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We propose a new model in the teleparallel framework where we consider a scalar field nonminimally
coupled to both the torsion T and a boundary term given by the divergence of the torsion vector
B ¼ 2

e ∂μðeTμÞ. This is inspired by the relation R ¼ −T þ B between the Ricci scalar of general relativity
and the torsion of teleparallel gravity. This theory in suitable limits incorporates both the nonminimal
coupling of a scalar field to torsion, and the nonminimal coupling of a scalar field to the Ricci scalar. We
analyze the cosmology of such models, and we perform a dynamical systems analysis on the case when we
have only a pure coupling to the boundary term. It is found that the system generically evolves to a late time
accelerating attractor solution without requiring any fine-tuning of the parameters. A dynamical crossing of
the phantom barrier is also shown to be possible.
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I. INTRODUCTION

The late timeaccelerationof theUniverse is oneof thegreat
problems ofmodern physics. Ever since this accelerationwas
suggested by type-Ia supernovae surveys [1,2], this important
result has been backed up by ever-increasingly precise
cosmological observations, including measurements of the
cosmic microwave background (CMB) [3,4], the Hubble
constant [5], baryon acoustic oscillations [6], and further
measurements of type-Ia supernovae [7]. Despite all these
observations, there is a severe lack of understanding of this
acceleration from a theoretical point of view. The standard
cosmological model assumes the existence of a cosmological
constant to explain this acceleration. However, a cosmologi-
cal constant suffers from theoretical difficulties due to its
extremely small observed value compared to predictions
from quantum field theoretical considerations; see [8] for a
review of this subject.
Teleparallel gravity is an alternative formulation of gravity

which is equivalent to general relativity. General relativity is a
geometric theory based on the Levi-Cività connection, which
possesses curvature but zero torsion. On the other hand
teleparallel gravity uses a different connection. There is a
result originally discovered by Weitzenböck that it is always
possible to define a connection on a space such that it is
globally flat; in other words it possesses zero curvature. This
connection is called the Weitzenböck connection, and
although it has a vanishing Ricci tensor it has nontrivial
torsion. This result is used to formulate an action based on a
gravitational scalar called the torsion scalar T, which uses the
Weitzenböck connection. The dynamics of this action is
completely equivalent to general relativity, and this follows
from the following result,

R ¼ −T þ B; ð1Þ

where R is the Ricci Scalar, and B is a boundary term related
to the divergence of the torsion. SinceB is a total derivative, it
gives no contribution to the field equations, and hence the
action of teleparallel gravity is completely equivalent to the
Einstein-Hilbert action.
There are numerous ways to modify both general

relativity and teleparallel gravity with the aim of being
able to understand the late time acceleration of the
Universe without the need for a cosmological constant.
One approach is to modify the gravitational sector and
one can consider both fðRÞ theories of gravity and
fðTÞ theories. In general these give rise to different
dynamics, since one can no longer write fðRÞ ¼ fðTÞ þ
a total derivative. fðRÞ gravity generically has fourth order
field equations. In some sense fðTÞ theories are less
harmful in that this modification only results in second
order field equations; however the price you pay for this is
that local Lorentz invariance is lost. In a recent paper [9] a
more general theory was considered in the teleparallel
framework called fðT; BÞ gravity, where B is a divergence
of the torsion, which incorporates both fðRÞ and fðTÞ
gravity as particular subcases.
Another approach is to modify the contents of the

Universe and add a form of matter into the Universe called
dark energy which possesses a negative pressure. This can
be achieved by adding to the matter sector a canonical
scalar field [10–23], known as quintessence, a phantom
scalar field [24–29], or a combination of both of these fields
called quintom [30–39]. A review of these models can be
found in [40,41].
One can also consider a coupling between the scalar field

and the gravitational sector. The standard approach is to
consider a coupling between the scalar field and the Ricci
scalar, of the form ξRϕ2 [42–44]. Such a nonminimal
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coupling has motivations from different contexts. It appears
as a result of quantum corrections to the scalar field in
curved spacetimes [45,46] and it is also required by
renormalization considerations [44]. It also appears in
the context of superstring theories [47]. Such models have
attempted to explain the early time inflationary epoch;
however the simple model with a quadratic scalar potential
is now disfavored by the current Planck data [48–50].
In recent years an alternative formulation has been

considered where the coupling occurs between the scalar
field and torsion of the form ξTϕ2 [51–62]. This gives rise
to different dynamics and interesting phenomenology, for
example phantom behavior and dynamical crossing of the
phantom barrier. A dynamical systems analysis of these
models was considered in [52], and the observational
constraints on such models were found in [53]. Other
types of nonminimal coupling to the torsion sector have
been considered, for example in [63] a coupling between
torsion and derivatives of the scalar field is considered.
In this paper we consider a different approach where we

examine a nonminimal coupling between the scalar field to
both the torsion scalar T and the boundary term B. We note
that coupling a scalar field to a boundary term is not a new
idea; for example a nonminimal coupling between scalar
field boundary terms such as the Gauss-Bonnet term and
higher Lovelock polynomials has previously been consid-
ered [64,65]. Our theory encompasses both nonminimally
coupled teleparallel gravity and nonminimally coupled
general relativity in suitable limits.
We then consider in detail the dynamics of the model

when we have only a coupling between the boundary term
B and the scalar field. We use dynamical systems tech-
niques to examine the global dynamics of the system.
These techniques are widely used in cosmological appli-
cations since they allow one to study all possible evolu-
tional paths when there is no possibility of finding an exact
solution.
This paper is organized as follows. In Sec. II we

introduce our conventions and the teleparallel equivalent
of general relativity. In Sec. III we briefly review previous
models involving nonminimally coupled scalar fields, and
introduce the Lagrangian and field equations of our
model. In Sec. IV we derive the equations determining
the background cosmology. Finally in Sec. V we perform a
dynamical systems analysis in the case where we have
purely a coupling between the scalar field and the boun-
dary term.

II. TELEPARALLEL EQUIVALENT OF
GENERAL RELATIVITY

In this section we introduce the teleparallel equivalent of
general relativity. The dynamical variable in this theory is
given by the tetrad eaμ, where greek indices are spacetime
indices, and latin indices are tangent space indices. The
metric gμν is given in terms of the tetrad as

gμν ¼ eaμebνηab; ð2Þ

where ηab is the Minkowski metric. We also introduce the
inverse tetrad Eμ

a, such that

Eμ
menμ ¼ δnm; and Eν

memμ ¼ δνμ: ð3Þ

The quantity e is defined to be the determinant of the tetrad
eaμ, and is equivalent to the volume element of the
metric, e ¼ ffiffiffiffiffiffi−gp

.
In what follows we will obey the conventions outlined

in [66]. In general relativity the Levi-Cività connection is
used; however in contrast, in teleparallel gravity the
Weitzenböck connection Wμ

a
ν is chosen, and is given by

the following derivatives of the tetrad,

Wμ
a
ν ¼ ∂μeaν: ð4Þ

This connection possesses torsion but the Ricci tensor of
this connection vanishes, and hence possesses zero curva-
ture. The torsion tensor is simply the antisymmetric part of
the Weitzenböck connection

Ta
μν ¼ Wμ

a
ν −Wν

a
μ ¼ ∂μeaν − ∂νeaμ: ð5Þ

The tensor Tμ, which we call the torsion vector, is defined
as the unique nontrivial contraction of the torsion tensor

Tμ ¼ Tλ
λμ: ð6Þ

Now the field equations of teleparallel gravity follow
from varying the following Lagrangian density with respect
to the tetrad

LT ¼ e
2κ2

SabcTabc; ð7Þ

where the tensor S is defined as the following:

Sabc ¼ 1

4
ðTabc − Tbac − TcabÞ þ 1

2
ðηacTb − ηabTcÞ: ð8Þ

This combination of Sabc and Tabc is usually denoted by T,
which we call the torsion scalar

T ¼ SabcTabc: ð9Þ

Now in order to show that teleparallel gravity is
equivalent to general relativity, we must express quantities
using the Weitzenböck connection in terms of quantities
involving the torsion free Levi-Cività connection. One can
write the Levi-Cività connection 0Γ in terms of the
Weitzenböck connection as so

0Γμ
λρ ¼ Wλ

μ
ρ − Kλ

μ
ρ; ð10Þ
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where here K is called the contortion tensor and it is
defined as

2Kμ
λ
ν ¼ Tλ

μν − Tνμ
λ þ Tμ

λ
ν: ð11Þ

This contortion tensor is antisymmetric in its last two
indices. Now expressing the Ricci scalar of the Levi-Cività
connection in terms of the Weitzenböck connection using
(10), the following relation can be found:

R ¼ −T þ 2

e
∂μðeTμÞ: ð12Þ

As the difference between the Ricci scalar and the torsion
scalar is simply a total derivative, the action (7) gives rise to
the same dynamics as the Einstein-Hilbert action. This
shows that teleparallel gravity is indeed equivalent to
general relativity. Defining the boundary quantity

B ¼ 2

e
∂μðeTμÞ ð13Þ

one then has simply the relation R ¼ −T þ B. In [9] this
led us to consider the modification fðT; BÞ gravity. In this
work we will follow a different approach to include the
term B nontrivially in the dynamics, by coupling it to a
scalar field. We also note that one can write B in terms of a
Levi-Cività covariant derivative simply as B ¼ 2∇μTμ.

III. NONMINIMALLY COUPLED SCALAR FIELDS

The first approach to nonminimally coupling a scalar
field to the gravitational sector is to consider a coupling to
the Ricci tensor as follows:

S¼
Z �

R
2κ2

þ 1

2
ð∂μϕ∂μϕþ ξRϕ2Þ−VðϕÞ þLm

� ffiffiffiffiffiffi
−g

p
d4x:

ð14Þ

This approach was originally considered in the context of
Brans-Dicke theories motivated by introducing a variable
gravitational constant depending on a scalar field. In
this notation the effective gravitational constant can be
written as

Geff ¼
G

1þ κ2ξϕ2
; ð15Þ

and one can redefine such a scalar field so that it coincides
with the standard Brans-Dicke field.
Nonminimally coupled quintessence corresponds to

taking ξ ¼ 0 in the above Lagrangian. For a review of
quintessence type models, see [40]. Quintessence alone can
give rise to many interesting features from late time
accelerated expansion of the Universe to inflation
[10–12]. However simple models of scalar field inflation

are becoming disfavored by the latest Planck data. Another
issue with a simple quintessence approach is that the
effective equation of state must always satisfy weff > −1
and require a very flat fine-tuned potential in order to
explain current cosmological observations.
When ξ ≠ 0, the nonminimal coupling can be trans-

formed to a minimal coupling via a conformal trans-
formation from the Jordan frame to the Einstein frame.
Such a transformation reduces the system to a quintessence
model with a coupling between the scalar field and dark
matter. For a constant exponential potential, the system can
then be written as a two-dimensional dynamical system.
Physical quantities in this frame can then be transformed
back into physical quantities in the Jordan frame. For a
review of the dynamics of these models, see Chapter 9 of
[40] and references therein. Alternatively, one can work
directly in the Jordan frame. A dynamical systems analysis
for various potentials has been considered by various
authors; see [67–70] and references within.
An alternative approach has been to consider a scalar

field nonminimally coupled to torsion, giving rise to
teleparallel dark energy theories [51]. The following action
is considered:

S ¼
Z �

−
T
2κ2

þ 1

2
ð∂μϕ∂μϕ − ξTϕ2Þ − VðϕÞ þ Lm

�
ed4x:

ð16Þ

This gives rise to different dynamics to the case of the
nonminimal coupling to the Ricci scalar. Of course with a
minimal coupling, setting ξ ¼ 0, the two theories again
become equivalent due to the teleparallel equivalence. This
theory again has a richer structure than simple standard
quintessence behavior, with both phantom and quintes-
sence type dynamics possible, along with dynamical cross-
ing of the phantom barrier.
The equivalence between general relativity and tele-

parallel gravity breaks down as soon as one nonminimally
couples a scalar field, the field equations result in different
dynamics. In this paper, we consider a more general action
[62], with the aim of unifying both of the previous
considered approaches

S ¼
Z �

−
T
2κ2

þ 1

2
ð∂μϕ∂μϕ − ξTϕ2 − χBϕ2Þ

− VðϕÞ þ Lm

�
ed4x: ð17Þ

When one sets χ ¼ −ξ one will recover an action which is
equivalent to (14), and when one sets χ ¼ 0 the action (16)
is recovered. A particularly interesting subcase will be
when ξ ¼ 0, corresponding to a pure coupling between the
boundary term. Such a coupling has not been previously
studied in the literature. One could in principle choose a
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more general coupling ηðϕÞB between the potential and the
boundary; however the choice ηðϕÞ ¼ ϕ2 ensures that the
constant χ is dimensionless.
We now derive the field equations of the action (17).

Varying the action with respect to the tetrad field yields the
following field equations,

−
�
2

κ2
þ 2ξϕ2

��
e−1∂μðeSaμνÞ − Eλ

aTρ
μλSρνμ −

1

4
Eν
aT

�

− Eν
a

�
1

2
∂μϕ∂μϕ − VðϕÞ

�

þ Eμ
a∂νϕ∂μϕ − 4ðξþ χÞEρ

aSρμνϕ∂μϕ

− χ½Eν
a□ðϕ2Þ − Eμ

a∇ν∇μðϕ2Þ� ¼ Tν
a; ð18Þ

where □ ¼ ∇μ∇μ and ∇ is the covariant derivative with
respect to the Levi-Cività connection. Here Tν

a is the
standard energy momentum tensor derived from varying
the matter sector, and is not to be confused with torsion.
The term in the field equations proportional to Sρμν is

Lorentz violating [71]. This term vanishes only in the case
when we have ξ ¼ −χ, which corresponds to the case
where the nonminimal coupling reduces to that of a
coupling to only the Ricci scalar. This result is along
similar lines to that obtained in [9], where the modification
fðT; BÞ was considered, where it was found that the field
equations are invariant under local Lorentz transformations
if and only if fðT; BÞ ¼ fð−T þ BÞ ¼ fðRÞ.
Now it can be shown that the Einstein tensor of the Levi-

Cività connection can be related to the torsion sector via the
relation

Gσ
ν ¼ −

�
2e−1∂μðeSaμνÞ − 2Eλ

aTρ
μλSρνμ −

1

2
Eν
aT

�
eaσ :

ð19Þ

This means we can write the field equations in a covariant
form as follows:

�
2

κ2
þ 2ξϕ2

�
Gμν − gμν

�
1

2
∇λϕ∇λϕ − VðϕÞ

�
þ∇μϕ∇νϕ

− 4ðξþ χÞSμλνϕ∂λϕ − χ½gμν□ðϕ2Þ −∇μ∇νðϕ2Þ� ¼ Tμν:

ð20Þ

It is readily seen that this equation reduces to the correct
field equation for a nonminimal coupling of a scalar field to
the Ricci scalar when one takes χ ¼ −ξ.
Finally we have the modified scalar field equation. This

is obtained by varying the action with respect to the scalar
field, yielding the following Klein-Gordon equation,

□ϕþ V 0ðϕÞ ¼ ðξT þ χBÞϕ: ð21Þ

IV. COSMOLOGY

In this section we will derive the background equations
for the cosmology of the above models. We will consider
the standard spatially flat Friedmann-Robertson-Walker
(FRW) tetrad eaμ ¼ diagð1; aðtÞ; aðtÞ; aðtÞÞ corresponding
to a spatially flat FRW metric

ds2 ¼ dt2 − aðtÞ2ðdx2 þ dy2 þ dz2Þ; ð22Þ
where aðtÞ is the scale factor. We will assume the energy
momentum tensor of the matter sector is standard baro-
tropic matter given by an isotropic perfect fluid

Tμ
ν ¼ diagðρ;−p;−p;−pÞ; ð23Þ

where ρ is the matter energy density and p is the pressure.
We will also assume all dynamical quantities, including the
scalar field ϕ, are homogeneous, depending only on the
time t.
Inserting this FRW tetrad into the field equations (18)

gives us the following Friedmann equations,

3H2 ¼ κ2ðρþ ρϕÞ; ð24Þ

3H2 þ 2 _H ¼ −κ2ðpþ pϕÞ: ð25Þ

HereH is the Hubble parameterH ¼ _a
a and we have defined

the energy density and pressure of the scalar field as
follows:

ρϕ ¼ 1

2
_ϕ2 þ VðϕÞ − 3ξH2ϕ2 þ 6χHϕ _ϕ; ð26Þ

pϕ ¼ 1

2
ð1 − 4χÞ _ϕ2 − VðϕÞ þ 2Hϕ _ϕð2ξþ 3χÞ

þ 3H2ϕ2ðξþ 8χ2Þ þ 2ϕ2 _Hðξþ 6χ2Þ þ 2χϕV 0ðϕÞ:
ð27Þ

And the Klein-Gordon equation (21) reduces to

ϕ̈þ 3H _ϕþ 6ðξH2 þ χð3H2 þ _HÞÞϕþ V 0ðϕÞ ¼ 0: ð28Þ

In the above derivations we have used that the torsion scalar
and boundary term can be written as

T ¼ −6H2; B ¼ −18H2 − 6 _H: ð29Þ
We see that the coupling to the torsion scalar introduces a

term proportional to ϕ2 in the first Friedmann equation (24),
whereas the boundary term involves the addition of a ϕ _ϕ
term. One can define the equation of state of the dark
energy or scalar field as the following ratio of the scalar
field pressure and energy density,

wϕ ¼ pϕ

ρϕ
: ð30Þ
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And also we define the total or effective equation of state as

weff ¼
pþ pϕ

ρþ ρϕ
: ð31Þ

Analogously to the standard matter energy density

Ωm ¼ κ2ρ

3H2
; ð32Þ

we will define the density parameter of the dark energy or
scalar field as

Ωϕ ¼ κ2ρϕ
3H2

; ð33Þ

so that the relation 1 ¼ Ωm þΩϕ holds.
In this model matter does not identically obey the

standard conservation equation; rather we find that

_ρþ 3Hðρþ pÞ ¼ 36χðξþ χÞH3ϕ2 ≕ Qϕ; ð34Þ
and also

_ρϕ þ 3Hðρϕ þ pϕÞ ¼ −36χðξþ χÞH3ϕ2 ¼ −Qϕ; ð35Þ

so in general the nonminimal coupling induces a transfer of
energy between the matter sector and the dark energy
sector, characterized by the factor Qϕ. There are only two
cases when the matter conservation equation holds iden-
tically, when we have a nonminimal coupling only to the
torsion scalar T, when χ ¼ 0, or we have a nonminimal
coupling to the Ricci scalar R, when χ ¼ −ξ. In general the
total matter conservation law ∇μðTðmÞ

μν þ TðϕÞ
μν Þ ¼ 0 still

holds true. The sign of the factor Qϕ will determine the
direction of transfer of energy. If Qϕ is positive, we have a
transfer of energy from the dark energy to the matter,
whereas if Qϕ < 0 there is a transfer of energy in the
opposite direction [72]. Interacting quintessence models
have been studied extensively in the literature (see [73–76]
and references within), although to the best of the authors’
knowledge an interaction function Qϕ proportional to the
cube of the Hubble parameter has not previously been
considered.

V. NONMINIMAL COUPLING PURELY TO THE
BOUNDARY TERM

In this section we analyze in detail using dynamical
systems techniques the case where ξ ¼ 0, where we purely
have a coupling of the scalar field to the boundary term. In
this case the quantity Qϕ is always positive, and so there is
an energy flow from dark matter to dark energy.

Let us introduce the dimensionless variables

σ2 ¼ κ2ρ

3H2
; x2 ¼ κ2 _ϕ2

6H2
;

y2 ¼ κ2V
3H2

; z ¼ 2
ffiffiffi
6

p
κχϕ; ð36Þ

which straightforwardly generalize the normalized varia-
bles used to analyze standard quintessence [77]. The first
Friedman equation (24) written in these variables is simply
the constraint

1 ¼ σ2 þ x2 þ y2 þ xz; ð37Þ

which will define the boundary of our phase space.
The phase space will be three dimensional, and we

choose to work with the variables x, y, and z. Since the
energy density of matter is non-negative, the relation

x2 þ y2 þ xz ≤ 1 ð38Þ

must be satisfied. As in standard quintessence, due to
symmetries of the system, we can assume without loss of
generality that our potential is positive and so we only need
to consider y > 0. There is no restriction on the sign of x or
z, since _ϕ can be positive or negative, as can χ. This means
that generically our phase space is noncompact, except in
the case of a minimal coupling with χ ¼ 0. If we further
introduce the variables x ¼ uþ v and z ¼ −2v then the
phase space becomes

u2 − v2 þ y2 ≤ 1; ð39Þ

which we see is simply hyperbolic space H2.
In what follows we will assume that the pressure is

linearly related to the energy density via the standard
equation of state, p ¼ wρ, with w the constant matter
equation of state parameter. w is physically constrained to
lie between w ¼ 0 corresponding to (dark) matter and
w ¼ 1=3 corresponding to radiation.
We define the quantity N ¼ ln a and denote derivatives

with respect to N by a prime:

x0 ¼ dx
dN

¼ 1

H
dx
dt

: ð40Þ

Now in these variables, the equations of motion can be
written as the following autonomous system of first order
differential equations,

x0 ¼ −
2

ffiffiffi
6

p
y2λðxz − 2Þ þ ð2xþ zÞð6x2ð4χ þ w − 1Þ þ 6xðw − 1Þzþ 6y2ðwþ 1Þ − 6wþ z2 þ 6Þ

2ðz2 þ 4Þ ; ð41Þ
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y0 ¼ −
yð ffiffiffi

6
p

λðxðz2 þ 4Þ þ 2y2zÞ þ 4ð3x2ðw − 1Þ þ 3xðw − 1Þzþ 3y2ðwþ 1Þ − 3w − z2 − 3ÞÞ
2ðz2 þ 4Þ ; ð42Þ

z0 ¼ 12χx: ð43Þ

Here we have defined the quantity λ by

λ ¼ −
V 0ðϕÞ
κVðϕÞ : ð44Þ

In order to close the system we will have to specify a form
of λ. For the autonomous system to remain three dimen-
sional, one needs to choose a form of the potential such that
λ can be written in terms of the variables x, y and z. In this
work we will assume the potential V to have an exponential
form of the kind

VðϕÞ ¼ V0e−λκϕ; ð45Þ

with V0 a constant. This ensures that λ is simply a constant.
However this is not the only choice that will give a closed
three-dimensional system. One could also consider a power
law potential of the form

VðϕÞ ¼ Mαþ4

ϕα ; ð46Þ

where α is a constant and M is a positive constant with the
units of mass. In the context of late time acceleration of the
Universe, α is usually taken to be positive; however when
considering inflation negative α is often considered. In
either case, this would allow one to write λ in terms of z as

λ ¼ 2
ffiffiffi
6

p
αχ

z
: ð47Þ

However we will leave the analysis of such a potential for
future work.

A. Finite critical points

Let us denote the above autonomous system (41)–(43) as

xi ¼ fiðx; y; zÞ; xi ¼ ðx; y; zÞ: ð48Þ
Critical or fixed points of (48) correspond to ðx�; y�; z�Þ
that are solutions to all three equations fiðx�; y�; z�Þ ¼ 0.
We note that the right-hand side of the dynamical system
(41)–(43) suffers from no singularities since the denomi-
nator is always well defined.
We can rewrite physical quantities in terms of the new

variables x, y and z. We find for the effective equation of
state that

weff ¼
3x2ðwz2 − 16χ þ 4Þ þ 3xzðwz2 þ 4Þ þ y2ð3wz2 − 2

ffiffiffi
6

p
λz − 12Þ þ ð1 − 3wÞz2

3ðz2 þ 4Þ : ð49Þ

Now at a fixed point, one can integrate the second
Friedmann equation (25) explicitly to find a, and it is
found as

a ∝ ðt − t0Þ2=½3ð1þweffÞ�: ð50Þ

This means that the Universe expansion will be accelerating
if weff < −1=3. We can also express the energy density of
the matter and scalar field in terms of x and y:

Ωm ¼ 1 − x2 − y2 − xz; ð51Þ

Ωϕ ¼ x2 þ y2 þ xz: ð52Þ

A list of the critical points, along with their condition for
existence, is displayed in Table I. We emphasize that the
points A�, B andC appear only in the case when χ ¼ 0, and
are simply the standard critical points of quintessence
models with an exponential potential. However, they are
included in the table for completeness. In the generic case

when χ ≠ 0 and λ ≠ 0 the system has only two critical
points given byO andD. This is because the third equation
of our dynamical system (43) forces x ¼ 0, and thus this
severely restricts the possible solution set of the remaining
two equations. In the case of a nonminimal coupling to the
torsion T there are in general three finite critical points; in
this case the number is reduced to only two.
In order to determine the linear stability of these points,

one must analyze the following Jacobian matrix of partial
derivatives,

J ¼ ∂fiðx; y; zÞ
∂xj ; i; j ¼ 1; 2; 3; ð53Þ

evaluated at each of the critical points. Information about
the stability of each of the points is then contained in the
eigenvalues of this matrix. The point will be stable if all
three eigenvalues have a negative real part, unstable if all
three eigenvalues have a positive real part, and will be a
saddle point if there are both positive and negative
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eigenvalues. If one of the eigenvalues is zero then the
critical point is said to be nonhyperbolic, and then one must
go beyond a simple linear stability analysis treatment; for a
discussion of how to do this, see for instance [78].
However, all of our critical points are hyperbolic so such
a treatment will not be needed here.
The eigenvalues and stability properties of the critical

points are displayed in Table II. The points A�, B and C
exist only for χ ¼ 0, in which case z ¼ 0 identically and the
system reduces to a two-dimensional system. Hence only
the eigenvalues of the reduced two-dimensional system are
displayed. The eigenvalues of point D are denoted by
Δ1;Δ2 and Δ3, as the full expressions are extremely long,
and are degree-8 polynomials in λ. These eigenvalues are
also too complicated to analyze their stability properties
analytically; however by numerically plotting the region in
which all three eigenvalues have negative real part in the
χ − λ plane, it appears that for χ > 0 the point is always a

stable spiral (since the imaginary part of two of the
eigenvalues does not vanish), whereas for χ < 0 there is
always at least one negative and one positive eigenvalue
and hence the point is a saddle.

B. Critical points at infinity

Now since the phase space is not compact, we must
carefully check whether there are critical points at infinity.
An analysis of the dynamics at infinity is important to
understand the global stability of the system. There are a
number of approaches one can take to doing this. One
approach is to use projective coordinates, a technique
recently used in [67]. One could also use a function such
as arctan to compactify the variables; see for example [73].
In this work we follow the approach used in [52], and use

Poincaré variables to compactify the phase space [79]. We
begin by introducing the compactified coordinates xr, yr
and zr like so:

TABLE I. Critical points of the autonomous system (41)–(43), along with the conditions for existence of the point.
Points A�, B and C exist only when χ ¼ 0, corresponding to standard quintessence.

Point x y z Existence

O 0 0 0 ∀ λ; χ
A� �1 0 0 χ ¼ 0

B
ffiffi
3
2

q
ð1þwÞ

λ

ffiffi
3
2

q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1þwÞð1−wÞ

p
λ

0 χ ¼ 0 and λ2 > 3ð1þ wÞ

C λffiffi
6

p
ffiffiffiffiffiffiffiffiffiffiffi
1 − λ2

6

q
0 χ ¼ 0 and λ2 < 6

D 0 ffiffi
3
2

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
wþ1

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4λ2þ9wþ9

p
−3w−3

p
λ

ffiffi
3
2

p
ð ffiffiffiffiffiffiffi

wþ1
p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

4λ2þ9wþ9
p

−3w−3Þ
λ

∀ λ; χ

E 0 1 0 λ ¼ 0 and χ ≠ 0

TABLE II. Stability and eigenvalues of the critical points of the dynamical system (41)–(43) along with the effective equation of state
assuming a (dark) matter equation of state w ¼ 0.

Point weff Acceleration Eigenvalues Stability

O 0 No 3
2
, − 3

4
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 16χ
p þ 1Þ, 3

4
ð ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 16χ
p

− 1Þ Saddle node

A− 1 No 3, 3þ
ffiffi
3
2

q
λ Unstable node: λ > −

ffiffiffi
6

p

Saddle node: otherwise
Aþ 1 No 3, 3 −

ffiffi
3
2

q
λ Unstable node: λ <

ffiffiffi
6

p

Saddle node: otherwise
B 0 No 3

4
þ 3

ffiffiffiffiffiffiffiffiffiffiffi
24−7λ2

p
4λ , − 3

4
þ 3

ffiffiffiffiffiffiffiffiffiffiffi
24−7λ2

p
4λ

Stable node: 3 < λ2 < 24=7

Stable spiral: λ2 > 24=7
C λ2−3

3
λ2 < 2 λ2 − 3, 1

2
ðλ2 − 6Þ Stable node: λ2 < 3 & λβ > ðλ2 − 3Þ

Saddle node: β < ðλ2 − 3Þ=λ
D −1 Yes Δ1, Δ2, Δ3 Stable spiral: χ > 0

Saddle point: χ < 0

E −1 Yes −3, − 3
2
ð ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 8χ
p þ 1Þ Stable spiral: χ > 1=8

3
2
ð ffiffiffiffiffiffiffiffiffiffiffiffiffi

1 − 8χ
p

− 1Þ Stable node: 0 < χ < 1=8

Saddle point: χ < 0
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xr ¼
xffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ r2
p ; yr ¼

yffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ r2

p ; zr ¼
zffiffiffiffiffiffiffiffiffiffiffiffiffi

1þ r2
p ;

ð54Þ

where r2 ¼ x2 þ y2 þ z2. We also define the quantity
ρ ¼ rffiffiffiffiffiffiffiffi

1þr2
p , so that x2r þ y2r þ z2r ¼ ρ2. This means the

dynamics at infinity will now be captured by taking the
limit ρ → 1. We then make a further coordinate trans-
formation, transforming the Poincaré variables into spheri-
cal polar coordinates as so:

xr ¼ ρ cosθ sinφ; zr ¼ ρ sinθ sinφ; yr ¼ ρ cosφ;

ð55Þ

where the variables lie in the range ρ ∈ ½0; 1�, θ ∈ ½0; 2π�
and since we are restricting ourselves to y ≥ 0 the angle φ
lies in the restricted range φ ∈ ½− π

2
; π
2
�.

The Friedmann constraint (38) can be written in Poincaré
variables as

2x2r þ 2y2r þ z2r þ xrzr ≤ 1; ð56Þ

and hence the phase space will be the intersection of this
ellipsoid with the Poincaré sphere

x2r þ y2r þ z2r ≤ 1: ð57Þ

Transforming our dynamical system (41)–(43) into these
new variables, in the limit ρ → 1 we find the following,

ρ0 ¼ 0; ð58Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ρ2

q
θ0 ¼

ffiffiffi
6

p
λ cos θ cosφ cotφ; ð59Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − ρ2

q
φ0 ¼

ffiffiffi
3

2

r
λ cosφð2 sin θcos2φþ cos θsin2φÞ; ð60Þ

and hence the angular part of the equation decouples.
Setting the right-hand side of these equations equal to zero,
we find that we must have cosφ ¼ 0, and hence the critical
points are those at infinity which obey

xr ¼ � cos θ;

zr ¼ � sin θ;

yr ¼ 0: ð61Þ

Now we can use this to find an equation for θ0. We go
back to the equations derived for x0r, y0r and z0r and insert the
ansatz (61), and then use the chain rule to find an
expression for θ0:

θ0 ¼ −24χ cos θ cot θðsin θ þ cos θÞ − 2 sin 2θ

þ 19

4
cos 2θ þ 6 cot θ þ 17

4
: ð62Þ

Setting the right-hand side of this equal to zero gives the
critical points at infinity. There are in general six solutions
to this equation; however the found solutions are too long to
express analytically. Moreover not all of these points at
infinity obey the Friedmann constraint (56); however
determining how many of the solutions do is impossible
analytically for a general χ.
In the Poincaré variables we have that the dark energy

density parameter is given by

Ωϕ ¼ x2r þ y2r þ xrzr
1 − x2r − y2r − z2r

: ð63Þ

At the critical points of (62), this dark energy density
parameter is divergent. Similarly, since the relation 1 ¼
Ωm þ Ωϕ the matter energy density will also be divergent at
this point, and so these points are not of physical interest
[52]; they are only of mathematical interest. Thus the model
has no physically relevant critical points at infinity.
Nonetheless, since our phase space is noncompact, and
the boundary of our phase space is an abnormal shape, we
will continue using the Poincaré variables when plotting the
trajectories.

C. Cosmological implications

In this section we will discuss the dynamics of the above
system. We will first briefly review the dynamics of
minimally coupled quintessence and nonminimally
coupled teleparallel energy in order to compare our results.
The minimally coupled quintessence is achieved by

setting χ ¼ 0 in the above model. The dynamical system
is then two dimensional and the phase space is simply the
upper half unit disc. This scenario has potentially five
critical points, O, A�, B and C. Point O is the matter
dominated point, and it is always a saddle point, as required
by cosmological observation. The points A� are both
unphysical stiff matter points with effective equation of
state weff ¼ þ1. These points can either be saddle points or
early time attractors depending on the value of the
parameter λ. The point B is of particular interest cosmo-
logically since it is a scaling solution, the effective equation
of state exactly mirrors the matter equation of state
weff ¼ w, despite the fact that the energy density of the
scalar field does not vanish at this point.
The point C is entirely scalar field dominated, and exists

only for λ2 < 6. For a suitably flat potential λ2 < 2, this
point can describe an accelerating universe; however the
effective equation of state is bounded below by −1, and
thus crossing into the phantom regime is not possible, and λ
has to approach zero for weff to approach−1. For λ2 < 3 the
late time attractor is given by this point C, whereas for
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λ2 > 3 point B is the global attractor. Hence it is possible in
these models to achieve a late time accelerating attracting
solution. A typical plot of the two-dimensional phase space
of these quintessence models is displayed in Fig. 1, where
the parameter choice λ ¼ 1 is chosen. Here we see that
many trajectories pass close to the matter dominated origin
before passing through the shaded acceleration region
before ending at the late time attractor at point C.
Teleparallel dark energy, on the other hand, means we

must take χ ¼ 0 but restore ξ into our action (17). The
phase space analysis was first explored in [57], and a
further analysis, where critical points at infinity were taken
into account, was performed in [52], and it is this analysis
we review here. For generic ξ and λ, the system has three
finite critical points, the origin O, along with two further
points F and G (following the same point labels as in [52]).
Along with these finite points, there are a further four
critical points at infinity, denoted by K� and L�.
The critical points at infinity are either saddle points or

unstable; however the points K� can give rise to an
accelerating universe, and thus these models are able to
undergo transient inflationary periods. The points F and G
both describe dark energy dominated points, with effective
equation of state weff ¼ −1. The point G is only a saddle
node; however the point D is stable for λ2 < ξ, and thus for
a large class of parameters these models have a late time
accelerating attractor, without requiring any fine-tuning.
One can also get weff ¼ −1 while still having an arbitrary
value of the potential, which is a significant advantage over
standard quintessence, which requires a very small λ to
achieve such an acceleration.
Now let us explore the features of our model. The points

A�, B and C only exist in the limit χ → 0, and of course the
points exhibit the same behavior as the above discussion.
The point O exists also for χ ≠ 0, and corresponds to a
matter dominated universe with no scalar field contribution.
This point remains a saddle point for all χ and λ. The model
has two further critical points D and E. The point E exists
only when the parameter λ ¼ 0, meaning that the potential

is simply a constant. This point is entirely dominated by the
potential term, and simply corresponds to a standard de
Sitter type expansion, with the potential behaving exactly
as a cosmological constant. This point also exists in the
nonminimal teleparallel case and standard quintessence.
The point D exists only for χ ≠ 0, and so it is unique to

this model, although its coordinates are independent of χ.
At this point the energy density from the kinetic energy of
the scalar field vanishes, but it has both contributions from
both the matter sector and the potential energy of the scalar
field. It has an effective equation of state weff ¼ −1
independent of the values of χ and λ. For positive χ this
point is always a stable spiral, independent of λ and hence it
will always describe a late time accelerating attractor
solution without requiring any fine-tuning.
In Fig. 2 we display some typical trajectories in the three-

dimensional Poincaré phase space for the particular param-
eter choice λ ¼ 2 and χ ¼ 1. The boundary of the phase
space is given in Poincaré coordinates by the intersection of
(56) and (57). Trajectories can pass close to the matter
dominated origin O, before all trajectories end at the late
time accelerating point D.

FIG. 1. Phase space showing trajectories of standard quintes-
sence models, for the particular parameter choice w ¼ 0, λ ¼ 1
(with χ ¼ 0). The point C is the late time accelerating attractor,
with the shaded region indicating the region of acceleration.

FIG. 2. Phase space showing trajectories of the dynamical
system (41)–(43) in Poincaré variables when χ ¼ 1, λ ¼ 2 and
w ¼ 0. Point D is the global attractor.

FIG. 3. Phase space showing trajectories of the dynamical
system (41)–(43) projected onto the x − y plane when χ ¼ 10−3,
λ ¼ 2 and w ¼ 0. The points A� and B are quasistationary. Point
D is again the global attractor.
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In Fig. 3 we display a two-dimensional projection onto
the x − y plane for the phase space when the parameter
values are λ ¼ 2 and χ is chosen so that it is close to zero,
χ ¼ 10−3. In this case the critical points of standard
quintessence, points A�, B and C behave as quasistationary
points. Trajectories are still attracted close to these points.
In the plot shown, trajectories start near the early time
unstable points A� and are drawn towards the quasiscaling
solution B. However, B is no longer a true critical point and
so trajectories then travel to the stable global attractor D,
which is not present in standard quintessence.
The dynamics of the dynamical system are less interest-

ing from a cosmological point of view when one considers
a negative coupling χ. In this case the pointD is no longer a
global attractor, and trajectories are instead drawn towards
the unphysical critical points at infinity. Such a scenario is
displayed in Fig. 4. The points H�

∞ lie on the boundary of
the Poincaré sphere, and these are the mathematical critical
points at infinity corresponding to the fixed point of
equation (62). Trajectories move towards the quasicritical
point B before ending at one of these points at infinity, but
as already noted above they are unphysical since both Ωm
and Ωϕ are divergent at these points. Such models are
therefore not physically viable.

VI. DISCUSSION

In this work we proposed introducing a nonminimal
coupling of a scalar field to both the torsion scalar T and the
boundary term B. This model incorporates both nonmini-
mal coupling to the Ricci scalar and a nonminimal coupling
to the torsion scalar in suitable limits. We analyzed in detail
the dynamics of the background cosmology when we have
simply a coupling to the boundary term. It is found that for
a positive coupling, the system generically evolves to a late
time dark energy dominated attractor, whose effective
equation of state is exactly −1. This is independent of

the potential, and thus requires absolutely no tuning of the
potential to achieve this.
Moreover while the system is evolving close to this late

time attractor, the phantom barrier can indeed be crossed, a
scenario impossible without the presence of the coupling.
We display a plot typical of such behavior in Fig. 5. It is
seen that the effective equation of state can cross the
phantom barrier, and indeed cross from both directions,
oscillating around the barrier before settling at its final late
time de Sitter type expansion.
The global dynamics of these models is simpler than the

case of the nonminimally coupled torsion scenario. There
are fewer critical points, and there are no longer any
physical critical points at infinity. Teleparallel dark energy
also possesses saddle points describing an accelerating
universe and hence can exhibit transient periods of infla-
tion. Such a scenario is not possible in our model as we
have no accelerating saddle points.
An investigation of the full phase space when a coupling

to both T and B is present could in principle be analyzed in
future. In our case however we focused only on a coupling
to the boundary term here to analyze the effects of this new
contribution. One should also investigate the role of the
Solar System and other observational constraints placed on
these nonminimally coupled models, analogous to [53]. In
this work we focused on exploring the background cos-
mology and so furthermore the cosmological perturbations
should also be investigated, along the lines of [56].
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FIG. 4. Phase space showing trajectories of the dynamical
system (41)–(43) when χ ¼ −10−3, λ ¼ 2 and w ¼ 0. Trajecto-
ries end at unphysical critical points lying at infinity.

FIG. 5. Plot of weff against N for a typical trajectory when the
parameters λ ¼ 2, χ ¼ 1 are chosen. The dashed line indicates the
phantom barrier.
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