = 1.4 a.u.) in an OTC field
described in Eq. (3.58) with 𝑛 = 2, 𝜔 = 0.057 a.u., 𝐼=5×1014 W/cm2, 𝜉 = 0.3 and time delay
𝜑 = 0.2. Panels (a) and (c) show the spectra for the long electron orbits 𝐿1 and 𝐿2 starting in
the first and second half cycle, respectively, while panels (b) and (d) exhibit the spectra obtained
for the short orbits 𝑆1 and 𝑆2 starting in the first and second half cycle, respectively. The
generalised interference condition (3.85) is indicated by the solid lines in the figure, whereby we
have just considered the real parts Re[𝜁(𝑡, 𝑡′)] of the time-dependent shifts. For comparison, we
plot the two-centre interference condition for linearly polarised fields as the dashed lines. The
central white lines indicate vanishing alignment angle 𝜃𝐿 = 0. The harmonic yield is given in
a logarithmic scale. The increase in the harmonic yields after the cut-off observed in the right
hand side panels are related to a breakdown of the standard saddle-point approximation for the
short orbits (for details see Ref. [3]).

tion probabilities |𝑀(𝜔)|2 associated with individual trajectories along which the active
electron returns to the core, starting from the dominant, shortest pair of trajectories,
which correspond to electron excursion times of the order of three quarters of a field
cycle. For simplicity, we will first consider H2 as a target. Since its HOMO is a 1𝜎𝑔

molecular orbital composed of 𝑠-type atomic orbitals only, H2 is very useful for inves-
tigating whether Eq. (3.85) holds. The overall field intensity has been taken to be the
same as in Ref. [137]. For simplicity the long and short orbits will be labelled 𝐿𝑗

𝑖 and
𝑆𝑗
𝑖 , respectively, where 𝑖 = 1, 2 indicates whether the trajectory ionised from the first

or second half cycle, respectively and 𝑗 indicates how many half cycles the trajectory
spends propagating in the continuum.

In Fig. 4.1, we display the individual contributions of 𝐿1
1 and 𝑆1

1 [panels (a) and
(b), respectively] as functions of the alignment angle 𝜃𝐿 between the internuclear axis
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Figure 4.2: Real parts of the effective shifts 𝜁(𝑡, 𝑡′) as functions of the harmonic order computed
for orbits 𝐿1 and 𝑆1 [panel (a)] and orbits 𝐿2 and 𝑆2 [panel (b)], using H2 in a two-colour laser
fields of increasing ellipticity and the same relative phase 𝜑, intensity and frequency as in Fig. 4.1.
The ellipticity has been increased from 𝜉 = 0 to 𝜉 = 0.3 in increments of Δ𝜉 = 0.05. A lighter
colour indicates a higher ellipticity. For clarity, the harmonic range in which Fig. 4.1 starts is
indicated by a black vertical line and a vanishing shift is indicated by a horizontal black line.
The dashed lines refer to the orbits 𝐿1 and 𝐿2, while the solid lines correspond to orbits 𝑆1 and
𝑆2.

and the major polarisation axis. These orbits start in the first half cycle of the driving
field, slightly after the first field peak, and return close to the field crossing at the end
of the first field cycle 𝑡 = 𝑇 = 2𝜋/𝜔. In the lower panels of the figure, we display the
contributions from the long (𝐿1

2) and short (𝑆1
2) orbits from the second half cycle [panels

(c) and (d), respectively], whose start and return times are displaced by half a cycle with
regard to 𝐿1

1 and 𝑆1
1 . Throughout, the two-centre interference conditions are indicated,

both for linear and OTC fields (dashed and solid lines, respectively). In the OTC case,
we have considered the real parts of the dynamic shift, i.e., Re[𝜁(𝑡, 𝑡′)] when plotting the
two-centre minimum. We have verified that this approximation is accurate enough for
individual orbits, as Im[𝜁(𝑡, 𝑡′)] is vanishingly small in the harmonic ranges of interest.

As an overall feature, we observe an excellent agreement between Eq. (3.85) and the
outcome of the SFA computations, with the two-centre minimum varying from orbit to
orbit. Moreover, in contrast to what happens for linearly polarised fields, the minimum
is no longer symmetric upon 𝜃𝐿 → −𝜃𝐿. These features can be explained in terms
of the time dependence of the effective shift 𝜁(𝑡, 𝑡′). For a specific orbit, the times 𝑡
and 𝑡′ will only vary with the harmonic energy Ω. Hence, shifting 𝜃𝐿 to −𝜃𝐿 does not
imply shifting 𝜁(𝑡, 𝑡′) to −𝜁(𝑡, 𝑡′), and the above-mentioned symmetry will be broken.
Furthermore, because 𝑡 and 𝑡′ are orbit dependent, we observe different shifts 𝜁(𝑡, 𝑡′) for
different orbits. In fact, for orbits 𝐿1

1 and 𝑆1
2 , the shifts displace the interference minimum
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Figure 4.3: Transition probabilities associated with individual orbits for H2 in an OTC field with
the same parameters as in Fig. 4.1, but time delay 𝜑 = 0 between the 𝜔 and the 2𝜔 waves.
Panels (a) and (c) correspond to the long orbits 𝐿1 and 𝐿2, while panels (b) and (d) give the
contributions of the short orbits 𝑆1 and 𝑆2. The interference minima for the linear and OTC
polarised fields are indicated by the dashed and solid lines, respectively, in the figure. The increase
in the harmonic signal after the cut-off observed in the left panels is related to a breakdown of the
standard saddle-point approximation for the long orbits (for details see Ref. [3]). The harmonic
yields are displayed in a logarithmic scale.

to the right, while for orbits 𝐿1
2 and 𝑆1

1 , this displacement is to the left. Interestingly,
the shifts observed for orbits 𝐿1

1 and 𝑆1
1 are the mirror image of those obtained for

orbits 𝐿1
2 and 𝑆1

2 , respectively. This is due to the specific behaviour of the two-colour
driving field for 𝑡 → 𝑡 ± 𝑇/2, where 𝑇/2 = 𝜋/𝜔. In this case, 𝐴‖(𝑡 ± 𝑇/2) = −𝐴‖(𝑡),
and 𝐴⊥(𝑡 ± 𝑇/2) = 𝐴⊥(𝑡). Hence, direct inspection of Eq. (3.84) shows that 𝜁(𝑡, 𝑡′) =
−𝜁(𝑡 ± 𝑇/2, 𝑡′ ± 𝑇/2). For a monochromatic elliptically polarised field, i.e., 𝑛 = 1 in
Eq. (3.58), 𝜁(𝑡, 𝑡′) = 𝜁(𝑡 ± 𝑇/2, 𝑡′ ± 𝑇/2), i.e., the shift will remain invariant if the
ionisation and return times are displaced in half a cycle. This will be investigated in
more detail in Chapter 6

The above-stated observation is confirmed by Fig. 4.2, in which the real parts of
the effective shifts 𝜁(𝑡, 𝑡′) are plotted for driving fields of increasing ellipticity. The case
considered in the previous figure, i.e., 𝜉 = 0.3, is given by the outer curves. For the
harmonic range considered in Fig. 4.1, i.e., 45 ≤ Ω/𝜔 ≤ 90, Re[𝜁(𝑡, 𝑡′)] > 0 for orbits
𝐿1 and 𝑆2. This is consistent with the fact that the interference minimum shifts to the
right for both orbits [see Figs. 4.1(a) and (d)]. Indeed, when subtracted from a positive
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Figure 4.4: Real parts of the shifts 𝜁(𝑡, 𝑡′) computed for an OTC field (3.58) where 𝑛 = 2
and 𝜑 = 0. Panels (a) and (b) refer to the orbits released in the first and second half cycle,
respectively. The remaining molecular and field parameters are the same as in Fig. 4.2.

alignment angle 𝜃𝐿, a positive shift will displace the interference condition (3.85) towards
lower harmonics. For 𝜃𝐿 < 0, on the other hand, subtracting a positive shift will bring the
minimum towards higher energies. Beyond the cut-off, the real parts of the shifts decrease
substantially. Consequently, the interference condition will approach that obtained for a
linearly polarised field. This is clearly seen in Fig. 4.1, for harmonic order Ω/𝜔 ≥ 69. A
similar analysis can be performed for orbits 𝑆1 and 𝐿2, for which the U-shaped minimum
is displaced to the left in Fig. 4.1(b) and (c). In this latter case, Re[𝜁(𝑡, 𝑡′)] < 0 in the
harmonic range of interest. Note, however, that there is a small residual shift beyond
the cut-off, whose real part is negative for the orbits starting at the first half cycle, and
positive for those starting at the second half cycle [Figs. 4.2(a) and (b), respectively].
Hence, the minimum for orthogonal polarisation will approach its counterpart for linearly
polarised fields from the right in Figs. 4.1(a) and (b), and from the left in Figs. 4.1(b)
and (d).

One should note, however, that these shifts are strongly dependent on the time delay
between the low-frequency and high-frequency waves. An example is provided in Fig. 4.3,
for which both driving waves are in phase, i.e., 𝜑 = 0. The minima for the dominant orbits
𝐿1, 𝐿2, 𝑆1 and 𝑆2 once more follow the generalised interference condition (3.85). The
curves, however, are markedly different from those displayed in Fig. 4.1. A noteworthy
feature is that there are now large residual shifts beyond the cut-off. This is explicitly
shown in Fig. 4.3. There is once more a very good agreement between Eq. (3.85) and
the minima encountered, but there are large residual shifts at and beyond the cut-off.

This agrees with Fig. 4.4, in which the real parts of the shifts are displayed for the
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Figure 4.5: Schematic representation of the major and minor components of the vector potential
𝐴(𝑡) for ellipticity 𝜉 = 0.3, frequency ratios 1 : 2 [𝑛 = 2 in Eq. (3.58)], and relative phases 𝜑 = 0.2
and 𝜑 = 0 [panels (a) and (b), respectively]. The electron return time at 𝑡 = 2𝜋/𝜔 is indicated
by the thick black lines in the figure. For simplicity, all fields have been normalised to the vector
potential amplitude 𝐴0 = 𝐸0/𝜔.

dominant orbits and 𝜑 = 0. In contrast to what has been observed in Fig. 4.2, Re[𝜁(𝑡, 𝑡′)]
has a non-vanishing value at the cut-off. For instance, for orbits 𝐿1 and 𝑆1, the residual
shift at the cut-off is positive. However, if the electron returns half a cycle later, i.e.,
along orbit 𝐿2 or 𝑆2, this shift is negative. This is expected as the major component
𝐴‖(𝑡) and 𝐴‖(𝑡± 𝑇/2) have different signs.

The behaviour with the time delay 𝜑may be understood if one takes into consideration
that this phase difference has a strong influence on the velocity 𝑝⊥+𝐴⊥(𝑡) of the electron
upon return along the minor polarisation axis. We have verified that, for a wide range of
phases 𝜑, including 𝜑 = 0 and 𝜑 = 0.2, the electron return times are practically identical
to those obtained for linearly polarised fields. Thus, at the cut-off, the electron will return
near a crossing of the electric field 𝐸‖(𝑡) along the major polarisation axis. If 𝜑 = 0.2,
the amplitude |𝐸⊥(𝑡)| will be close to its maximum. This implies that |𝐴⊥(𝑡)|/𝐴0 ≪ 1.
Hence, Re[𝜁(𝑡, 𝑡′)] is very small for the harmonics at and beyond the cut-off. On the
other hand, if 𝜑 = 0, the perpendicular component 𝐴⊥(𝑡)/𝐴0 = ±1 for the cut-off return
times. This implies that the residual shifts will be large.

This can be seen in Fig. 4.5, where we provide an illustration of the vector potentials
𝐴‖(𝑡𝑐) and 𝐴⊥(𝑡𝑐) for the return times at a crossing. For 𝜑 = 0.2 [Fig. 4.5(a)], the vector
potential 𝐴⊥(𝑡𝑐) is very small, and so is the shift at and beyond the cut-off. There is,
however, a residual shift as the vector potential is not exactly zero. For 𝜑 = 0, the
transverse vector potential 𝐴⊥(𝑡𝑐) = 𝜉𝐸0/(2𝜔) is at its maximum at 𝑡 = 𝑡𝑐, as shown
in Fig. 4.5(b), so that the transverse velocity of the electron upon return will be non-
vanishing. Hence, at and beyond the cut-off Re[𝜁(𝑡, 𝑡′)] ̸= 0. This will leave large residual
shifts beyond the cut-off, as shown in the previous figures.

In order to see the behaviour outlined in Fig. 4.2 more clearly, it is desirable to seek a
parameter range for which several minima are present over a wide harmonic energy range.
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Figure 4.6: Harmonic spectra along the major polarisation axis computed for individual orbits as
functions of the alignment angle 𝜃𝐿 for Ar2 (ionisation potential 𝐼𝑝 = 0.58 a.u. and internuclear
separation 𝑅 = 7.2 a.u.). For comparison, the individual-orbit contributions obtained for linear
polarisation are displayed in the far left panels (a) and (d), while in the middle and far right
panels (b), (c), (e) and (f) the same 𝜔 − 2𝜔 OTC field as in Fig. 4.1 has been employed. Panels
(b) and (c) exhibit the contributions from the long orbits 𝐿1

1 and 𝐿1
2, respectively, while panels (e)

and (f) depict the contributions from the short orbits 𝑆1
1 and 𝑆1

2 , respectively. The interference
conditions for OTC and linearly polarised fields are indicated as the solid and dashed lines in
the figure, respectively. The harmonic yield is given in a logarithmic scale. The increase in the
harmonic yields after the cut-off observed in panels (e) and (f) are related to a breakdown of the
standard saddle-point approximation for the short orbits (for details see Ref. [3]).

This can be achieved by choosing a target with a large equilibrium internuclear distance,
such as Ar2. The spectra computed for this target using individual orbits is displayed
in Fig. 4.6, for the same driving field as in Figs. 4.1 and 4.2. For each panel, one may
identify three interference minima. The lowest-order minimum spans the whole harmonic
range displayed in Fig. 4.2, the intermediate minimum starts at approximately Ω = 30𝜔,
and the highest minimum covers similar harmonic frequencies to those studied in Fig. 4.1.
The figure shows very distinct behaviours for the long and short orbits. For the long orbits
there is a monotonic shift, either to the right [Fig. 4.6(b)], or to the left [Fig. 4.6(c)],
while for the short orbits the sign of Re[𝜁(𝑡, 𝑡′)] varies. As a direct consequence, the
elliptical minima “wiggle” around their linear counterparts. For example, for orbit 𝑆1

1

[Fig. 4.6(e)], there is a shift to the right for harmonic frequencies Ω . 30𝜔 in the two
lower minima. Around this harmonic energy, the minimum crosses that obtained for
linear polarisation, and moves to the left. This is consistent with the behaviour of the
red solid curves in Fig. 4.2(a). For orbit 𝑆1

2 , the minimum follows the red curves in
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Figure 4.7: Spectra computed for H2 [panels (a) and (b)] and Ar2 [panels (c) and (d)] in a linearly
polarised field (𝜉 = 0), including the six shortest pairs of orbits starting in the first [panels (a)
and (c)] and in both half cycles [panels (b) and (d)]. The field intensity and frequency have been
chosen as 𝐼 = 5× 1014 W/cm2 and 𝜔 = 0.057 a.u., respectively. The internuclear distances are
𝑅(H2) = 1.4 a.u and 𝑅(Ar2) = 7.2 a.u. The white dashed lines indicate the energy positions of
the two-centre interference minima. The yield is displayed in a logarithmic scale.

Fig. 4.2(b), i.e., they are the mirror image of those in Fig. 4.6(e) with regard to the shift
𝜃𝐿 → −𝜃𝐿. This is explicitly shown in Fig. 4.6(f). Once more, beyond the cut-off the
elliptical and the linear minima approach each other for 𝜑 = 0.2. In general, the outcome
of the strong-field approximation follows the minima predicted by Eq. (3.85) reasonably
well. An exception is, however, the interference minimum 𝑛 = 1 obtained for the short
orbits in very low (Ω < 20𝜔) and very high (i.e., beyond the cut-off) harmonic ranges
[see Figs. 4.6(e) and (f)]. These discrepancies are possibly due to the fact that, in these
regions,the imaginary parts Im[𝜁(𝑡, 𝑡′)] increase considerably for orbits 𝑆1

1 and 𝑆1
2 . Thus,

the approximation employed in the figure ceases to be accurate. Nevertheless, we have
verified that the analytic condition (3.85) is also valid in this energy region for 𝜉 ≤ 0.2

(not shown).

4.2 Coherent superposition of orbits

In this section, we will study how the dynamic shifts discussed above will add up if
a coherent superposition of orbits is taken into account. This is important as, in a
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Figure 4.8: Spectra computed for the same field and molecular parameters in Fig. 4.1 (𝜑 = 0.2),
but considering the coherent sums of the transition amplitudes associated to: Orbits 𝐿1

1 and
𝑆1
1 [panel (a)]; orbits 𝐿1

2 and 𝑆1
2 [panel (b)]; orbits 𝐿1

1, 𝑆1
1 , 𝐿1

2 and 𝑆1
2 [panel (c)]; the three

shortest pairs of orbits starting at the first half cycle; i.e., the pairs composed of orbits (𝐿1
1, 𝑆

1
1),

(𝐿2
1, 𝑆

2
1) and (𝐿3

1, 𝑆
3
1) [panel (d)]; the three shortest pairs of orbits (𝐿1,2,3

2 and 𝑆1,2,3
2 ) starting

at the second half cycle [panel (e)]; the three shortest pairs of orbits from both half cycles, i.e.,
orbits (𝐿1,2,3

1,2 and 𝑆1,2,3
1,2 ) [panel (f)]. The modified interference conditions for the long and short

orbits are given by the solid orange and white curves in panels (a) and (b), while the condition
for linearly polarised fields is indicated by the dashed grey lines in panels (a), (b) and (c). The
yield is displayed in a logarithmic scale.

high-harmonic spectrum, there will be several possibilities for the electron to return.
Quantum mechanically, the corresponding transition amplitudes will interfere, so that
not only the real parts of such shifts, but also their imaginary parts, become important.
For comparison, we include the spectra computed for molecules in linearly polarised fields
using the three shortest pairs of orbits. These spectra are displayed in Fig. 4.7, for H2

and Ar2 (upper and lower panels, respectively). The figure also shows other types of
interference, that arise from the coherent superposition of ionisation and recombination
events displaced in time. In all panels, we notice that both the temporal interference
patterns and the spatial, two-centre interference minima are symmetric upon 𝜃𝐿 → −𝜃𝐿.
This is expected from our previous line of argument, and holds if orbits starting in the
first half cycle [Figs. 4.7(a) and (c)], or in both half cycles [Figs. 4.7(b) and (d)] are
included. Another noteworthy feature is the presence of well defined odd harmonics
when the orbits starting at subsequent half cycles are added coherently, which can be
clearly observed in Figs. 4.7(b) and (d). They are a consequence of the periodicity of the
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Figure 4.9: Spectra computed for the same field and molecular parameters in Fig. 4.3 (𝜑 = 0), but
considering the coherent sums of the transition amplitudes associated to different combinations
of orbits. Panels (a) and (b) include the dominant pair starting at the first half cycle and at both
half cycles, respectively, while panels (c) and (d) include the contributions from orbits (𝐿1,2,3

1

and 𝑆1,2,3
1 ) and (𝐿1,2,3

1,2 and 𝑆1,2,3
1,2 ), respectively. The interference condition for linear polarisation

is indicated by the dashed lines in the upper panels, while its counterpart for OTC fields is given
by the solid lines in panel (a). The orange and white lines refer to modified interference condition
for orbits 𝐿1

1 and 𝑆1
1 , respectively. The yield is displayed in a logarithmic scale.

field, and are not present if the start times are restricted to the first half cycle. In Fig. 4.8,
we consider several coherent superpositions of orbits for elliptically polarised fields. We
will first focus on the dominant pairs of orbits, i.e., 𝐿1

1 and 𝑆1
1 , and, 𝐿1

2 and 𝑆1
2 , for H2

and 𝜑 = 0.2. These contributions are displayed in Figs. 4.8(a) and (b), together with the
coherent superposition of the two dominant pairs [Fig. 4.8(c)]. These results are then
compared to the spectra displayed in the lower panels of the figure, obtained using the
three shortest pairs. Specifically, in panel (d) of Fig. 4.8, we take orbits (𝐿1

1, 𝑆
1
1), (𝐿2

1, 𝑆
2
1)

and (𝐿3
1, 𝑆

3
1) which all ionise in the first half cycle but spend different amounts of time

propagating in the continuum before recombining. For panels (e) and (f) we consider the
orbits (𝐿1

2, 𝑆
1
2), (𝐿2

2, 𝑆
2
2) and (𝐿3

2, 𝑆
3
2) starting in the second half cycle, and then all six

pairs of orbits, respectively.
All panels exhibit the U-shaped interference minimum, whose approximate position

is roughly indicated by the interference conditions for linear and OTC polarisation (see
the three curves in the figure). The outcomes of our simulations, however, do not follow
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Figure 4.10: Spectra computed for Ar2 using the an OTC field of Fig. 4.1 (𝜉 = 0.3, 𝜑 = 0.2)
and using different coherent superpositions of orbits. In panels (a) and (b), we included only
the dominant orbits, while in panels (c) and (d) the six shortest pairs of orbits have been taken.
In panels (a) and (c), we considered only ionisation events starting in the first half cycle, while
in panels (b) and (d) both first and second half cycles have been taken into consideration. The
dotted and solid black lines in panels (a), (c) and (d) give the interference conditions for the long
and short orbits, respectively. The dashed grey lines in panel (b) give the interference condition
for linear polarisation. In the figure, only the interference minima corresponding to 𝑛 = 2 and
𝑛 = 3 in Eq. (3.85) are visible. The yield is displayed in a logarithmic scale.

a single interference curve. This is expected as the contributions from each orbit in a
pair carry comparable weights, so that temporal interference effects between the long
and short orbits play a role. The interference minima appear most clearly in the cut-off
region, at roughly Ω = 71𝜔, and at the bottom of the U-shaped minimum, near Ω = 55𝜔.
This is due to the fact that, in these energy regions, the interference conditions are closest.
At the lower-energy end of the U-shaped minimum, the three interference curves cross.
Hence, the two-centre minimum is very visible. In the vicinity of this point, however, the
three curves are very distinct. This implies that a blurring in the interference condition
for a coherent superposition is expected in this region. At the cut-off, both Re[𝜁(𝑡, 𝑡′)]

and Im[𝜁(𝑡, 𝑡′)] are closest and approach the interference condition for linear polarisation.
As a direct consequence, the two-centre minimum is sharp around this frequency. Beyond
the cut-off, the imaginary parts of the shifts start to increase in absolute value and move
away from each other. This will have little influence if only individual orbits are taken, as
shown in the previous section, but will be critical for a coherent superposition of orbits.
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Figure 4.11: Spectra computed for Ar2 using the same parameters and coherent superpositions
of orbits as in Fig. 4.10, but with a time delay of 𝜑 = 0. Panels (a) and (b) show the dominant
orbits from the first half cycle (𝐿1

1 and 𝑆1
1) and both the first and second half cycle (𝐿1

1,2 and
𝑆1
1,2), respectively. Panels (c) and (d) show the contributions from the six shortest pairs of orbits

from the first half cycle (𝐿1,2,3
1 and 𝑆1,2,3

1 ) and the first and second half cycle (𝐿1,2,3
1,2 and 𝑆1,2,3

1,2 ),
respectively. The dashed lines in panel (b) give the interference condition for linear polarisation,
and lines in the remaining panels give the interference condition (3.85). The dotted and the solid
lines refer to the long and short orbits, respectively. The yield is displayed in a logarithmic scale.

For that reason, the minimum becomes blurred in this region. As in the linear case,
there are high-order harmonics if orbits starting at different half cycles are included.
The interference patterns, however, are no longer symmetric with regard to 𝜃𝐿 → −𝜃𝐿,
not even if the orbits starting in both cycles are taken into account [see Figs. 4.8 (c) and
(f)]. As expected, the spectra obtained for orbits starting at the second half cycle of the
field, displayed in Figs. 4.8 (b) and (e), are the mirror images of those computed using the
orbits starting at the first half cycle, shown in Figs. 4.8 (a) and (d). This holds not only
for the U-shaped minimum, but also for the patterns associated with the interference of
events displaced in time.

If the longer orbits are included, this leads at most to additional substructure in the
low-plateau region, as a direct comparison of the lower and the upper panels of Fig. 4.8
shows. This is caused by two main reasons. First, the excursion times of the electron in
the continuum are much longer, in fact over one and a half cycles. Hence, a larger degree
of wavepacket spreading occurs for the active electron, and this renders the contributions
of such orbits less relevant. Second, the cut-off determined by such pairs is lower than
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that determined by the dominant orbits [see Fig 3.2]. In fact, for the parameters employed
in the figure, it lies around 𝐼𝑝 + 1.48𝑈𝑝 for orbits (𝐿2

1,2, 𝑆
2
1,2), and around 𝐼𝑝 + 2.42𝑈𝑝

for orbits (𝐿3
1,2, 𝑆

3
1,2). This implies that, beyond harmonic frequencies Ω ≃ 55𝜔, the

contributions from such orbits are strongly suppressed. Finally, we observe an overall
decrease in intensity, in comparison to the linearly polarised case. This is expected, as a
non-vanishing ellipticity leads to a decrease in the tunnel ionisation rate [138] and also in
the return probability for the electron [139]. There is also a displacement of the cut-off
frequency towards lower energies, in agreement with previous studies in the literature
[140, 141, 142].

In Fig. 4.9, we display the results obtained considering different coherent superposi-
tions if both waves are in phase, i.e., for 𝜑 = 0. Also in this case, the main effect is a
blurring of the structural interference condition, except at the lowest-energy part of the
interference minimum and near the cut-off. An interesting aspect is how the residual
shifts that exist beyond the cut-off behave. If one considers start times in a specific sub-
cycle, these shifts are apparent in the U-shaped structure. For instance, in Figs. 4.9(a)
and (c), in which only orbits starting at the first half cycle have been included, one
clearly sees that the suppression observed in the harmonic spectrum matches the solid
lines in the cut-off region much more accurately than the interference condition for linear
polarisation (dashed grey line). Apart from that, this suppression is asymmetric and
much more pronounced for 𝜃𝐿 > 0, i.e., on the right-hand side of these panels. This is in
agreement with the previous discussions. If, however, the contributions from the first and
second sub-cycles are added coherently, both this asymmetry and the residual shifts are
washed out [see Figs. 4.9(b) and (d)]. As expected from our previous discussion, (i) odd
harmonics appear due to the periodicity of the field, as shown in the right panels, and (ii)
the longer orbits do not influence the spectra considerably, as shown in the lower panels.
An interesting effect is a blurring in the two-centre minimum near the cut-off frequency
(see harmonics Ω = 65𝜔 to Ω = 69𝜔) identified in Figs. 4.9(b) and (d). This blurring is
caused by the non-vanishing residual shifts from orbits located at different half cycles.
These shifts are different for the orbits starting in the first and second half cycles, and
smear the minimum if a coherent superposition is taken. For comparison, see Figs. 4.8(c)
and (f), computed for 𝜑 = 0.2. As in this latter case the residual shift is vanishingly small
near the cut-off, this blurring is absent. In Fig. 4.10 we exhibit the results computed for
Ar2 in an elliptically polarised field with 𝜑 = 0.2. We focus on the two-centre minima
𝑛 = 2 and 𝑛 = 3 in Eq. (3.85). Apart from the above mentioned inaccuracies close to
the threshold, inclusion of the minimum 𝑛 = 1 would require a much larger range of
intensities and would obscure the effects we intend to analyse. The minimum 𝑛 = 3,
located in the high-plateau region, behaves in a very similar way as that encountered for
H2, i.e., there is an overall blurring with regard to the linearly polarised case and the
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minimum is clearest near the cut-off and at the bottom of the U-shaped minimum. The
minimum 𝑛 = 2 spans a much larger harmonic region, so that the features observed are
more dramatic. For this minimum, we no longer observe a structure as in Fig. 4.7, but a
whole region in which suppression of the harmonic signal occurs, i.e., there is a splitting
in the minimum. This region is bounded by the different interference conditions obtained
for the long and short orbits, indicated by the solid and dotted lines in Figs. 4.10(a) and
(c). This can be seen most clearly in Fig. 4.10(a), in which only the dominant orbits
starting in the first half cycle have been included. This picture, however, persists if the
longer pairs of orbits are included, as shown in Fig. 4.10(c). If the orbits starting in the
second half cycle are also added coherently, this region will be bounded by the largest
shifts Re[𝜁(𝑡, 𝑡′)], which, in this case, correspond to the long orbits 𝐿1

1 and 𝐿1
2 [dotted

lines in Fig. 4.10(d)].
Similar results, shown in Fig. 4.11, have been encountered for 𝜑 = 0. However,

because of the residual shifts that exist for this phase, the splitting in the interference
condition for the minimum 𝑛 = 2 is far more visible. This is specially true if the start
times are restricted to a single half cycle, as shown in Fig. 4.11(a) and (c). In this
latter case, there is also much larger asymmetry in the yield near the cut-off region for
𝑛 = 2. This is very visible if one compares the harmonic yield observed in the region
60 < Ω/𝜔 < 70 and alignment angle 𝜃𝐿 ≃ 𝜋/3 with its counterpart for 𝜃𝐿 ≃ −𝜋/3. For
the former angle, this yield is much more suppressed in this harmonic range. If however,
one includes starting times in both half cycles [see Figs. 4.11(b) and (d)], this asymmetry
is lost.

4.3 Conclusions and questions

In this chapter, we have studied high-order harmonic generation in diatomic molecules
in OTC laser fields. We have shown that, even within a very simple model, namely the
strong-field approximation and the single active electron, single active orbital approxima-
tion, a non-vanishing driving field ellipticity introduces a dynamic shift in a two-centre
interference condition which, for linear polarisation, is purely structural. This shift de-
pends very strongly on the orbit along which the active electron returns to its parent
molecule, and on its kinetic energy upon return. What happens is that the angle with
which the electron returns is effectively incorporated in the two centre interference con-
dition. Furthermore, depending on whether the electron returned with a non-vanishing
transverse velocity at a field crossing, there may be a residual dynamic shift at and be-
yond the cut-off region for a given pair of orbits. A concrete example has been provided
for the situation in which both low- and high-frequency driving waves were in phase.

For HHG transition probabilities related to individual orbits, we have found that,
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in general, our numerical results match very nicely the predictions from our generalised
interference condition. If coherent superpositions of orbits are taken into account, the
different shifts cause a blurring, and, in some cases, a splitting in the two-centre minima.
For non-vanishing ellipticity, these minima are no longer sharp, but, rather, there will
be a region in the spectra for which the harmonic signal is suppressed. This region is
bounded by the different interference conditions encountered for individual orbits. A
similar splitting is also visible, though not discussed, in Ref. [66].

Can the shift be measured in an experimental setting?

The above-stated results show that, in principle, the angle with which the electron returns
to its parent molecule can be extracted from the shifts in the two-centre interference
patterns. In Ref. [24], this angle has been inferred from the ratio between even and
odd harmonics. One should note, however, that, because the shifts are orbit dependent,
they will be difficult to extract from the interference patterns unless a particular return
event can be singled out. This would avoid the blurring and splitting related to coherent
superpositions of orbits.

Both the blurring and the splitting happen in most harmonic ranges, except in the
cut-off region or when the modified interference conditions coincide. Hence, in a realistic
situation, these dynamical shifts would mainly blur the two-centre minima unless they
converged to a single residual shift at the cut-off, or one of the orbits in a dominant pair
could be suppressed. If the ionisation events are restricted to a single half cycle of the
driving field, clear shifts may be observed under two conditions. First, if the relative
phase 𝜑 is chosen such that the residual shift at the cut-off is large, it may be identified
for harmonics in that energy range. Second, if such a phase choice is not possible, then
one of the orbits in the dominant pair must be suppressed by adequate macroscopic
propagation conditions [104]. Indeed, it is a well-known fact that the long and the short
orbits phase match differently [135]. This allows a high degree of control on which orbit
is dominant in which spatial region [44, 106].

In addition to that, however, if the contributions to the spectra from other half cycles
are comparable, blurring may still occur, as discussed in Sec. 4.2. Hence, it is necessary
to suppress such events by an adequate field choice, such as for instance, few cycle
pulses [143]. Finally, one should note that, in this work, we have used the single-active
electron, single-active orbital approximation. However, it may happen that multielectron
effects and the core dynamics modify the structural interference condition obtained using
the highest occupied molecular orbital (HOMO). Hence, for the interference condition
computed in this work to be valid, it is necessary that the core can still be assumed to
be static and that the contributions from the HOMO are dominant.
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Chapter 5

Macroscopic HHG
spectra-extracting an electron’s
angle of return

In the previous chapter we showed that an electron’s angle of return is effectively incor-
porated in to the shifted two-centre interference minima within the HHG spectrum. A
legitimate question is, however, whether this shift can be observed under more realistic
conditions, such as experiments.

In Chapter 4 we anticipated a series of difficulties that may arise. First, even at the
single-molecule response level, there are coherent superpositions of orbits, which will be
detrimental for the identification of individual shifts. Second, the core dynamics may
mask these shifts further and has not been incorporated in this model [56, 63]. Third,
these shifts depend on the driving-field intensity, which will vary across the beam profile.
Fourth, there is no evidence that these shifts survive effects that occur during HHG
propagation in a macroscopic medium.

On the other hand, propagation may facilitate the observation of these shifts, since
the long and the short orbits in the dominant pair phase match differently [104, 105].
Thus, by carefully choosing the propagation conditions one may be able to select the con-
tributions, and the shifts, associated with individual orbits. This type of selection has
been successfully used in the past to optimize attosecond-pulse production (for a seminal
paper and a comprehensive review on this topic see, e.g. [104], and [101]). In fact, it
has even been shown that to obtain clear enough interference patterns between both
orbits requires a very delicate tuning of the propagation conditions [44, 106]. Further
trajectory selection may be achieved by creating temporal or spatial gates, by playing
around with the pulse shape, polarization and/or macroscopic conditions. Examples of
different trajectory-selection mechanisms are provided in the reviews [101, 136]. In this
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Figure 5.1: Real parts of the effective shifts 𝜁(𝑡, 𝑡′) as functions of the driving-field intensity
𝐼𝜔 of the fundamental for a harmonic of frequency Ω = 31𝜔, using H2 (𝐼𝑝= 0.59 a.u.) in two-
colour laser fields of increasing ellipticity. The fundamental and the second harmonic have been
approximated by monochromatic waves where 𝐼2𝜔 = 𝜉𝐼𝜔. The ellipticity has been increased from
𝜉 = 0 to 𝜉 = 0.3 in increments of Δ𝜉 = 0.05. A lighter colour indicates a higher ellipticity. The
dashed and solid lines refer to the short and long orbits, respectively. Panel (a) and (b) refer to
relative phases of 𝜑 = 0 and 𝜑 = 0.1𝜋, respectively.

chapter, we investigate the possibility of observing these shifts in a more realistic, macro-
scopic scenario and perform a detailed analysis of how these shifts manifest themselves
in a macroscopic medium, for individual orbits. In our investigations we consider H2

to avoid multielectron effects associated with the core dynamics. In order to obtain a
structural minimum within the plateau for intensities well below saturation, we choose
an internuclear separation of 𝑅 = 2 a.u., which is larger than the equilibrium value. We
consider both linearly polarized fields and bichromatic orthogonally polarized fields given
by Eq.(3.103) and (3.104) of frequencies 𝜔 and 2𝜔, respectively. Unless otherwise stated,
in this chapter the fundamental pulse (3.103) has wavelength 𝜆 = 800 nm, peak intensity
𝐼𝜔 = 2.5 × 1014 W/cm2, and a full width at half maximum of 30 fs (approximately 10
cycles), which are within the experimentally relevant parameter range. For the sake of
simplicity, unless otherwise stated (Fig. 5.6), we consider only the ionisation events in
the half cycle of the pulse closest to the peak of the pulse.

5.1 Intensity dependence

We will first get an insight on how the phase shift 𝜁(𝑡, 𝑡′) depends on the driving-field
intensity. Since this parameter varies strongly across the laser beam profile, a sim-
plified preliminary investigation is useful in order to understand its overall behaviour.
To facilitate the interpretation, we will approximate the pulses (3.103) and (3.104) by
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monochromatic waves.
In Fig. 5.1, the real parts of 𝜁(𝑡, 𝑡′) are plotted for a specific harmonic, as functions

of the driving-field intensity. The figure shows that the shifts depend strongly on the
field ellipticity, on the phase difference 𝜑 between the two waves and on the driving-
field intensity. This is expected as variations in the intensity will change the energy
position occupied by a specific harmonic. This is related to the fact that, for low enough
intensities, these shifts nearly coincide for the long and short orbits. In this case, the
harmonic employed is located either at or beyond the cut-off frequency. As the intensity
increases, there is a splitting in the shift, indicating that the plateau region has been
reached.

The behaviour with regard to the field parameters depends very strongly on the orbit.
If the two waves are in phase, for instance [Fig. 5.1(a)], the distinguishing features are
a large residual shift after the cut-off and a very pronounced negative shift for the short
orbit in the plateau region. Physically, this means that if the electron is returning along
the short orbit, for 𝜑 = 0 the angle of return is much larger. Hence, it may be easier to
single out in a realistic scenario, especially at high intensities.

This behaviour, however, changes with the relative phase. An example is provided
in Fig. 5.1(b), which exhibits a smaller residual shift in the cut-off region and compara-
ble shifts of opposite signal if the chosen harmonic is in the high-plateau energy region.
Increasing the intensity will lead to a non-trivial behaviour for the shift associated with
the short orbit, while the shift related to the long orbit will exhibit a monotonic be-
haviour. Physically, this implies that the electron’s angle of return will vary much more
dramatically across the beam for the short orbit.

5.2 Spatial effects across the beam profile

We will first establish how the structural minimum manifests itself in the macroscopic
case, and then discuss the situation with OTC fields. Throughout, we have chosen the
propagation conditions so that the short orbit is favoured. In general, this is achieved by
placing the centre of the gas jet after the focus. This type of configuration leads to an
enhancement of on-axis harmonic emission, with low divergence. Furthermore, we have
chosen the ionisation times to start shortly after the central maximum of the pulse, so
that the corresponding return times will occur near the subsequent crossing.

In Fig. 5.2, we examine the structural minimum across the beam for a linearly po-
larised field, both near the interaction region and in the far field. This minimum is
indicated by the straight vertical lines, which correspond to the interference condition
Eq. (3.86), where 𝜁(𝑡, 𝑡′) = 0, and agree well with the suppression in the yield. The
energy position related to this suppression remains the same regardless of whether con-
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Figure 5.2: HHG macroscopic response of 𝐻2 in a linearly polarised field of wavelength 𝜆 = 800
nm, plotted in a logarithmic scale. The beam waist is 𝑤 = 30 𝜇m, and the gas jet is placed
at 𝑧𝑔 = 4 mm after the focus. The FWHM of the gas jet is 0.5 mm and the FWHM of the
intensity envelope is 30 fs. Panels (a) and (b): Individual contributions of the long and short
orbits, for a driving-field intensity 𝐼𝜔 = 2 × 1014 W/cm2, and alignment angle 𝜃𝐿 = 0; note
that the oscillations in Panel (b) are caused by an artefact due the inaccuracy of the standard
saddle-point approximation in the cut-off region. Panels (c) and (d): spectra from the coherent
superpositions of the long and short orbits, for a driving-field intensity 𝐼𝜔 = 2.5× 1014 W/cm2,
and alignment angles 𝜃𝐿 = 0 [panel (c)] and 𝜃𝐿 = 𝜋/6 [panel (d)]. Panels (e) and (f): far-field
harmonic spectra, for the same intensity and alignment angles as in panels (c) and (d). The
white dashed line indicates the position of the structural two-centre minimum. The labels 𝑠, 𝑙
and 𝑙+𝑠 indicate contributions from the short orbit, long orbit, or from a coherent superposition
of both, respectively.
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Figure 5.3: Propagated HHG spectra for 𝐻2 in a Gaussian pulse, where the peak intensities of
the 𝜔 and 2𝜔 waves are 𝐼𝜔 = 2.5 × 1014 W/cm2 and 𝐼2𝜔 = 7.5 × 1013 W/cm2 defined at the
gas jet (their intensity ratio is around 0.3) and relative phase 𝜑 = 0.1𝜋. The wavelength of the
fundamental is 𝜆 = 800 nm. The beam waist is 𝑤 = 30 𝜇m and the centre of the gas jet is
located at 𝑧𝑔 = 4 mm after the focus. The FWHM of the intensity envelope is 30 fs. Panels (a)
and (b) display the far-field result for a coherent superposition of orbits denoted by the labels
𝑙 + 𝑠, where (b) is a close-up of the region around the shifted minimum seen in (a). Panels
(c) and (d) show the individual contributions to far field spectra for the long and short orbit
respectively. The dashed lines and the solid curves indicate the position of the unshifted and
shifted two-centre minima, respectively. The red and the green solid curves give the positions of
the shifted minima for the short and long orbits, respectively. The curves have been calculated
across the interaction region along 𝑧 such that 𝑧𝑔 −Δ𝑧 ≤ 𝑧 ≤ 𝑧𝑔 +Δ𝑧, with Δ𝑧 = 0.5 mm. All
spectra have been plotted in arbitrary units and in a logarithmic scale.

tributions of individual orbits are taken, as shown in panels (a) and (b), or if they are
combined, as shown in the remaining panels. Furthermore, it does not change with the
driving-field intensity [panel (c)] or in the far-field regime [panels(e) and (f)]. Only when
the alignment angle is varied, namely for panels (d) and (f), does this minimum change.
All this is consistent with the fact that the two-centre minimum described by Eq. (3.86)
is purely structural. The fringes in panels (c) to (f) are caused by the interference of the
long and short orbits.

In the upper panels of Fig. 5.3 we present the macroscopic HHG spectrum computed
for orthogonally polarised fields considering a coherent superposition of the long and
short orbits, and a phase difference of 𝜑 = 0.1𝜋 between the 𝜔 and 2𝜔 waves. This
figure illustrates a particular case for which the shift associated with the short orbit,
given by the red lines, is visible in a realistic scenario, and survives in the far field. The
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Figure 5.4: Individual contributions of the long and short orbits (left and right panels, respec-
tively) for the HHG macroscopic response of 𝐻2 in a Gaussian pulse. The peak intensities of
the 𝜔 and 2𝜔 waves are 𝐼𝜔 = 2.5× 1014 W/cm2 and 𝐼2𝜔 = 7.5× 1013 W/cm2 defined at the gas
jet (their intensity ratio is around 0.3) and relative phase 𝜑 = 0. The centre of the gas jet is
located at 𝑧𝑔 = 2 mm after the focus.The wavelength of the fundamental is 𝜆 = 800 nm. The
beam waist is 𝑤 = 30 𝜇m, and the FWHM of the intensity envelope is 30 fs. Panels (a) and
(b): HHG yield from the individual orbits; panels (c) and (d): zoom in of the upper panels close
to the interference minimum. The white dashed lines and the solid curves indicate the position
of the unshifted and shifted two-centre minima, respectively. The red and the green curves give
the positions of the shifted minima for the short and long orbits, respectively. The curves have
been spread equally across the interaction region such that 𝑧𝑔 −Δ𝑧 ≤ 𝑧 ≤ 𝑧𝑔 +Δ𝑧, with Δ𝑧 = 1
mm. All panels have been plotted in arbitrary units and in a logarithmic scale. The labels 𝑙 and
𝑠 are associated to the long and the short orbit, respectively.

close-up near the interference minimum [Fig. 5.3(b)] shows that it follows the generalised
interference condition related to the short orbit very closely. Only at the beam edges
there are small discrepancies from this condition, and the suppression approaches the
shifted minimum associated to the long orbit, which is given by the green line.

The reason behind this clear picture can be seen in panels (c) and (d) of Fig. 5.3,
in which we present the individual contributions from the long and short orbits. They
show that the contributions from the long orbit are strongly suppressed in the plateau
region, and that those from the short orbit are much more significant. This stems from
the fact that the relative phase 𝜑 = 0.1𝜋 selects the short orbit at the single-molecule
level via polarisation gating [107]. This selection is then reinforced by the appropriate
propagation conditions. Also for that reason there are no visible fringes when the coherent
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Figure 5.5: Propagated spectra considering a coherent superposition of the long and short orbits,
for the same field parameters as in Fig. 5.4. Most propagation conditions have also been kept
as in Fig. 5.4 except the centre of the gas jet, which has been chosen to be at 𝑧𝑔 = 2 mm and
𝑧𝑔 = 4 mm after the focus (left and right panels, respectively). Panels (a) and (b) display the
spectra in the interaction region, while panels (c) and (d) show the far-field results. The white
dashed lines and the solid curves indicate the position of the unshifted and shifted two-centre
minima, respectively. The red and the green curves give the positions of the shifted minima for
the short and long orbits, respectively. The curves have been computed spread equally across
the interaction region such that 𝑧𝑔 −Δ𝑧 ≤ 𝑧 ≤ 𝑧𝑔 +Δ𝑧, with Δ𝑧 = 1 mm. All spectra have been
plotted in arbitrary units, and in a logarithmic scale.

superposition of both orbits is considered (Fig. 5.3).
Next, we will analyse the generalised interference condition for individual orbits in

more detail. With that aim in mind, we (i) choose a phase difference 𝜑 = 0, for which
these shifts are expected to be large [1]; (ii) consider the near-field regime so that diffrac-
tion effects are ruled out. These results are plotted in Fig. 5.4, for the short and long
orbits. The figure shows that these shifts depend very strongly on the orbit. While, for
the long orbit, the shift moves the minimum away from the cut-off and towards lower
frequencies, for the short orbit it causes it to move towards the cut-off [see panels (a)
and (b)]. Furthermore, a zoom-in of the shifts, presented in panels (c) and (d), shows
that they approach each other around the cut-off and follow the modified interference
condition (3.85) very closely. In particular, the shift is much larger for the short orbit
and, as long as the cut-off has not been reached, it varies very little within the interaction
region. For the long orbit, the shift varies slightly more with regard to 𝑧. Beyond the
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Figure 5.6: Propagated, far-field HHG spectra considering two half cycles, for the same driving-
field parameters in Fig. 5.3, but different FWHM of the intensity envelope. In panels (a) and (c),
this width is 30 fs, while in panels (b) and (d) it is 5.5 fs. The upper and lower panels show the
whole spectra, and a close-up near the interference minimum, respectively. In the lower panels
we show only the shift related to the short orbit, which dominates throughout. These shifts are
displayed as the thick solid curves in the figure, while the static interference condition is given
by the white dashed line. The shifts associated with the first and second half cycle are shown as
the red curves in panels (c) and (d), and the pink curve in panel (c), respectively. All spectra
have been plotted in arbitrary units and in a logarithmic scale.

cut-off, the variation is more extreme. This region, however, is not of interest to the
present problem.

Unfortunately, however, these shifts cannot be seen if a coherent superposition of
orbits is considered. We have plotted this superposition in Fig. 5.5, for the near and far
field regimes [upper and lower panels in the figure, respectively]. The overall behaviour
shows many interference fringes and no clear shifted minimum. This happens because, at
the single-molecule response level, a phase 𝜑 = 0 will enhance the long orbit and suppress
the short orbit [107]. Hence, there are conflicting conditions from the the single-molecule
response and propagation, which is not ideal. This is clearly seen in panels (a) and (c)
of the figure, which exhibit fringes in the whole plateau region due to the interference
between the short and long orbits. Close to the two-centre minimum the results are
inconclusive as (i) the suppression near the green curve seems much more related to
the interference between the long and short orbit than to the electron’s angle of return
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being incorporated; (ii) the shift associated to the short orbit does not manifest itself
as a clear suppression. Both issues (i) and (ii) become slightly better in the far-field, as
the interference between the short and long orbit is partially washed out. Nonetheless,
the result is not as clear as in Fig. 5.3, for which the short orbit was favoured at the
microscopic and macroscopic level.

This problem may be attenuated by moving the gas jet further away from the focus,
in order to favour the short orbit [see Figs. 5.5(b) and (d)]. In this case, the interference
fringes in the plateau become more blurred, so that the shift related to the short orbit
can be identified.

One should bear in mind, however, that we have restricted the contributing orbits to
a single half cycle of the driving field. This does not correspond to a situation attained
in all experiments as the pulse may have multiple cycles. A specific problem is that, in
a bichromatic 𝜔 − 2𝜔 field with orthogonally polarised waves, the long and short orbits
starting at the subsequent half cycle gives rise to shifts 𝜁(𝑡, 𝑡′) of opposite signs as seen in
Chapter 4, [1]. In practice this causes a blurring in the generalised interference condition.
This problem may be overcome if one employs a few-cycle pulse.

This is shown in Fig. 5.6, in which we present the far-field spectra calculated using the
two dominant half cycles of the pulse in Fig. 5.3, and of a few-cycle pulse with the same
parameters, except the full width at half maximum of the intensity envelope (left and
right panels, respectively). For the long pulse, the contributions from both half cycles
blur the minimum associated with the short orbit [panel (c)], while for the few-cycle
pulse it remains very clear. It is also well described by the interference condition (3.85)
[panel (d)]. This happens because the two-centre minimum is in the plateau for the first
half cycle, while it is beyond the cut-off for the second half cycle of the short pulse. The
different cut-off energies become clear in panel (b), which shows well-defined harmonics
only for energies lower than the structural minimum. In contrast, the long pulse leads to
well-defined harmonics throughout, as seen in panel (a).

5.3 Conclusions

In this chapter, we have performed theoretical studies of the macroscopic response of
high-harmonic radiation from diatomic molecules in bichromatic fields composed of two
orthogonally polarised driving waves. Our computations show that, for an appropriate
choice of driving field and propagation conditions, the angle of return of an electron to its
parent molecule manifests itself as a dynamic shift in the two-centre structural minimum.
This shift depends on the driving-field intensity, on the harmonic order and on the orbit
along which the electron returns. For the dominant orbits, these shifts are visible both
in the near- and far-field regimes, indicating that they can, in principle, be measured in
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experiments.
In order to see these shifts clearly, one must select an individual orbit by employing

gating mechanisms at the single-molecule level and by using appropriate propagation
conditions. It is of particular interest to enhance the short orbit and suppress the long
orbit, as it phase matches on axis and leads to more dramatic variations in the angle
of return with the laser-field parameters. If conflicting microscopic and macroscopic
conditions are provided, the interference between long and short orbits may lead to
inconclusive results. In order to avoid this problem, we have selected the phase difference
between both 𝜔 and 2𝜔 driving waves as 𝜑 = 0.1𝜋 and have placed the focus before the
gas jet. These choices are known to enhance the short orbit at the single-molecule [107]
and macroscopic [135, 136] levels, respectively. Nonetheless, there exist two obstacles
towards seeing this shift, which, however, are well under control. First, for bichromatic
fields, the shifts coming from the other half cycle will have opposite sign. This flip may
be avoided for few-cycle pulses, by creating a spectral and temporal gate in order to
select electron orbits from a single half cycle [136, 144]. This can be performed if for
one of the dominant half cycles, the shifted minimum lies beyond the cut-off energy, and
within the plateau for the other half cycle, as shown in Fig. 5.6.

Second, for molecules with a more complex electronic structure, the core dynamics
may also play an important role, such that the single-active orbital, single-active electron
approximation is not applicable [56]. The regime for which this happens, however, can
be avoided. Indeed, recent experiments in CO2 have shown that interference effects
stemming from the core dynamics are only relevant if the structural minimum provides a
window for them to be observed. For high enough intensities, the energy position of the
dynamical minimum lies outside this window and can no longer be observed [78]. This
is in agreement with the experimental findings in [145], which support the structural
instead of the dynamical interference picture, and with the computations in [146], which
show that multielectron effects are important in the cut-off, but not in the mid-plateau
energy region.

Finally, our results suggest that, in principle, the angle with which the electron returns
to the core can be controlled, either by changing the relative phase between both waves,
or the driving-field intensity. As the intensity increases, a specific harmonic moves from
the cut-off region across the plateau towards the ionisation threshold, and this will alter
the angle of return. This behaviour is particularly critical for the short orbit, which,
as discussed above, is the most favourable for macroscopic observations of this shift.
Furthermore, this angle can be mapped into a shift near the structural minimum, which
can be modified by an appropriate parameter choice. This may be desirable in future
experiments in order to investigate dynamic effects which would be obfuscated otherwise.
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Chapter 6

Shifted two-centre interference using
elliptically polarised fields

In this chapter we will explore the advantages of using an elliptically polarised field over
an orthogonal two colour field, when observing the shifted interference minima in HHG
spectra. We investigate this at the single molecule response level using an H2 and Ar2 as
diatomic targets to compare with the results in Chapter 4. We then use Ar2 to investigate
this at the macroscopic response level.

6.1 Single molecule response

In the results that follow we consider an elliptically polarised field given by Eq. (3.58),
where 𝑛 = 1 and the phase difference between the parallel and perpendicular fields is
𝜑 = 0.25. As in Chapter 4, 𝑆𝑗

𝑖 and 𝐿𝑗
𝑖 will be used to identify the short and long

trajectories, respectively, where 𝑖 indicates the half cycle the trajectory ionised from and
𝑗 indicates how many half cycles the trajectory spends propagating in the continuum. We
first consider H2 as a target in Fig. 6.1, where panels (a) and (c) display the individual
contributions of the 𝑆1

1 and 𝐿1
1 orbits as functions of the alignment angle 𝜃𝐿 between the

internuclear axis and the major polarization axis. We can see in the computed spectra
of these panels, that the minimum for the long and short orbit are shifted in opposite
directions (shifted right and left, respectively). These observations are confirmed in panel
(a) of Fig. 6.2, where we can see that across the whole range of harmonics the shift for
long and short is equal but opposite. This can be explained by inspecting the amplitude
of the perpendicular vector potential, A(𝑡), when the electron returns around the crossing
of the electric field, i.e |E||(𝑡)| = 0. This is shown in panel (b) of Fig. 6.2, where before
and after the field crossing (indicated by the vertical black line) there is a growing equal
but opposite perpendicular vector potential A(𝑡) and therefore a growing perpendicular
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Figure 6.1: Harmonic spectra along the major polarization axis as functions of the alignment
angle 𝜃𝐿 for H2 (𝐼𝑝 =0.25 a.u. and internuclear separation 𝑅 = 1.4 a.u.) in an elliptical
field described in Eq. (3.58) with 𝑛 = 1, 𝜔 = 0.057 a.u., 𝐼=5×1014 W/cm2, 𝜉 = 0.3 and
time delay 𝜑 = 0.25. The top and bottom panels show individual contributions to the HHG
spectra for the dominant short and long orbits respectively. The left hand panels consider
orbits starting in the first half cycle only, while the panels on the right show a superposition
of individual contributions of orbits from the first and second half cycle, respectively. The
generalised interference condition (3.85) is indicated by the solid lines in the figures, whereby we
have just considered the real parts Re[𝜁(𝑡, 𝑡′)] of the time-dependent shifts. For comparison, we
plot the two-center interference condition for linearly polarized fields as the dashed lines. The
central white lines indicate vanishing alignment angle 𝜃𝐿 = 0. The harmonic yield is given in
a logarithmic scale. The increase in the harmonic yields after the cutoff observed top panels
are related to a breakdown of the standard saddle-point approximation for the short orbits (for
details see Ref. [3]).

component of the returning electron momentum. In panels (b) and (d) we coherently add
the individual contributions over two half cycles (i.e, 𝑆1

1,2 and 𝐿1
1,2, respectively), and

we see well defined harmonics as expected, but more interestingly we find a clear shifted
minimum in each panel that closely follows the modified interference conditions. This is
in contrast to what we have seen for an OTC field, where every half cycle the shift for
the long and short orbits flips sign. For elliptically polarised fields the second half cycle
reinforces the position of the minima of the first half cycle. The stability of the shift across
half cycles can be understood by the fact that both the parallel and perpendicular vector
potential change sign every half cycle (𝐴||(𝑡 ± 𝑇/2) = −𝐴||(𝑡), 𝐴⊥(𝑡 ± 𝑇/2) = −𝐴⊥(𝑡))
giving us 𝜁(𝑡, 𝑡′) = 𝜁(𝑡±𝜋/𝜔, 𝑡′±𝜋/𝜔). Also in comparison to what we found previously
for OTC fields, the shifts we see in Fig. 6.1 are large. In fact, we can see in Fig. 6.2(a)
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Figure 6.2: Real parts of the effective shifts 𝜁(𝑡, 𝑡′) as functions of the harmonic order computed
for long and short orbits [panel (a)] and a schematic representation of the major and minor
components of the vector potential A(t) [panel (b)], given by Eq. (3.58) where 𝑛 = 1 and
𝜑 = −0.25. The parallel driving field intensity is 𝐼||=5×1014 W/cm2 and the frequency is
𝜔 = 0.057 a.u. In panel (a) the ellipticity has been increased from 𝜉 = 0 to 𝜉 = 0.3 in increments
of Δ𝜉 = 0.05. A lighter colour indicates a higher ellipticity. The dashed blue lines refer to the
short orbit, while the solid red lines correspond to the long orbit. In panel (b) the ellipticity is
kept constant at 𝜉 = 0.3, and 𝐴|| and 𝐴⊥ are indicated by a solid black line and the dashed red
lines, respectively.

that as the harmonic order decreases the size of the shift increases. This will be more
pronounced if we consider Ar2, where a large internuclear distance produces several
structural interference minima that span a large range of harmonics. In Fig. 6.3, we have
computed the individual contributions to the harmonic spectra generated from Ar2 for
𝑆1
1 and 𝐿1

1, in panel (a) and (b), respectively. We can see that as the minimum extends
to lower harmonics the shift becomes extremely large. This is useful as it is well known
that elliptically polarised fields cause significant drops in the harmonic yield. For this
reason it is favourable to use orthogonal two colour fields when the yield is an important
factor. But because the elliptical field produces such a large shift, it means that the
ellipticity of the field can be reduced, therefore reducing the detrimental effects on the
HHG yield whilst still being able to observe the shift. In panels (d) and (e) we can see
again that the shift is still visible when a second half cycle is considered.

In Fig. 6.3(e) we have taken a coherent superposition of 𝑆1
1 and 𝐿1

1. Because the shifts
are equal but opposite for the long and short orbit, we lose the clear minimum observed
in previous figures and a more symmetrical spectrum is observed. Looking closely at
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Figure 6.3: Harmonic spectra along the major polarization axis as functions of the alignment
angle 𝜃𝐿 for Ar2 (𝐼𝑝 = 0.58 a.u. and internuclear separation 𝑅 = 7.2 a.u.) in an elliptical
field described in Eq. (3.58) for 𝑛 = 1, 𝜔 = 0.057 a.u., 𝐼=5×1014 W/cm2, 𝜉 = 0.3 and time
delay 𝜑 = −0.25. The first of row panels show the HHG spectra when considering contributions
from only short orbit, the long orbit and the coherent superposition of the short and long orbits
from one half cycle of the driving laser field. The second row is the same as the first excepted
orbits starting from the second half cycle are also considered. The generalized interference
condition (3.85) is indicated by the solid lines in the figures, whereby we have just considered
the real parts Re[𝜁(𝑡, 𝑡′)] of the time-dependent shifts. For comparison, we plot the two-centre
interference condition for linearly polarized fields as the dashed lines. In the figure, only the
interference minima corresponding to 𝑛 = 2 and 𝑛 = 3 in Eq. (3.85) are shown. The harmonic
yield is given in a logarithmic scale.

the minimum 𝑛 = 2 [see Fig. 4.6 for minima labels], we can see that it has split and
is partly following the shifted interference conditions for the long and short orbits, and
the linear interference condition. Adding a second half cycle in panel (f) slightly washes
out the splitting minimum due to the appearance of well defined harmonics. We also see
in Fig. 6.3, that the shifted interference condition for the long and short orbit meet in
two places: First, at the cut-off and second at the 𝜃𝐿 = 0. Where they meet at 𝜃𝐿 = 0,
there is a strong localised suppression, which is well above the linear condition. Hence
along both these trajectories the electron is returning with a non-vanishing angle. This
suppression could be used to extract the angle of return of the electron from the spectrum
if a coherent superposition of orbits were considered. It is easy to see why the shifted
interference minima for the short and long orbit meet if we look at Eq. (3.85), which for
𝜃𝐿 = 0 reduces to
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Ω =
2[𝑛𝜋 − 𝛼]2

𝑅2 cos2(𝜁(𝑡, 𝑡′))
+ 𝐼𝑝. (6.1)

Because the cosine squared in this equation is a even function, if the shift for the long
and short orbits are equal magnitude (which is the case for a 𝜑 = 0.25𝜋, see Fig. 6.2),
the harmonic order the minimum will appear at in the spectrum will be the same for
both orbits. If the shift for long and short orbit are not equal, they will still meet
in the spectrum but at non-zero values of 𝜃𝐿. In the previous investigation using an
orthogonal two colour field, the shifted minima for the long and short trajectories also
meet at or close to 𝜃𝐿 = 0. However, the shift is small compared to the size of the shift
we find using elliptically polarised fields. Therefore, the minima meet close to the linear
two-centre interference condition. This would make it difficult to measure, although not
impossible.

6.2 Propagated macroscopic harmonic response

In the results that follow, we investigate how the shifted two centre interference minimum
from an elliptically polarised field manifests itself in a macroscopic harmonic response.
The field is given by Eq. (3.103) and (3.104), where the pulse shape 𝑓(𝑡) is a Gaussian
function. In Fig. 6.4, we have chosen to use a wavelength of 𝜆 = 1300 nm in order to
compute a finer comb of harmonic peaks. This makes it easier to distinguish between
the minimum and signal suppression between harmonics when two or more half cycles
are considered. We consider a peak intensity of 𝐼𝜔 = 1 × 1014 W/cm2 and a full width
at half maximum of 30 fs (approximately 10 cycles). This pulse has approximately 60
cycles, which means that it may be approximated by a monochromatic wave.

We have positioned the gas jet at 𝑧𝑗=5 mm after the position of the focus, which pro-
duces phase matching conditions that are detrimental to the survival of the propagating
long trajectories, but are favourable for the short. The effect of these phase matching
conditions can be seen in panel (a) as the lack of temporal interference between 𝑆1

1 and
𝐿1
1 [See panel (d) of Fig. 5.2 for comparison]. In this panel there is a very noticeably large

and clear suppression in the spectrum. This is the two centre minimum corresponding
to 𝑛 = 2 that has been shifted to lower harmonic energies due to the perpendicular com-
ponent of the field giving the propagating electron a perpendicular push. As we know
from Fig. 4.6, Ar2 has three minima resulting from two-centre interference. These other
minima are not present because they are positioned outside the range of harmonics for
the spectra computed in these figures. In fact the minimum corresponding to 𝑛 = 1 is
positioned far above the cut-off of the spectrum at 91 eV and the minimum correspond-
ing 𝑛 = 3 is positioned below the range of the spectrum computed. In panel (b) we
include contributions from 𝑆2,3

1 and 𝐿2,3
1 . These pairs of orbits spend longer propagating
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Figure 6.4: Propagated Far field HHG spectra for Ar2 in a Gaussian pulse, where the peak
intensities of the parallel and perpendicular components of the elliptically polarised field at the
gas jet are 𝐼𝜔 = 1× 1014 W/cm2 and 𝐼2𝜔 = 1× 1013 W/cm2 (intensity ratio = 0.1) and relative
phase 𝜑 = 0.25𝜋. The wavelength of both components is 𝜆 = 1300 nm. The beam waist is
𝑤 = 30 𝜇m and the centre of the gas jet is located at 𝑧𝑔 = 5 mm after the focus. The FWHM of
the intensity envelope is 30 fs. Panel (a) show a HHG spectrum from a coherent superposition
of the long and short orbit from one half cycle of the field. Panel (b) is the same as (a) but
includes contributions from the three most dominant pairs of orbits (i.e. orbit pairs ionising
and returning between one and three half cycles). Panel (c) is also the same as panel (a) but
it includes the two dominant orbits from a second half cycle of the field. The dashed lines and
the solid lines indicate the position of the unshifted and shifted two-centre minima, respectively.
The red and the green solid lines give the positions of the shifted minima for the short and long
orbits, respectively. All spectra have been plotted in arbitrary units and in a logarithmic scale.

in the continuum and lead to a different plateau and harmonic cut-off. This can be seen
in Fig. 3.2 (a) and (b), where these orbit pairs return with a smaller maximum kinetic
energy when compared to 𝑆1

1 and 𝐿1
1 which returning within a cycle and therefore have a

lower cut off in the high harmonic spectrum. These orbits have little effect on the clarity
of the minimum in the spectrum calculated in panel (b), even though the minimum falls
within the plateau of their contributions. The only effect is finer temporal oscillations in
the lower harmonics. This is fortunate as it suggests that the suppression of these longer
trajectories may be unnecessary when trying to observe the shifted minimum. However,
if this did become a problem a small adjustment to the alignment angle 𝜃𝐿 would move
this minimum to higher harmonic energies and above the cut-off for these longer orbit
contributions. In fact we can see in Fig. 6.3 that around 𝜃𝐿 = − 1

18𝜋 (−10∘) the shifted
interference condition meets the linear condition. At either side of this alignment angle,
the minimum is shifted to higher or lower harmonic energies. Thus, changing the align-
ment angle from 𝜃𝐿 = 2

16𝜋 to 𝜃𝐿 = − 1
16𝜋 would shift the minimum to higher energies for
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Figure 6.5: Propagated Far field HHG spectra for Ar2 in a Gaussian pulse, where the peak
intensities of the parallel component of the elliptically polarised field at the gas jet is 𝐼‖ =

2 × 1014 W/cm2 and the perpendicular component is 𝐼⊥ = 0 × 1013 W/cm
2 (linear), 4 × 1013

W/cm2(intensity ratio = 0.2) and 6× 1013 W/cm2 (intensity ratio = 0.3) for panel (a), (b) and
(c) respectively. In all the panels, the relative phase is 𝜑 = 0.25𝜋 and the wavelength of both
components is 𝜆 = 800 nm. The beam waist is 𝑤 = 30 𝜇m and the centre of the gas jet is located
at 𝑧𝑔 = 1.5 mm after the focus. The FWHM of the intensity envelope is 30 fs. All panels show
a HHG spectrum from a coherent superposition of the long and short orbit from one half cycle
of the field only. The dashed lines and the solid lines indicate the position of the unshifted and
shifted two-centre minima, respectively. The red and the green solid lines give the positions of
the shifted minima for the short and long orbits, respectively. All spectra have been plotted in
arbitrary units and in a logarithmic scale.

these particular parameters. In panel (c) we have included the dominant pairs of orbits
starting at the first and second half cycle (𝑆1

1,2 and 𝐿1
1,2), ignoring the contributions

from longer pairs of orbits from both half cycles. What we find is that the shift in the
two-centre interference minimum for the dominant orbits ionising in the second half, is
exactly the same as the first half cycle and the result is a very clear minimum. This
was expected from our results in Sec 6.1 and is in contrast to what we see for bichro-
matic fields (see Chapters 4 and 5), where every half cycle the shift changes sign causing
blurring of the minimum. Thus, individual shifts become extremely difficult to observe,
unless a few cycle pulse is used.

In Fig. 6.5 the calculated HHG spectrum for Ar2 aligned parallel to the field (𝜃𝐿 = 0)
is shown for increasing ellipticity from 𝜉 = 0 (linearly polarised) to 𝜉 = 0.2 and 𝜉 = 0.3.
The gas jet has been positioned at 𝑧𝑗 = 1.5 mm after the focus in order to produce good
phase matching conditions for the long orbit as well as the short. We can see that this is
the case because temporal interference patterns are present in all the panels. The note
worthy feature in these panels is the presence of a shifted two-centre minimum as the
ellipticity of the driving laser field is increased. In panel (a), where a linearly polarised
field has been employed, we have a completely vertical minimum that cuts across the
divergence of the harmonic signal. In panel (b) a perpendicular field is introduced that
is 20% as intense as the parallel field. This causes the vertical minimum on-axis to
“bend ” to higher harmonic energies. Notice that the calculated shift for the long and
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Figure 6.6: Real parts of the effective shift, 𝜁(𝑡, 𝑡′) as functions of the driving-field intensity 𝐼𝜔 of
the fundamental for a harmonic of frequency Ω = 31𝜔, using Ar2 (𝐼𝑝= 0.58 a.u.) in an elliptically
polarised laser field described in Fig. 6.5 where the ellipticity has been increased from 𝜉 = 0 to
𝜉 = 0.3 in increments of Δ𝜉 = 0.05. A lighter colour indicates a higher ellipticity. The dashed
and solid lines refer to the short and long orbits, respectively.

short orbit, given by the green and red curves respectively, are almost exactly the same
and closely follow the shifted minima in the calculated spectra. This is predicted by
Eq. (6.1), when the shift for the long and short trajectory are the same in magnitude
(see Fig. 6.2). Harmonics generated on-axis are exposed to the most intense part of the
profile of the driving laser field. Fig. 6.6 shows that for these particular field parameters
the greater the intensity of the driving fields translates to a greater effective shift to the
interference minimum. This behaviour can be seen in panel (b) and (c) of Fig. 6.5, where
the largest shift to the minimum is on-axis where the divergence is zero. The size of the
shift decreases off-axis as the intensity of the field decreases, until the shift is so small
that it meets the linear condition. It important to note that Fig. 6.2 also shows that as
the peak intensity of the driving field is increased the magnitude of the shift experienced
by the short trajectory becomes increasingly greater then the that experienced by the
long. This disparity should be avoided if one wants the corresponding shifted minima to
meet at 𝜃𝐿 = 0. It is also expected that the shift will increase as the ellipticity of the
field is increased, which is what we find if we compare panel (b) to panel (c) of Fig. 6.5.
Here the intensity ratio between the parallel and perpendicular waves of the driving field
has been increased from 𝜉 = 0.2 to 𝜉 = 0.3, resulting in an increased “bending” of the
minimum to higher harmonic energies.

This is an important result as previously we had to suppress one of the trajectories
in order to see the shifted minimum, as a coherent superposition of equally contributing
orbits led to blurring. Here we have demonstrated that it is possible to extract the
electron’s angle of return for situations where it is difficult to isolate the contribution of
an individual trajectory to the HHG spectrum.
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6.3 Conclusion

Using an elliptically polarised field instead of an orthogonal bi-chromatic field has its
advantages and disadvantages. The main disadvantage is that the HHG yield is dimin-
ished much more quickly as the ellipticity of the field is increased in comparison to OTC
fields. Nevertheless, in this investigation we have found many advantages. First, the
shift is much larger when using an elliptically polarised field. This allows us to decrease
the strength of the perpendicular component of the field in order to maintain a good
harmonic yield without losing our ability to clearly observe the shifted minimum. The
second advantage is that the shift is the same every half cycle, reinforcing the position of
the shifted minimum every time another half cycle is coherently added. This eliminates
the need to use a few cycle pulse so that any pulse of any length is usable. Lastly for
this particular phase of 𝜑 = 0.25, when the internuclear axis of the molecular target
is in line with the parallel component of the elliptical polarised field (i.e, 𝜃𝐿 = 0), the
shifted minimum for the long and short orbit meet well above the linear condition, with
a very large shift. Unlike in our previous work in chapter 5, choosing this alignment in
a experimental setting eliminates the necessity to suppress one of the dominate trajec-
tories in order to observe the shifted minimum. This may be useful in situations where
it is difficult to isolate one particular orbit, or where it is desirable to keep both orbit
contributions in a macroscopic setting.
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Chapter 7

Shifting nodal planes suppressions
in HHG spectra

Another well known structural feature in the HHG from aligned molecules is that, when
a nodal plane is in alignment with the polarisation of the field, there is a drop in HHG
efficiency across the whole spectrum (see, e.g., [99, 56, 48, 57]). This suppression arises
from the fact that nodal planes are areas of vanishing probability density in the wave-
function of a molecule. This means that either ionisation is strongly suppressed or that
the overlap between the recolliding electronic wave packet and the core wavefunction is
vanishingly small [147, 148, 149]. One should note that this specific feature is related to
the geometry of the orbital with which the active electron recombines, and not to the
structural interference studied in [1, 2]. Thus, nodal planes provide an additional tool to
those discussed in our previous work [1]. This type of suppression has been often identi-
fied in theoretical HHG harmonic spectra and ionisation probabilities as functions of the
alignment angles, computed using not only the SFA [58, 66], but also other methods such
as the numerical solution of the time-dependent Schrödinger equation (TDSE) [148, 149].
Further studies in [58] compared the signals of nodal planes in isoelectronic homonuclear
and heteronuclear diatomic molecules in HHG spectra. For the latter case the nodal
planes were distorted into nodal surfaces. This caused the suppression in the spectrum
to appear at different angles, in comparison to the homonuclear molecule. Similar dis-
tortions appear in the HHG spectra calculated in [66] for HHG in elliptically polarised
fields, but they have not been analysed. Therein, the suppressions related to nodal planes
appear to shift and bend if the ellipticity of the driving field is increased [66]. Chapters
4 and 5 indicate that the origin of these distortions lie in dynamic effects introduced by
the electron’s returning angle. Furthermore, previous publications that have addressed
nodal plane suppressions and elliptical fields [150, 62] have focused on ionisation, but not
on recombination. They found that, although, on their own, nodal planes and elliptical
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Figure 7.1: Panels (a) and (b) show the real parts of the position- and momentum- space wave
functions of the HOMO of O2, respectively, computed using Eq. (3.59) and its Fourier trans-
form. Panels (c) and (d) show the corresponding probability densities |Ψ0(r)|2 and |Ψ0(p)|2,
respectively. The HOMO of O2 is a 1𝜋𝑔 orbital with ionisation potential 𝐼𝑝 = 0.441 a.u. and
internuclear separation 𝑅 = 2.28 a.u., with two perpendicular nodal planes. The position of
the nodal planes are designated by the white lines in the lower panels. The contours have been
normalised to the maximum amplitude in each panel, and the blue [red] lobes correspond to the
negative [positive] values of the real parts of the wave functions. In this picture, the internuclear
axis is oriented along the 𝑧 axis.

fields suppress ionisation, the combination of both can in fact compensate for each other.
This increases the HHG signal when the major polarisation axis and the nodal plane are
in alignment.

In this chapter, we focus on how introducing a second orthogonally polarised field
influences the HHG suppression caused by nodal planes. We also investigate which type of
driving fields, elliptically polarised or OTC fields, for which 𝑛 = 1 and 𝑛 = 2 in Eq. (3.58),
respectively, is the most appropriate for observing such distortions. Using the equation
for the effective shift of a returning electron presented in [1], we are able to predict
where in the spectrum the nodal suppression will appear for a particular harmonic. In
the previous chapters we used shifted two-centre interference patterns to learn about an
electron’s angle of return to its parent molecule. In this chapter we show that the typical
suppression in the HHG spectra associated to nodal planes is distorted and that this
distortion can also be employed to map the electron’s angle of return to its parent ion,
but with the advantage of larger shifts for a possibly easier extraction at a macroscopic
level. This investigation is performed semi-analytically at the single-molecule response,
employing the single-active electron, single-active orbital approximation and neglect core
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Figure 7.2: Contributions |𝑀(Ω)|2 of the dipole component along the major polarisation axis
to the HHG spectra computed using the length form of the dipole operator for a coherent
superposition of the dominant long and short orbits, as functions of the alignment angle 𝜃𝐿 for
O2 (𝐼𝑝 =0.441 a.u. and internuclear separation 𝑅 = 2.28 a.u.) in an elliptical field described in
Eq. (3.58) with 𝑛 = 1, 𝜔 = 0.057 a.u., 𝐼=4×1014 W/cm2 and time delay 𝜑 = 0.25. The complete
prefactor is calculated in the first row while only the recombination and ionisation prefactors
are used to calculate the spectra in the second and third row respectively. The first, second and
third column give an increasing value of the field ellipticity of 𝜉 = 0, 0.15 and 0.3, respectively.
In each panel the harmonic yield is given in a logarithmic scale.

dynamics. The latter issue has been addressed in, for instance, [56, 63].
In this study we also address some of the limitations of the SFA. Apart from the

gauge dependence and its influence on the structural interference [93, 94, 116], different
forms of the recombination dipole matrix element affect the HHG spectra [99, 111, 112].
The most appropriate form to be used has raised considerable debate in the context of
the tomographical reconstruction of molecular orbitals [113, 114, 115]. It is generally
accepted that the velocity form is superior when dealing with molecules, but that the
artefacts introduced by the length form are under control and can be eliminated. In this
work, we revisit this issue and show that orthogonally polarised fields expose artefacts
in the length form of the SFA, which cannot be probed with linearly polarised fields.

Throughout we employ O2 as a molecular target, which is particularly convenient
since its HOMO is a 1𝜋𝑔 orbital [see Fig. 7.1], composed of two 𝑝 orbitals of opposite
phases. This leads to two nodal planes that are perpendicular to each other and produce
suppressions in the HHG signal when the molecular axis of O2 is aligned at 𝜃𝐿 = 0, 𝜋/2,
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𝜋, and 3𝜋/2 with respect to the major polarisation axis of the field. It is also possible
to avoid the effects of two-centre interference by an appropriate choice of driving-field
intensity. In this specific case, the derivative of the momentum-space wavefunction in
the direction of the main polarisation axis, needed to compute the length form of the
recombination prefactor Eq. (3.18), reads

𝜕𝑝‖𝜓𝑎(p) =

(︂
− 𝑖

2

)︂ℓ𝑎

𝑏𝑎𝑐𝑎𝜋
3
2𝜒

−ℓ𝑎− 3
2

𝑎 𝑒
−(𝑝2‖+𝑝2⊥)/(4𝜒𝑎)

[︀
𝒦1(𝑝‖, 𝑝⊥, 𝜃𝐿) +𝒦2(𝑝‖, 𝑝⊥, 𝜃𝐿)

]︀
,

(7.1)
where

𝒦1(𝑝‖, 𝑝⊥, 𝜃𝐿) = −ℓ𝑎 sin 𝜃𝐿(−𝑝‖ sin 𝜃𝐿 + 𝑝⊥ cos 𝜃𝐿)
ℓ𝑎−1 (7.2)

and
𝒦2(𝑝‖, 𝑝⊥, 𝜃𝐿) = −

𝑝‖

2𝜒𝑎
(−𝑝‖ sin 𝜃𝐿 + 𝑝⊥ cos 𝜃𝐿)

ℓ𝑎 . (7.3)

In Eqs. (7.1)-(7.3), 𝑏𝑎 and 𝜒𝑎 give the contraction and the exponential coefficients, re-
spectively. We employ either a coherent superposition of the two dominant, shortest pair
of orbits (𝑆1

1 and 𝐿1
1), or their individual contributions, as it was found in Chapter 4 and

6 that the remaining orbits do not play a very important role for orthogonally polarised
fields [1]. For clarity, in the results that follow we restrict the electron ionisation times
to the first half cycle of the driving field.

7.1 Individual prefactors

We begin by focusing on the overall changes introduced by an elliptically polarised field
(𝑛 = 1 in Eq. (3.58)) of the position of the nodal-plane suppressions in the HHG spectrum
for the target molecule O2. These changes are presented in the first row of Fig. 7.2, for
increasing driving-field ellipticity [Figs. 7.2(a) to (c)]. We find that the suppressions
begin to weaken and that the alignment angle for which they appear in the spectrum
changes. This weakening and shifting in position decreases for increasing harmonic order
and seems to behave differently for suppressions originally positioned at even and odd
multiples of 𝜋/2 for linearly polarised fields. For 𝜃𝐿 = 𝑛𝜋, we observe more blurring and
larger shifts, in comparison to the behaviour near 𝜃𝐿 = (2𝑛+ 1)𝜋/2.

In the remaining rows of Fig. 7.2, we show the effect of using only the recombination or
the ionisation prefactor in the calculation of |𝑀(Ω)|2 (second and third row, respectively).
These figures show us that, as the ellipticity of the field is increased, the structure of
the shifted nodal-plane suppressions is determined by the recombination prefactor. All
the structure in the ionisation prefactor is washed out for large enough ellipticity. This
is in agreement with [62], which found that, although the effect of the nodal plane and
ellipticity of the field by themselves are detrimental to HHG, the combination of both
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Figure 7.3: (Color online) Panels (a) and (b) show the transition probabilities |𝑀(Ω)|2 for
individual orbits along the major polarisation axis as functions of the alignment angle 𝜃𝐿 for O2

in an elliptical field described by Eq. (3.58), using the same parameters as in Fig. 4.1 and using
the length form of the dipole operator. Panel (a) [Panel (b)] shows the individual contributions
from the long [short] orbit. In panel (a), the shifted positions of the nodal-plane suppression
calculated using Re[𝜁(𝑡, 𝑡′)] given by Eq. (3.84) are indicated by the white short dashed curves,
and in panel (b) they are given by the solid black lines. For comparison, we also indicate the
position of the nodal-plane suppression for linearly polarised fields as the dashed black lines. The
harmonic yield is given in a logarithmic scale. The increase in the harmonic yields after the cut-
off observed in panel (b) is related to a breakdown of the standard saddle-point approximation for
the short orbit (for details see Ref. [3]). In panel (c) we have plotted the real parts of the effective
shifts 𝜁(𝑡, 𝑡′) as functions of the harmonic order computed for the long (red dashed curves) and
short (blue solid curves) orbits in laser fields of increasing ellipticity and the same relative phase,
intensity and frequency as in panels (a) and (b). The ellipticity has been increased from 𝜉 = 0 to
𝜉 = 0.3 in increments of 𝛿𝜉= 0.05. A lighter colour indicates a higher ellipticity and a vanishing
shift is indicated by a horizontal black line. Panel (d) shows a schematic representation of the
major and minor components of the vector potential A(t) for ellipticity 𝜉 = 0.3 and relative
phase 𝜑 = 0.25. The electron return time at 𝑡 = 2𝜋/𝜔 is indicated by the thick vertical black line
in the figure. For simplicity, all fields have been normalised to the vector potential amplitude A0

= E0/𝜔.
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Figure 7.4: Panels (a) and (b) show the transition probabilities |𝑀(Ω)|2 for the long and short
individual orbits respectively as functions of the alignment angle 𝜃𝐿 for O2 in an elliptical field
described in Eq. (3.58) using the same parameters as in Fig. 7.2, but calculated using the velocity
form of the dipole matrix elements. Panel (c) shows |𝑀(Ω)|2 for a coherent superposition of the
dominant long and short orbits considered in Panels (a) and (b). The shifted positions of the
nodal-plane suppression calculated using Re[𝜁(𝑡, 𝑡′)] are indicated by the white short dashed
curves for the long orbit, and by the solid black lines for the short orbit. For comparison, we also
indicate the position of the nodal-plane suppression for linearly polarised fields as the dashed
black lines.

can compensate for each other.

7.2 Individual orbits and different SFA forms

In the upper row of Fig. 7.3, we show the transition probabilities |𝑀(Ω)|2 associated with
individual orbits as functions of the alignment angle 𝜃𝐿. The contributions from the long
and short orbits are displayed in panels (a) and (b), respectively. Throughout, we observe
an excellent agreement between Eq. (3.84) and the outcome of the SFA computations for
the nodal plane-suppressions that are positioned at 𝜃𝐿 = (2𝑛+1)𝜋/2 for linearly polarised
fields. Furthermore, in agreement with what was found in Chapter 4, the positions of the
suppressions are orbit dependent. The shift for the long orbit displaces the nodal-plane
suppressions to the right, while for the short orbit this displacement is to the left. We also
see that the displacement decreases for both orbits with increasingly higher harmonics.
At the cut-off, the shifts vanish and the suppressions occur at 𝜃𝐿 = (2𝑛 + 1)𝜋/2, as in
the linearly polarised case.

The above-stated observation for these parameters can be explained with Fig. 7.3(c),
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Figure 7.5: In the first, second and third row we compare the probability density |Ψ0(p)|2

in momentum space with the absolute squares of the dipole matrix elements 𝑑(𝑣)rec(p · 𝜖‖) and
𝑑
(𝑙)
rec(p · 𝜖‖) along the major polarisation axis, respectively, for the HOMO of O2. The alignment

angle 𝜃𝐿 is increased from the left column, 𝜃𝐿 = 0, to the right column 𝜃𝐿 = 𝜋/2 in increments
of 𝛿𝜃𝐿 = 𝜋/8. The HOMO of O2 is a 1𝜋𝑔 orbital with 𝐼𝑝 =0.441 a.u. and the internuclear
separation is 𝑅 = 2.28 a.u. The green and red lines in all the panels indicate the orientation
of nodal planes constructed using atomic basis functions at single and different atomic centres,
respectively. The quantity in each panel has been normalised by its maximum value.

in which the real parts of the effective shifts 𝜁(𝑡, 𝑡′) are plotted for driving fields of
increasing ellipticity. The case considered in the previous panels [Fig. 7.3(a) and (b)],
i.e., 𝜉 = 0.3, is given by the outer curves. For the long orbit, this shift is positive. Hence,
it will displace the suppression caused by the nodal plane towards larger alignment angles
[see Fig. 7.3(a)]. A similar argument can relate the negative shift observed for the short
orbit to the displacement to the left observed in Fig. 7.3(b). At and beyond the cut-
off, the real parts of the shifts vanish. Consequently, the nodal-plane suppression will
approach the position obtained for a linearly polarised field. The reason for this is that
around the cut-off the electron is expected to return at a crossing of the electric field,
i.e., at a crest of the parallel vector potential [see Fig. 7.3(d)]. At such times, both orbits
experience a vanishing perpendicular vector potential, which translates into a vanishing
shift around the cut-off. Below the cut-off, the short and long orbits are subjected to equal
but opposite perpendicular momenta, which increase for decreasing harmonic frequency.
Hence, the nodal-plane suppressions are increasingly displaced in opposite directions for
each orbit as the harmonic order decreases.

For the suppressions near even multiples of 𝜃𝐿 = 𝜋/2, the calculated effective shift
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does not fit the SFA outcome. The latter is strongly exaggerated for lower harmonics,
and even meets the other shifted suppressions near the ionisation threshold (see dot-
dashed lines in the picture). We also see that the suppressions are more blurred than
those encountered for 𝜃𝐿 = (2𝑛+ 1)𝜋/2.

If, instead, the matrix element 𝑑(𝑣)rec(p ·𝜖‖) in the velocity form is used [Eq. (3.25)], the
agreement between the SFA and the analytical condition (3.84) improves significantly
near 𝜃𝐿 = 0, 𝜋 and 2𝜋. There is, however, some blurring, if compared with the sup-
pressions observed near odd multiples of 𝜋/2 for the low harmonic ranges. These results
can be seen in Fig. 7.4, for the individual contributions of the long and short orbit [pan-
els (a) and (b), respectively], together with the results obtained using their coherent
superposition [panel (c)].

These distortions are related to artefacts in the recombination dipole matrix elements,
which leads to geometrical features that do not exist in the HOMO. In the present frame-
work, the nodal structures are constructed in two ways. One may either employ nodes
in the atomic orbitals at a single centre in the molecule, or the sum or subtraction of
atomic orbitals at different centres within the LCAO approximation. The former type of
construction causes the suppressions at 𝜃𝐿 = 𝑛𝜋, while the latter lead to the suppressions
at 𝜃𝐿 = (2𝑛 + 1)𝜋/2. The velocity form of the SFA along the major polarisation axis
multiplies the momentum-space wavefunction by 𝑝‖, while the length form of the SFA
takes the partial derivative 𝜕𝑝‖𝜓𝑎(p) of the atomic momentum wavefunctions used to
construct the orbital [see Eq. (7.1)]. Both procedures modify the nodal structures con-
structed using a single centre. This spurious behaviour becomes evident as the molecule
rotates.

This is exemplified in Fig. 7.5, where we display the HOMO probability density
|Ψ0(p)|2 for O2 in momentum space, together with the absolute squares of the dipole
matrix elements 𝑑(𝑣)rec(p · 𝜖‖) and 𝑑(𝑙)rec(p · 𝜖‖) along the major polarisation axis, for several
alignment angles 𝜃𝐿. For 𝜃𝐿 = 0, the three pictures are similar, with four lobes separated
by two orthogonal nodal planes [see first column in the figure]. For 𝜃𝐿 ̸= 0, however, this
scenario changes, as shown in the remaining columns of the figure. While |Ψ0(p)|2 does
not alter its structure and merely rotates, for the velocity form there is an additional
nodal plane at 𝑝‖ = 0. For the length form, the behaviour is more extreme and the node
constructed with a single centre begins to warp, split and shift away from the original
shape and orientation of Ψ0(p) indicated by the green lines.

Both structures can be understood by inspecting the two prefactors. In the velocity
form, 𝑝‖𝜓𝑎(p) implies that there will be a suppression at 𝑝‖ = 0. For 𝜃𝐿 = 𝑛𝜋, this
condition coincides with the nodal plane given by tan 𝜃𝐿 = 𝑝⊥/𝑝‖, which is obtained by
imposing 𝜓𝑎(p) = 0. For other angles, however, it leads to the spurious nodal structure.
For the length form, the two terms in 𝜕𝑝‖𝜓𝑎(p) lead, in general, to structures that are
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quadratic in 𝑝‖. Specifically, Eq. (7.2) moves the suppression away from the axis 𝑝‖ = 0

and the term given by Eq. (7.3) gives the above-mentioned warping. Once more, these
spurious effects disappear for 𝜃𝐿 = 𝑛𝜋. These artefacts do not contribute when using a
linearly polarised fields, as the electron’s angle of return is always vanishing. This means
that linearly polarised fields only probe the 𝑝‖ axis in Fig. 7.5. If the nodal planes are not
parallel to this axis, the returning electron will “see” a non-vanishing probability density
and no suppression will occur. Hence, linearly polarised fields can only probe the nodal
planes at multiples of 𝜋/2, for which the distortions cannot be seen along this axis.

Further, in Fig. 7.5(f) we can see that for |𝑝‖ = 0| > 10 a.u. the velocity form exhibits
additional lobes which rotate and warp with the nodal planes as the molecule is rotated
from Fig. 7.5(f) to (j). In [151, 152], they explained that these lobes are artificial and
are caused by the invalidity of the plane wave approximation for the kinetic energy range
of the propagating electrons in HHG [153, 151, 152], an effect that has been observed in
tomographical reconstructions of molecules such as N2 [25, 154, 28].

The length or velocity form of the SFA dipole matrix elements has caused a lot of
debate. In the single-active electron, single-active orbital approximation, it is known that
the velocity form is superior in predicting structural interference minima, and provides the
best agreement with the double-slit physical picture [112]. However, for linearly polarised
driving fields the spurious terms introduced by the length form are well understood and
easy to eliminate. They are caused by the lack of orthogonality between the bound and
continuum states that exists in the SFA [116, 94], and are absent from the start in the
expressions used in this paper [see Eq. (3.69)].

The results in Figs. 7.3 to 7.5 tell us that, although for a linearly polarised field the
form of the dipole operator may not make much difference, to the nodal suppressions
in the HHG spectrum for an elliptically polarised field it does. This is because in this
type of field the returning electron can probe dynamics of the wavefunction that would
previously be unreachable. This exposes other artefacts in both forms of the SFA dipole,
which are more difficult to eliminate. Nonetheless, the velocity form provides better
results, if compared to the length form.

7.3 Phase and Field Selection

In Figs. 7.3 and 7.4 the shift of the nodal-plane suppression is quite large, especially for
lower harmonics. However, around the cut-off the shift vanishes. Since, however, the
long and the short orbit merge at the cut-off, this would be the best region to observe
the shift if a coherent superposition of orbits is taken into consideration [1]. Furthermore,
if one wishes to observe these shifts experimentally, it would be more convenient if they
occurred for the whole harmonic range in the spectrum. In this section we will discuss
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Figure 7.6: In panels (a) to (f), we show |𝑀(Ω)|2 calculated using the length (first column)
and the velocity (second column) forms of the SFA. The first, second and third row have been
calculated using the coherent superposition of the dominant orbits [panels (a) and (b)], and
the individual contributions of the long [panels (c) and (d)] and short orbits [panels (e) and
(f)], respectively. The harmonic yield in these panels is given in a logarithmic scale. The
parameters used are the same as in Fig. 7.2, but with a time delay 𝜑 = −0.1 between the
parallel and perpendicular waves. The black dashed lines indicate the position of the nodal-
plane suppressions for a linearly polarised field, whilst the white short dashed and solid black
curves give the calculated position of the suppression for the long and short orbit, respectively,
for elliptically polarised fields. Panel (g) and (h) shows the same plot as panels (c) and (d) in
Fig. 7.3, but using a relative phase of 𝜑 = −0.1.
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Figure 7.7: In panels (a) to (c), we show the transition probabilities |𝑀(Ω)|2 along the major
polarisation axis as functions of the alignment angle 𝜃𝐿 for O2 (ionisation potential 𝐼𝑝 = 0.441
a.u. and internuclear separation 𝑅 = 2.28 a.u.). The parameters used are the same as in Fig. 7.2,
but with 𝑛 = 2 for the perpendicular wave, which is in phase (𝜑 = 0) with the parallel component
of the laser field. Panels (a) and (c) give the individual contributions from the long and short
orbit respectively, whilst (b) shows the result using their coherent superposition. The black
dashed lines indicate the positions of the nodal-plane suppressions in the spectrum for a linearly
polarised field, whilst the white short dashed and red curves give the calculated modified position
of the suppression for the long and short orbit, respectively. The harmonic yield is given in a
logarithmic scale. The increase in the harmonic yields after the cut-off observed in panel (a)
is related to a breakdown of the standard saddle-point approximation which occurs to the long
orbits for this particular phase difference (for details see Ref. [3]). In panel (d) we have the same
plotted as Fig. 7.3c, but using the same relative phase, intensity and frequency as in panels (a),
(b) and (c) in this figure.

field choices which are favourable to this behaviour.
Since the shifts are strongly dependent on the time delay between the parallel and

perpendicular waves, choosing a different relative phase 𝜑 changes the behaviour of the
shift. An example is provided in Fig. 7.6, for which the parallel and perpendicular driving
waves have a phase difference of 𝜑 = −0.1. In Fig. 7.6, we show the SFA transition
probabilities computed for this phase, using the whole dominant pair, the long and the
short orbit [first, second and third row, respectively]. For comparison, we include results
in the length [panels (a), (c) and (e)] and velocity [panels (b), (d) and (f)] forms of
the SFA. In contrast to what has been observed in the previous figures, the shifts are
now present for the whole harmonic range, including the cut-off region. Our results
indicate that the shift would be easier to observe for the short orbit, as it is much larger
in this case. This is convenient for experiments as the short orbit is much easier to
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isolate through phase matching [2]. Fig. 7.6(g), in which Re[𝜁(𝑡, 𝑡′)] is plotted, is also
markedly different from Fig. 7.3(c). For instance, for the long and short orbit, the residual
shift at the cut-off is positive. This is due to the fact that 𝐴⊥(𝑡) is non-vanishing and
positive at the cut-off return times [see Fig. 7.6(h)]. Once more, we see a better overall
agreement between the analytical condition and the velocity form of the SFA. For the
coherent superposition of the two orbits [Figs. 7.6(a) and (b)], despite some blurring in
the plateau and threshold harmonics, the shift can be seen very clearly at the cut-off.
For all nodes, only the velocity form gives the correct shifts [Fig. 7.6(b)].

Again, one should bear in mind, however, that for elliptically polarised fields the
recollision probability of the electron decreases as 𝜉 increases, which may lead to low HHG
efficiency. For two-colour orthogonal fields, on the other hand, the electron has higher
probability of returning to the parent molecule as the strength of the perpendicular field
is increased. For this reason, it is useful to compare computations using these two types
of field.

In Fig. 7.7, we present transition probabilities |𝑀(Ω)|2 computed for two-colour fields.
We consider a coherent superposition of the two dominant orbits [panel (b)], together
with the individual contributions from the long and short orbits [panels (a) and (c),
respectively]. We have taken the relative phase 𝜑 = 0, which produces fairly large shifts
for two-colour fields. The figure shows that the shifts in the nodal-plane suppressions are
much smaller than those obtained in the elliptically polarised case. For instance, for 𝜉 =
0.3, an elliptical field may lead to shifts up to Re[𝜁(𝑡, 𝑡′)] = 0.25, while for a two-colour
field the effective shift reaches up to Re[𝜁(𝑡, 𝑡′)] = 0.05. This can be seen by comparing the
effective shifts in Fig. 7.7(d) with the elliptical-field examples in Figs. 7.3(c) and 7.6(g).
Hence, a two-colour field would be less suitable for finding the shift in experiments,
despite the higher probability of return.

7.4 Conclusions

In this chapter, we investigated the effects of using orthogonally polarised fields on the
nodal plane suppression in HHG spectra from aligned diatomic molecules. Our results
show that, when using such fields, one may infer the angle with which an electron returns
to its parent ion from HHG spectra, by relating it to distortions in the nodal-plane
suppressions. While for linearly polarised fields these suppressions are well known and
occur at fixed alignment angles throughout the spectra, if the fields are orthogonally
polarised they are orbit- and harmonic-dependent. They can be controlled by changing
the driving-field parameters, such as the relative phase, intensity and frequency ratios
between the two orthogonal waves. As a testing ground, we have employed the HOMO of
O2, which exhibits two orthogonal nodal planes and no two-centre interference minimum
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for the parameter range of interest, in our computations.
Within our model, the suppressions in the spectra are caused by the recombina-

tion dipole matrix element in the SFA. The analytic condition for the shift, given by
Eq. (3.84), works well for individual orbits if the nodal planes are constructed using
atomic basis functions at different centres, but discrepancies arise for nodal planes in
which basis functions at single centres are used. These discrepancies expose limitations
in the recombination dipole matrix elements, which are overlooked for linearly polarised
fields.

In fact, we show that for specific alignment angles 𝜃𝐿 = 𝑛𝜋/2 the suppressions in
these matrix elements coincide with the nodal planes. However, this is not the complete
picture and spurious structures arise for other angles. These effects occur both for the
length and the velocity form of the dipole operator. Nonetheless, while for the velocity
form they lead to a light blurring around the analytical condition, in the length form
they are very extreme and lead to exaggerated distortions. Hence, the length form of the
SFA should be avoided when mapping nodal planes using orthogonal fields.

One should note, however, that, because the shifts are orbit dependent, they may
be difficult to extract unless either the cut-off region or a particular return event can
be singled out. For a coherent superposition of orbits these patterns are blurred as
there are many possible return angles. This is a similar situation to that encountered
in Chapter 4, in which the angle of return was incorporated in the structural, two-
centre interference condition. Following the method set out in Chapter 5, this problem
can however be solved using polarisation gating [107] and phase-matching conditions
to remove the contributions to the HHG spectrum of one of the dominant trajectories.
In particular the short orbit is very convenient for observing these effects, as it phase
matches on axis and the HHG signal is strong. The same could be applied to the nodal-
plane suppressions, for which there are two main advantages with regard to the shifted
two-centre interference condition. First, the distortions caused by the angle of return
near nodal planes are in principle easier to identify as the suppressions are stronger.
Second, with the right choice of phase difference, this suppression can be shifted across
the spectra.

We have also found that elliptically polarised fields provide better conditions for
observing the shifts experimentally, in comparison with OTC fields. First, using an
elliptically polarised field gives rise to a much larger shift. Second, in chapter 4 we found
that using a two-colour orthogonal field caused the shift to flip sign every half cycle.
This was because the parallel component 𝐴‖(𝑡) of the vector potential would change sign
every half cycle, but the perpendicular component 𝐴⊥(𝑡) would not, causing 𝜁(𝑡, 𝑡′) to
change sign. In chapter 5, we avoided this problem by using a few-cycle pulse in which a
specific cycle was dominant in the region of interest. For elliptical fields, however, there
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is no need to restrict ionisation events to a single half cycle. Hence, any pulse length
can be employed. Thus, the present study proposes a way to extract an electron’s angle
of return using nodal planes as tools, which is valid as long as the single-active electron
and orbital approximation holds. This seems to be the case for the plateau, as there is
evidence that structural effects are dominant in this region [145, 146].
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Part III

Strong field ionisation
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Chapter 8

Theoretical background (ATI)

We can derive the transition amplitude for direct ATI within the framework of the SFA
using Eq. (2.15) in Chapter 2. The mechanism behind this phenomenon is a transition
of an electron from the ground state of an atom, |Ψ0(𝑡

′)⟩ into a continuum state |Ψp(𝑡)⟩,
where 𝑝 is the momentum of the continuum state. We project the continuum state onto
Eq. (2.15) which gives us a transmission amplitude that reads [118, 3, 155, 156, 157]

M𝑝 = lim
𝑡→∞

𝑡′→−∞

[︂
⟨Ψp(𝑡)|𝑈0(𝑡, 𝑡

′)|Ψ0(𝑡
′)⟩ − 𝑖

∫︁ 𝑡

𝑡′
d𝑡′′⟨Ψp(𝑡)|𝑈𝑉 (𝑡, 𝑡

′′)𝐻𝐼(𝑡
′′)𝑈0(𝑡

′′, 𝑡′)|Ψ0(𝑡
′)⟩
]︂
,

(8.1)
The first term vanishes as the ground and continuum states are orthogonal. This leaves
us with

M𝑝 = lim
𝑡→∞

−𝑖
∫︁ 𝑡

−∞
d𝑡′⟨Ψp(𝑡)|𝑈𝑉 (𝑡, 𝑡

′)𝐻𝐼(𝑡
′)|Ψ0(𝑡

′)⟩. (8.2)

We can approximate the electron in the continuum by the Volkov states |Ψ𝑉
p (𝑡)⟩, which

in the length gauge are given by

|Ψ𝑉
p (𝑡)⟩ = 𝑒−𝑖𝑆(𝑡)|p + A(𝑡)⟩, (8.3)

where

𝑆(𝑡) =
1

2

∫︁ 𝑡

−∞
d𝑡′′[p + A(𝑡′′)]2. (8.4)

Utilizing |Ψ0(𝑡)⟩ = 𝑒−𝑖𝐸0𝑡|Ψ0⟩, where 𝐸0 is the bound energy of the state, Eq. (8.2)
becomes

M𝑝 = −𝑖
∫︁ ∞

−∞
d𝑡′dion(p + A(𝑡′))𝑒𝑖𝑆(p,𝑡

′), (8.5)

where
dion(p + A(𝑡′)) = ⟨p + A(𝑡′)|𝐻𝐼(𝑡

′)|Ψ0⟩, (8.6)
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is the ionisation prefactor and

𝑆(p, 𝑡′) =
1

2

∫︁ ∞

𝑡′
d𝜏 [p + A(𝜏)]2 + 𝐸0𝑡

′. (8.7)

is the classical action. Eq. (8.5) is the SFA transition amplitude for direct ATI which
describes the ionisation of an electron from the ground state to the continuum via tun-
nelling. Once in the continuum, its propagation is described by the action 𝑆(𝑡′,p), where
it has an asymptotic momentum p in the presence of a field with vector potential A(𝑡).

8.1 Saddle point equations for direct ATI

Analogous to HHG in Chapter 3, in order to solve Eq. (8.5) one can take advantage of
the fact that the action oscillates very quickly in comparison to the prefactor [117] and
employ the saddle point approximation. This means the stationary points of the semi-
classical action can be use to calculate the integral as they make the largest contributions
to Eq. (8.5). To do this one must find the values of 𝑡′ when 𝜕𝑆(p, 𝑡′)/𝜕𝑡′ = 0, which
gives the following saddle point equation

[p + A(𝑡′)]2

2
+ 𝐸0 = 0. (8.8)

Physically, Eq. (8.8) expresses the conservation of energy upon tunnelling ionisation at
time 𝑡′ for the electron. Because tunnelling has no classical counterpart, this equation
only has complex solutions. The major contributions to the integral over 𝑡′ in Eq. (8.5)
come from the region around the value of 𝑡′ for which the action is stationary. Using
the saddle point method we can approximate the integral over 𝑡′ by employing a Taylor
expansion of the action around the saddle point, 𝑡′s,

𝑆(p, 𝑡′) = 𝑆(p, 𝑡′s) +
𝜕𝑆(p, 𝑡′s)

𝜕𝑡′
(𝑡′ − 𝑡′s) +

1

2

𝜕2𝑆(p, 𝑡′s)
𝜕𝑡′2

(𝑡′ − 𝑡′s)
2 + ... (8.9)

Here, orders higher than the second order are ignored and since 𝑡′s is a stationary
point the first order derivatives of the action vanish. Inserting Eq. (8.9) into Eq. (8.5),
the transition amplitude now reads,

M𝑝 ≈ ⟨p + A(𝑡′s)|𝐻𝐼(𝑡
′)|Ψ0⟩𝑒−𝑖𝑆(p,𝑡′s)

∫︁ ∞

−∞
d𝑡′𝑒−𝑖 1

2
(𝜕2𝑆(p,𝑡′s)/𝜕𝑡′2)(𝑡′−𝑡′s)

2
, (8.10)

The last term in Eq. (8.10) has the form of a Gaussian integral and can therefore be
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Figure 8.1: Panel (a) shows the real part of the ionisation times and the final momentum p that
the electron acquires while in the continuum when following orbit 1𝑗 (red line) and orbit 2𝑗 (blue
line). The end of the first cycle of the laser field is indicated by the horizontal dashed line. Panel
(b) shows a schematic representation of two cycles electric field E(t)(black curve) and the vector
potential A(t)(red curve) of a monochromatic linearly polarised field.

written in the following way

∫︁ ∞

−∞
d𝑡′𝑒−𝑖 1

2
(𝜕2𝑆(p,𝑡′s)/𝜕𝑡′2)(𝑡′−𝑡′s)

2
=

√︃
2𝜋

𝜕2𝑆(p, 𝑡′s)/𝜕𝑡′2
, (8.11)

Inserting this into Eq. (8.10), we can now approximate the transition amplitude as a
summation of saddle point solutions,

𝑀(p) u
∑︁
s

𝐴s𝑒
𝑆(p,𝑡′s), (8.12)

where the classical action 𝑆(p, 𝑡′s) is given by

𝑆(p, 𝑡′s) =
1

2

∫︁ ∞

𝑡′s

𝑑𝜏 [p + A(𝜏)]2 + 𝐸0𝑡
′
s, (8.13)

and the prefactor 𝐴s is given by,

𝐴𝑠 =

√︃
2𝜋𝑖

𝜕2𝑆(p, 𝑡s)/𝜕𝑡2𝑠
⟨p+A(𝑡)|𝑉 |Ψ0⟩. (8.14)

As mentioned in Chapter 3 in the context of HHG, the solutions of the saddle point
equation Eq. (8.8) can be associated with classical trajectories of the electron in the
laser field. For the ATI mechanism, the electron leaves the vicinity of the parent ion
and reaches the detector with a final momentum p. These trajectories ionise around the
peak of the electric field and their final momentum is influenced by the amplitude of
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the vector potential at the time of ionisation. Re[𝑡′] can be interpreted as the trajectory
start time when the electron ionises. The imaginary part reflects the quantum nature of
these trajectories, for instance, Im[𝑡′] can be associated to the width of the barrier the
electron tunnels through at the time of ionisation [83, 118]. Importantly, there are two
solutions/trajectories per cycle for a given final momentum p. These two trajectories
ionise around adjacent peaks of the electric field and are designated orbit 1𝑗 and orbit 2𝑗 ,
where 1 and 2 refer to the which trajectory ionises first in the cycle and the subscript is
an integer referring to which cycle the trajectories ionised from. Fig. 8.1a shows the final
momentum p of orbit 11,2 and 21,2 against Re[𝑡′] while Fig. 8.1b shows the electric field
[black] and the vector potential [red] at these times. By comparing panels (a) and (b), we
can see that at adjacent peaks in the electric field, these orbits ionise with a vanishing final
momentum 𝑝||. This is because this time the vector potential is |𝐴||(𝑡)| ≃ 0. Electrons
ionising before or after the peak in the electric field are met with a large vector potential
𝐴(𝑡) at the time of ionisation which will give them a large absolute final momentum.
The direction of the momentum (negative or positive) will be determined by the sign of
the vector potential when the electron ionises.

For the direct ATI mechanism the saddle point solutions are well separated and
therefore the SPA is suitable to calculate the transition amplitude given by Eq. (8.12).
This is not always the case as saddle point solutions can begin to coalesce for other
strong field phenomena such as rescattered ATI and HHG. This problem is addressed in
Chapter 3 where we derived the transition amplitude for HHG.

Eq. 8.8 can be written in terms of the 𝑝|| and 𝑝⊥,

[︀
𝑝|| +𝐴||(𝑡

′)
]︀2

+ 𝑝2⊥ = −2𝐸0. (8.15)

Eq.(8.15) denotes a circle centred at (𝑝||, 𝑝⊥) = (−𝐴||(𝑡),−𝐴⊥(𝑡)). For a linearly po-
larised field this centre will be at (𝑝||, 𝑝⊥) = (0, 0) with a complex radius (yield exponen-
tially decays around the centre). Physically, this centre corresponds to the most probable
momentum with which the electron may tunnel. This makes sense as electrons with zero
parallel and perpendicular momentum ionised at the peak of the electric field, where
ionisation is most probable.

8.2 Orthogonally polarised driving fields

We will now assume that the external driving field is orthogonally polarised, i.e., made
up of two orthogonal linearly polarised laser fields. This implies that the time dependent
electric field E(𝑡) = −dA(𝑡)/d𝑡 and the vector potential A(𝑡) may be written as

E(𝑡) = 𝐸‖(𝑡)𝜖‖ + 𝐸⊥(𝑡)𝜖⊥, (8.16)
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and
A(𝑡) = 𝐴‖(𝑡)𝜖‖ +𝐴⊥(𝑡)𝜖⊥, (8.17)

where the unit vector along the major and the minor polarisation axes are denoted by
𝜖‖ and 𝜖⊥, respectively. For this specific case, it is convenient to re-write the action as

𝑆(𝑝||, 𝑝⊥, 𝑡) = −1

2

∫︁ ∞

𝑡′
d𝜏 [𝑝|| +𝐴||(𝜏)]

2 − 1

2

∫︁ ∞

𝑡′
d𝜏 [𝑝⊥ +𝐴⊥(𝜏)]

2 + 𝐸0𝑡
′, (8.18)

and the saddle point equation as

[︀
𝑝|| +𝐴||(𝑡

′)
]︀2

+
[︀
𝑝⊥ +𝐴⊥(𝑡

′)
]︀2

= −2𝐸0. (8.19)

Analagous to the linear case above, Eqs.(8.19) also denotes a circle centred at (𝑝||, 𝑝⊥) =
(−𝐴||(𝑡),−𝐴⊥(𝑡)), the centre of which will be determined by the parameters of the or-
thogonally polarised field used.

98



Chapter 9

Quantum interference in
above-threshold ionisation (ATI)

In recent years, features have been observed in the ATI photo-electron spectra that
can not be reproduced using the SFA. The origin of these features, such as a fan like
structure in the photo-electron momentum distributions [88, 89, 90, 91, 92], are due
to the influence of the Coulomb potential, which is ignored within the frame work of
the traditional SFA. In this chapter we perform a direct comparison of the temporal
interference patterns arising from electron trajectories ionising at different times within a
cycle and from consecutive cycles of the electric field. This comparison is performed using
the Strong-Field Approximation, with the motive of using this information to investigate
how Coulomb focusing modifies the electron trajectories responsible for the fan-shaped
structure in above-threshold ionization in future studies. This study is performed for a
helium atomic target using linearly and elliptically polarised driving fields of the form

E(𝑡) =
𝐸0√︀
1 + 𝜉2

[︀
sin(𝜔𝑡)𝜖‖ − 𝜉 cos(𝜔𝑡)𝜖⊥

]︀
, (9.1)

where 𝜉 is the ellipticity of the laser field which can be set to zero for a linearly polarised
field.

9.1 Temporal interference, intra- and inter- cycle

The amplitude 𝑀(p) given by Eq. (8.12) in Chapter 8 can be understood as a coherent
superposition of the contributions from two trajectories per cycle of the driving field
E(𝑡). These two trajectories are designated orbits 1𝑗 and 2𝑗 , where 𝑗 refers to the cycle
in which the orbits ionised from. In this work we use a continuous monochromatic field
described by Eq (9.1) so that all of the cycle are equivalent. These trajectories can ionise
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Figure 9.1: Panel (a) shows the real part of the ionisation times and the final momentum the
electron acquires while in the continuum. Orbits 2𝑗 and 2𝑗 are indicated by the red and blue
curves, respectively. The solid [dashed] curves indicate the orbits have ionised from the first
[second] cycle of the field. The regions shaded by well separated linear hatching and labelled
“type A” indicate the interfering parts of the orbits where the ionisation time difference between
them is less then half a cycle, i.e., Δ𝑡 < 𝑇/2. The regions shaded by closely spaced linear
hatching indicate the interfering parts of the orbits where Δ𝑡 > 𝑇/2, “type B”. Panel (b) shows
the value of the action for the orbits shown in panel (a), for a given final momentum that the
electron acquires while in the continuum.

with a range of final momenta which depends of the size of the vector potential, A(𝑡),
at the time of ionisation. If orbits 1𝑗 and 2𝑗 ionise at the peak of the electric field, they
will feel a vanishing vector potential and will therefore have a vanishing final momentum.
Either side of the peak, the vector potential begins to increase in magnitude, but with
opposing sign. This causes an increase in the momenta of the ionising electrons in differ-
ent directions. The contributions to the transition amplitude from these two orbits can
constructively or destructively interfere if they have the same final momentum. If we look
at the ionisation times within the first cycle in Fig. 9.1a which shows the ionisation times
of orbits 11,2 (red lines) and 21,2 (blue lines) against the corresponding final momentum,
we can see for a positive 𝑝||, orbits 11 and 22 ionise very close. This time difference, Δ𝑡
increases as go to negative 𝑝||. Δ𝑡 creates a temporal double slit giving rise to inter-
ference fringes that get finer or thicker depending on its size. These interference effects
were studied by Arbo et al in [45], where they factorised the momentum distributions
into contributions from two types of interference using the following equation,

d𝑃𝑆𝑃

dp
= 4Γ(p) cos2

(︂
Δ𝑆

2

)︂
⏟  ⏞  

𝐹 (p)

[︂
sin(𝑁𝑆/2)

sin(𝑆/2)

]︂
⏟  ⏞  

𝐵(p)

(9.2)
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Figure 9.2: Momentum distribution maps for direct ATI from a helium atom in a linearly po-
larised laser field of intensity 𝐼 = 3.8 W/cm2 and frequency 𝜔 = 0.059 a.u. The ionisation energy
for helium is 𝐼𝑝 = 0.92 a.u. Panel (a) shows type A intra-cycle interference, where the Δ𝑡 is less
than half a cycle and panel (b) shows type B intra-cycle interference where the Δ𝑡 is greater than
half a cycle. In panel (c) we show the complete contributions of orbits 11 and 21 from the first
cycle of the field (see Fig. 9.1a). Panel (d) is the same as panel (c), but includes contributions
over 2 cycle of the electric field, i.e., orbits 11,2 and 21,2.

where 𝑆𝑗 = [𝑆(𝑡
(1)
𝑗 ) + 𝑆(𝑡

(2)
𝑗 )]/2 is the average action, where the action 𝑆(𝑡) is given

by Eq. (8.13), and Δ𝑆𝑗 = [𝑆(𝑡
(1)
𝑗 )− 𝑆(𝑡

(2)
𝑗 )] is difference in action of the two trajectories

released in cycle 𝑗 where 𝑡(1)𝑗 and 𝑡(2)𝑗 are the ionisation times for orbits 1 and 2, respec-
tively. 𝐵(p) gives us the inter-cycle interference which arises when more then one cycle
is considered and consecutive contributions from orbits 1(1)𝑗 or 2(2)𝑗 interfere leading to
the well known ATI peaks [46, 47]. Arbo et al describe this “inter-cycle” interference as
arising from a diffraction grating in time consisting of 𝑁 slits [45], where 𝑁 is the number
of cycles of the monochromatic driving field. 𝐹 (𝑘) gives us the intra-cycle interference
which arises from interference between orbits 1𝑗 and 2𝑗 within cycle 𝑗 and leads to a
modulation of the ATI spectrum. These modulations are controlled by the phase dif-
ference Δ𝑆𝑗 = [𝑆(𝑡

(1)
𝑗 )− 𝑆(𝑡

(2)
𝑗 )] and contain information about the sub-cycle ionisation

dynamics [158].
In [158] they restrict their evaluation of the intra-cycle interference to a time slit

Δ𝑡intra = 𝑡
(2)
𝑗 − 𝑡

(1)
𝑗 no greater then half a cycle [see Fig. 2a in [158]]. In this work we

show that in fact, intra-cycle interference is present where Δ𝑡 > 𝑇/2 (𝑇 = period of the
laser) and leads to interference fringes that grow finer as Δ𝑡 increases. In Fig. 9.1a, the
regions where Δ𝑡 < 𝑇/2 we have shaded the area between the two orbits with a well
separated linear hatching. The difference in action Δ𝑆 of the orbits interfering across
this region is small (see panel (b) of Fig. 9.1) and leads to thick interference fringes that
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grow thicker as the ionisation times get closer together and Δ𝑆 decreases. For the regions
where Δ𝑡 > 𝑇/2 we have shaded the area between the two orbits with a very fine linear
hatching. Interference between orbits across this region leads to finer fringes. This is
because the difference in ionisation time and therefore Δ𝑆 is larger in this region. An
inspections of Fig. 9.1b shows a increase in Δ𝑆 from positive 𝑝‖ to negative 𝑝‖. We label
the intra-interference from across theses regions as “type A” and “type B” interference,
respectively. In panel (a) of Fig. 9.2 we reproduce Fig. 2a of [158], which shows the
calculated momentum distributions from one cycle of the field. To reproduce this figure
we have defined the start our cycle at the peak of the electric field, 𝑡 = 𝑇/2, which starts
and ends in the middle of the range of ionisation times for orbits 11 and 12, respectively.
Because of this we have had to neglect contributions from orbits 11,2 (red line in Fig.
9.1) when the final momentum 𝑝‖ < 0 in the first cycle and 𝑝‖ > 0 in the second cycle.
Defining the start of the cycle at the peak of the the electric field means the time slit Δ𝑡
is always less than 𝑇/2, therefore only type A interference occurs. This is evident in the
large fringe pattern that grows thicker for increasing absolute final momentum. In order
to calculate the momentum distributions with only type B interference we must select
only the contributions from orbits 11,2 and 21,2 whose ionisation times are separated by
more than half a cycle, Δ𝑡 > 𝑇/2. Again this means neglecting parts of an orbit 1’s
contribution to the spectrum. The result is shown in panel (b) of Fig. 9.2 where we can
see that the larger Δ𝑡 leads to finer interference fringes that grow finer as the absolute
of the final momentum increases. Although panel (a) and (b) have highlighted the two
types of intra-cycle interference, being selective about which part of orbit is allowed to
contribute to the momentum distributions is fragmented and in the case of Fig. 2a of
[158] meant that type B intra-cycle interference was completely overlooked. In panel (c)
we try to avoid this and defined the beginning of our cycle at 𝑡 = 0, which is a crossing
in the electric field. In this way we include the full contribution from orbits 11 and
21, which produces an asymmetrical plot with a gradual transition from finer to thicker
interference fringes, as the final momentum of the electron increased from negative 𝑝||
to positive 𝑝||. Because we are using a continuous monochromatic wave, plotting the
momentum distributions from any subsequent cycle would produce exactly the same
plot as panel (c). We can see why this is by inspecting Fig. 9.2, where it shows that for
the second cycle, (1𝑇 > Re[𝑡] > 2𝑇 ), the time slit between the orbits 12 and 22 for 𝑝|| < 0

is Δ𝑡 > 𝑇/2, i.e, type B intra interference occurs. For 𝑝|| > 0, type A intra interference
occurs. This is exactly what we find for the first cycle. Of course if we define the start
of the cycle at 𝑡 = 𝑇/2 then the plot will be flipped around 𝑝|| = 0, with all subsequent
cycles producing the identical plot.

A coherent superposition of contributions from orbits ionising from the first and sec-
ond cycle means that in Fig. 9.2d the well known inter-cycle interference rings appear in
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the momentum distribution maps (see comparison plot in [158]). This is due interference
between orbits 11 and 12 and orbits 21 and 22, where the ionisation times are separated
by one cycle of the field (Δ𝑡 = 𝑇 ). Like panel (c), the momentum distribution map
of panel (d) is asymmetrical around 𝑝|| = 0, but unlike panel (c), type A and type B
interference is present across the whole momentum distribution. This is because we have
taken a coherent superposition of contributions from orbits 11,2 and 21,2 and thereore
cannot avoid introducing some type B interference where 𝑝|| > 0 and type A for 𝑝|| < 0.
This is because temporal interference between orbits 21 and 12 from difference cycles
has been introduced. This creates a time slit Δ𝑡 that get smaller as we go from +𝑝|| to
−𝑝||. This is the opposite of what we find when we consider the two cycles separately.
In fact if we calculate the momentum distributions taking an incoherent superposition of
the contributions from the two cycle we retrieve the same plot as panel (c) of Fig. 9.2.
Despite the mixing, the dominant type of interference will be decided by the amount of
interference that occurs when Δ𝑡 < 𝑇/2 (type A), versus when Δ𝑡 > 𝑇/2 (type B). For
example, in Fig. 9.2 between 𝑝|| > 0 the dominate interference pattern over two cycles is
the large fringes arising from type A interference. Within these fringes we see the finer
fringe of type B interference. Looking at Fig. 9.1a we can see that within this momen-
tum range there are two region of type A interference and one type B. Therefore type A
dominates the pattern. Over many cycles one would expect this dominance to become
less significant.

To calculate a symmetrical momentum distribution with an even amount of type A
and B interference, one needs an uneven number of contributions from orbits 1𝑗 or 2𝑗 ,
or in other words take the coherent superposition of 𝑁 + 1/2 cycles.

9.2 Temporal interference with an elliptically polarised field

Fig. 9.3 shows how the ellipticity of the fundamental driving laser field affects the in-
terference between orbits 11 and 21. In panel (a) the field is linear (𝜉 = 0), and we
can clearly see intra-cycle interference between orbits 11 and 21 with a transition from
type B to type A intra-cycle interference as 𝑝|| goes from negative to positive. As the
ellipticity is increased, we see the momentum distribution widen along the 𝑝⊥ axis un-
til there are two completely distinct momentum distributions with vanishing intra-cycle
interference fringes in panel (d) where 𝜉 = 0.29. The lack of interference fringes is a
clue as to what is happening here, which is that the momentum distributions of each
orbit have been shifted in opposing directions along the 𝑝⊥ axis, until there is no over-
lap at 𝜉 = 0.29. Without the overlap, there is no interference. An explanation for this
shift along 𝑝⊥ can be found by inspecting Eq. (8.19), which denotes a circle centred at
(𝑝||, 𝑝⊥) = (−𝐴||(𝑡),−𝐴⊥(𝑡)). As the ellipticity of the field increases, orbits 1 and 2 are
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Figure 9.3: Momentum distribution maps for direct ATI from a helium atom in a elliptically
polarised laser field described by Eq. (9.1) of intensity 𝐼 = 3.8 W/cm2 and frequency 𝜔 = 0.059
a.u. computed for orbits 11 and 21. The ionisation energy for helium is 𝐼𝑝 = 0.92 a.u. The
ellipticity of the field is increasing from 𝜉 = 0, 0.16, 0.21 to 0.29 from panel (a) to (d).

affected by an equal but opposite perpendicular vector potential |𝐴⊥(𝑡)|. This moves
the centre of the circle for each trajectory in opposite directions along the p⊥ axis. This
puts the centre for orbit 1 at (𝑝1||, 𝑝

1
⊥) = (0,−𝐴⊥(𝑡)), shifting the momentum distribution

down and for orbit 2 at (𝑝2||, 𝑝
2
⊥) = (0, 𝐴⊥(𝑡)), shifting it up. This causes the strength of

the intra-cycle interference to decrease as the overlap between the two distributions gets
smaller and at the 𝑝⊥ extremes the two orbits cease to interfere. The pattern and shape
of the intra-cycle interference within the overlap remains unaffected by the change in
ellipticity, other than a decrease in intensity as the momentum distributions move away
from each other. At 𝜉 = 0.29 we find that the intra-cycle interference is barely visible
between the two distinct momentum distributions of orbits 11 and 21.

Analogous to Fig. 9.2d, in Fig. 9.4, we consider two cycles of the driving field with
contributions from consecutive ionisations from orbits 11,2 and 21,2. This creates the
asymmetrical intra-cycle interference pattern seen most clearly in panel (a) of Fig. 9.4.
As the ellipticity is increased, the individual distributions for orbits 11,2 and 21,2 separate,
weakening the intra-cycle interference as we saw in Fig. 9.3. The rings arising from
inter-cycle interference dominate. This is due to the fact that the cycles considered are
equivalent, hence the centre of the circle denoted by Eq. (8.19) will shift in the same
way for orbit 11 and orbit 12, for example. This means the overlap of the momentum
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Figure 9.4: Same as Fig. 9.3 except two cycles of the fundamental driving field are considered,
i.e., orbits 11,2 and 21,2 contribute to the momentum maps.

distributions for these orbits remains and therefore so does the inter-cycle interference.
For 𝜉 = 0.29 intra-cycle interference has almost completely disappeared and only inter-
cycle interference is observed.

Experimental results for direct ATI from He conducted by [159], show this splitting
in the individual momentum distributions along the 𝑝⊥ axis as the ellipticity is increased.
It also shows the fan structure disappearing. It is fair to assume then, that the fan like
structure is due to modification to the intra-cycle interference as this also disappears as
the ellipticity is increased.

Including a third cycle we see that the circle of amplitude around (𝑝||, 𝑝⊥) = (0, 0)

has disappeared, and a sub-set of rings begins to appear between the brighter rings.
These rings arise from inter-cycle interference of consecutive ionisations from orbits 11,3
or orbits 21,3, which are separated by two cycles. This creates a larger temporal slit , Δ𝑡,
which leads to finer interference rings. Panel (a) of Fig. 9.6 is a plot of the momentum
distribution of electrons ionising along orbits 11,2,3 only. We can see from this figure that
these rings indeed arise from inter-cycle interference. In panel (b) we display the coherent
superposition of momentum distributions for orbit 11 and orbit 12. When compared to
panel (c), where only orbit 11 and orbit 13 are considered, we can see that the difference
in ionisation time affects the thickness of the rings. These ionisation times are separated
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Figure 9.5: Same as Fig. 9.3 except computed for orbits 11,2,3 and 21,2,3.

by two cycles and we can clearly see that the rings are thinner then those in panel (b).
The combination of these two temporal double slit diffraction patterns give rise to the
two sets of rings in panel (a).

9.3 RESI and elliptically polarised fields

The investigation of direct ATI in this chapter can give some insight into the momentum
distributions of the second electron of recollision-excitation sequential ionisation mecha-
nism (RESI) of non-sequential double ionisation (NSDI). In this mechanism an electron is
ionised and rescatters inelastically with it parent ion, imparting some of the energy it has
gained whilst propagating in the continuum. This excites a second electron, which after
some time tunnel ionises and propagates in the continuum gaining kinetic energy until it
reaches the detector. The mechanism describing the ionisation of the second electron is
almost exactly like that of direct ATI, except that it ionises from an excited state rather
than from the ground state. In fact, studies of the RESI mechanism have used partial
momentum maps as a way of understanding the different processes that occur for each of
the electrons [160]. When an elliptically polarised field is used this second electron gains
a negative or positive perpendicular momentum depending on which orbit it propagates
along in the continuum. However, this information is lost once a full momentum map
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Figure 9.6: Momentum distribution maps for direct ATI from a helium atom, 𝐼𝑝 = 0.92 a.u.,
computed for orbits 1𝑗 only. Panel (a) considers ionisations over three cycles of the fundamental
driving field, i.e orbits 11, 12 and 13. Panel (b) considers contributions from orbits 11 and 12
and (c) considers contributions from orbits 11 and 13. In all three panels the driving laser field
is linear, 𝜉 = 0, of intensity 𝐼 = 3.8 W/cm2 and frequency 𝜔 = 0.059 a.u.

showing only the parallel final momenta of the first and second electron is calculated.

9.4 Conclusions

In this chapter we analyse the different types of quantum interference in direct ATI. This
is done first using linearly polarised fields, where we identify intra-cycle interference type
B that is often overlooked or not included in models used to calculate the direct ATI
momentum distributions. This intra-cycle interference occurs between electrons ionising
at times separated by more than half a cycle of the field and leads to finer fringes in the
momentum maps. We also show that the subset of rings in the momentum distribution
when more than two cycles are considered in the calculation, arise due to the summation
of different combinations of inter-cycle interference patterns from different sized tempo-
ral time slits, i.e, interference between orbits whose ionisation times are separated by
one cycle and two cycles. By employing an elliptically polarised field we find that the
individual momentum distributions of orbit 1 and orbit 2 separate, shifting them in dif-
ferent directions along the perpendicular momentum axis. The reason behind this shift
is that the two orbits are exposed to equal but opposite amplitudes of the perpendic-
ularly polarised vector potential field at the time of ionisation. This shift increases as
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Figure 9.7: Partial momentum distribution maps for the second electron of the RESI mechanism
of NSDI ionising from the excited state of the He atom. Only one cycle of the fundamental
driving field is considered and the ellipticity is increasing from 𝜉 = 0, 0.125 to 0.2 from panel (a)
to (c)

the ellipticity is increased. The separating momentum distributions causes a decrease in
intra-cycle interference. This is because the overlap between the momentum distribu-
tions of orbits 1𝑗 and 2𝑗 decreases, leaving only the “ring” shaped inter-cycle interference.
This could explain the loss of the fan-shaped structure in the recent experimental result
performed by [159]. Of course, although we can assume with the result so far, that this
fan-shaped structure arises from intra-cycle interference, we cannot reproduce the feature
using the current model. This is because the SFA neglects the Coulomb potential when
the electron is propagating in the continuum. Studies have indicated that the influence
of the Coulomb potential may be modifying the trajectories of electrons [79], producing
this fan-shaped structure in the continuum. It is therefore important to begin to work
towards modifying our model to a Coulomb corrected SFA. This would allow us to more
accurately analyse strong field phenomena, giving us the resource to disentangle the effect
of the Coulomb potential from those of the driving laser field, in the calculate spectra.
This would first be applied to direct ATI as it is the simple mechanism, which once done
could be easy applied to the second ionising electron of the RESI mechanism of NSDI. A
more long term goal would be to apply Coulomb corrections to HHG and other strong
field rescattering phenomena.
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Chapter 10

Summary

In this thesis we address temporal and structural interference in high harmonic generation
(HHG) from diatomic molecules H2, Ar2 and O2 and direct above threshold ionisation
(ATI) from atomic He targets in linearly and orthogonally polarised fields. We have
used the strong field approximation to model the phenomena at the single atom and
molecule response level and extended this to the macroscopic response level for high
harmonic generation, using Maxwell’s wave equations, in order to model the propagated
high harmonics measured experimentally.

In Part II, we focus on the HHG phenomena and study in detail the added dynamics
introduced to the electrons propagation in the continuum when a driving field composed
of two orthogonal linearly polarised waves is employed. We show how this added dynamic
cause the electron to return at an angle with respects to the major polarisation of the
field, modifying the structural two-centre interference patterns in the HHG spectra of
diatomic molecules. We then investigate the macroscopic high harmonics response in
order to aid the experimental observation of this modification from which one may infer
electron angle of return. Additionally in Chapter 7, we investigate how these dynamics
can also influence nodal planes suppressions in HHG.

Understanding these effects could prove useful in fields such as molecular imaging
and orbital reconstruction [25, 24, 26, 27, 28]. The second orthogonal field introduces
an extra degree of freedom, which could also open up these techniques to molecules that
are difficult to align [72]. But in order to do so we must disentangle the influence of the
field on the HHG spectrum from the structural influence of the target molecule and other
influences like the Coulomb potential, which like the driving laser field, can modify the
trajectories of the propagating electrons [79]. Therefore a detailed understanding of the
electron trajectories in orthogonally polarised fields is required. Moreover, manipulation
of the two centre interference minimum can providing a window that can reveal the HHG
contributions from lower lying orbitals [78]. Employing orthogonally polarised fields could
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be used to tweak the window provided by the interference minimum.
In Chapter 3 we derive a two-centre interference condition, Eq. (3.85), that can be

used to predict the position of shifted two centre interference minima in HHG spectra for
any orthogonally polarised field. The significance of this condition is that it incorporates
an electron’s angle of return to its parent molecule. Using this condition it is possible to
extract this angle from the shifted minima in HHG spectra.

We test this condition in Chapter 4, at the single-molecule response level using H2

and Ar2 as diatomic targets and employing an orthogonally polarised two colour field.
We find that the shift in the two centre interference minima and therefore the electron’s
angle of return are orbit dependent, causing blurring and splitting of the minima within
the HHG spectra. This dependence is linked to the difference in the ionisation and
recombination times of the “long” or “short” trajectories, which means that the electron
“feels” a range of amplitudes and directions of the vector field potential, upon its return.
We also find that, when using a 𝜔 + 2𝜔 orthogonally polarised field, the shift flips sign
every half cycle, adding to the blurring caused by the orbit dependence of the shift.

In Chapter 5, we investigate whether it is possible to observe the shifted minimum
in macroscopic high-harmonic spectra and ultimately extract the angle with which the
electron returns. To date, this shifted two centre interference has not been observed,
but experiments have measured that the minimum is lost as the strength of the second
orthogonal field is increased [54]. With the work done in Chapter 4, the loss of the
minimum can be explained as blurring caused by the sub-cycle variation in the return
angle for the electron trajectories. In order to measure a shifted interference minimum
experimentally, conditions at the single atom response level and the macroscopic response
level, that have been outlined in Chapters 4, 5 and later in Chapter 6, must be considered.
In this Chapter we find that through polarisation gating and carefully chosen phase
matching conditions, we could suppress the contributions to the HHG spectra from one
of the dominant orbits and observe a clear shifted minimum. On top of this we used a
few-cycle pulse to show that blurring caused by the change in sign of the shift every half
cycle of a could be avoided. This leads us to conclude that the above-mentioned shift
could be measured experimentally.

In Chapter 6, we analysed the benefits of using elliptically polarised fields over the
OTC fields when trying to observe the shifted minimum. elliptically polarised fields
have been found reduce the probability of an electron returning to the parent ion as
the ellipticity of the field is increased, leading to drop in HHG yield. We tackled the
problem first at the single-molecule response level using H2 and Ar2 as targets and found
that, unlike the OTC, the shift did not change sign every half cycle. This removes the
need to suppressing contribution from other cycles at the macroscopic HHG response
level. Furthermore, the shift to the two centre minimum was much larger in general,
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which means a lower ellipticity could be employed reducing the detrimental effect to
HHG ionisation yield. Using only Ar2 as a target we modelled the macroscopic HHG
response in elliptically polarised fields. We found examples of parameters required to
observe the shifted minimum, that indeed agreed with our analysis at a single-molecule
response level. More importantly, were able to observe the shifted minimum without
the need to suppress one of the dominant orbits, taking advantage of the fact that for
certain parameters of the elliptically polarised field there is a point within the plateau
of the HHG spectrum where the shifted minima of the “long” and “short” orbit coincide,
and therefore the electron has the same, non-vanishing, angle of return. This was not
possible for the OTC fields as the shifted minima of the “long” and “short” orbit only
meet within the plateau when their angles of return were very close to zero.

In Chapter 7 we show that employing orthogonally polarised fields causes the nodal
plane suppressions in HHG spectra to distort. This effect stems from the same electron
returning at non-vanishing angles with respect to the major polarisation axis. We inves-
tigate this at a single-molecule response level using O2 as a diatomic target and propose
that these distorted suppressions can be employed to infer this angle, with the added
benefit of larger shifts and the ability to use the whole harmonic range to do so. Our
investigation also led us to understand some important limitations of the different forms
of SFA when using orthogonally polarised fields. We found that both the length and ve-
locity forms of the dipole operator give rise to discrepancies for nodal planes constructed
using atomic basis functions at single centres. These discrepancies are unnoticeable if
linearly polarised fields are used and only come to light using orthogonally polarised
fields, because the electron returns at angles to the major polarisation of the fields and
is therefore able to probe the spurious structures. Our analysis shows that these discrep-
ancies much more extreme in the length form and suggests avoiding this form in favour
of the velocity form of the dipole matrix element, although care is advised.

In Chapter 9, we address quantum interference in direct ATI. This is done first using
linearly polarised fields, where we identify different types of intra-cycle interference which
are often overlooked or not included in models used to calculate the direct ATI momen-
tum distributions. This intra-cycle interference is between electrons ionising at times
separated by more than half a cycle of the field, leading to finer fringes in the momentum
maps. We also show how the sub-set of rings in the momentum distribution arises due
to combinations of inter-cycle interference patterns from different sized temporal slits.
By employing an elliptically polarised field we find that the individual momentum dis-
tributions related to ionisation events occurring at subsequent half cycles are shifted in
different directions along the perpendicular momentum axis. This shift is due to the
different orbits being exposed to equal but opposite amplitudes of the perpendicularly
polarised vector potential as ellipticity is increased, at the time of ionisation. This causes
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a decrease in intra-cycle interference as the overlap between the momentum distributions
decreases, leaving only the “ring” shaped inter-cycle interference. The loss of intra-cycle
interference could explain why the fan-shaped structure in experimental ATI momentum
distribution maps disappearances as the ellipticity of the field is increased [159]. This
fan-shaped structure cannot be reproduced using the SFA. This is because the Coulomb
potential is neglected in this model, the effects of which have been shown to modifying
electrons trajectories in the continuum [79]. Models that include Coulomb corrections
can reproducing this fan-shaped structure [79], therefore it is important to begin to work
towards modifying our model to include these corrections. This would allow us to more
accurately analyse and calculate the spectra of strong field phenomena, enabling us to
disentangle the effect of the Coulomb potential from those of the driving laser field and
model experimental results more successfully.
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Appendix A

List of Abbreviations

AO - Atomic Orbital
AU - Atomic Units
ATI - Above Threshold Ionization
GTO - Gaussian Type Orbital
HHG - High Harmonic Generation
HOMO - Highest Occupied Molecular Orbital
LCAO - Linear Combination of Atomic Orbitals
NSDI - Non Sequential Double Ionisation
OTC - Orthogonally polarised two colour
RESI - Recollision Excitation followed by Subsequent Ionisation
SAE - Single Active Electron
SFA - Strong-Field Approximation
SPA - Saddle-Point Approximation
STO - Slater Type Orbital
TSM - Three Step Model
UA - Uniform Approximation
XUV - Extreme Ultra Violet
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