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Abstract

In this paper, a model is developed for an elastic perfectly-plastic structural
beam system subjected to general pulse-pressure loadings - this may be either
impulsive or non-impulsive - which is capable of capturing large non-linear
deformation, ductile damage evolution and its consequential failure. The
proposed model is an extension of Schleyer and Hsu (2000) by incorporating
interactions between bending, membrane stretch and transverse shear in the
fully plastic stress state, and uses damage mechanics to capture the loss of
integrity at the supports and the subsequent beam detachment. Predictions
by the model were validated against existing experimental data from litera-
ture and to three-dimensional finite element models developed in this paper.
Parametric studies were performed to elucidate the effects of loading duration
on the mode of deformation by the beam and the critical conditions govern-
ing their transition. The efficacy of Youngdahl’s technique (Youngdahl, 1970,
1971) on desensitising pulse shape effects is also investigated using different
pressure pulse profiles and it will be shown that the technique is successful
only for monotonically decaying pulse-pressures.
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1. Introduction

The deformation and damage of ductile structural components - beams,
plates and shells - to intense pulse-pressure loading are especially pertinent
to the nuclear, offshore and defence industries. Of particular interests is their
response to pulse-pressure loading, such as one generated by a blast. A con-
siderable body of literature exists that dealt with the response of structures
to short-duration, high-intensity transverse pressure pulses (referred to, here-
inafter, as impulsive loadings) where the duration of the pulse is insignificant
compared to the natural response time of the structure. In real-life, however,
the majority of these pulses are, in fact, non-impulsive - this is typically the
case if the source of an explosion occurs at a considerable standoff distance
from the target structure (Ramajeyathilagam and Vendhan, 2004; Langdon
et al., 2014; Spranghers et al., 2013). The comparatively limited literature
on how structures respond to intense non-impulsive loadings is one of the
motivations behind the present work.

Menkes and Opat (1973) identified three distinct damage modes that are
characteristics of clamped ductile beams subjected to impulsive loadings:
viz. mode I - large inelastic deformation; mode II - tensile tearing over the
support; mode III - transverse shear failure at the support. The terms ‘de-
formation modes’ and ‘damage modes’ are often used interchangeably. Of
note is that damage in modes II and III always initiates in the region of the
beam abutting the support although, in reality, a sharp distinction between
the two modes is not found. There exist several analytical models - Jones
(1976), Yu and Chen (2000), Shen and Jones (1992), Wen (1996) and Alves
and Jones (2002a,b) to name a few - on predicting the critical impulses cor-
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responding to mode transitions. However, nearly all were formulated within
the constitutive framework of limit analysis and assumed impulsive loading
conditions. The model by Jones (1976) proposed that the critical impulsive
velocity for mode I→II occurs when the maximum in-plane strain - arising
from catenary (membrane) and bending actions - over the supports reaches
the critical tensile strain of the material from which the beam is made; and
when the maximum transverse shear sliding at the support reaches the beam
thickness for the corresponding mode III damage. In reality, however, mem-
brane forces must play a significant role during failure in mode III and,
likewise, with transverse shear force in mode II. To address this, Shen and
Jones (1992) developed an energy-based failure criterion to account for the
simultaneous influence of bending, membrane stretch and transverse shear
that is applicable to a broad class of dynamic structural problems. It states
that damage (either in mode II or III) occurs when the specific dissipation
(density of plastic work) θ at a point in the structure reaches a critical value
of θc =

∫ εr
0 σddε where εr and σd are the true rupture strain and the true

dynamic stress of a uniaxial tensile test, respectively, which they assumed
are equal to the equivalent strain and stress in the actual structure. They
found that transition from mode II to III occurs at the critical value of
βc = 0.45, where β is the ratio of the plastic work absorbed through shear-
ing deformation to the total plastic work done by all the stress components.
Yu and Chen (2000) studied transverse plastic shear failure at the support
in mode III where the efficacy of βc = 0.45, previously obtained by Shen
and Jones (1992), was assessed against different forms of interactive yield
criteria; furthermore, the weakening effects of the sliding sections - treated
as a transverse-displacement discontinuity - during the failing process is also
included in their model.

Although predictions for critical impulses by the aforementioned agree rea-
sonably well with experimental data by Menkes and Opat (1973), all the
models were formulated within the constitutive framework of limit analysis

3



which disregards the influence of material elasticity. Whether these rigid-
plastic methods of analysis provide an acceptable approximation of the dy-
namic response of actual elasto-plastic structures is, consequently, an im-
portant issue. Symonds (1985) showed that a rigid-plastic analysis may be
acceptable if the energy ratio R� 1, where R is the ratio of the total energy
imparted by the loading Ein to the maximum elastic strain energy capacity
Umax
e of the structure given by

R = Ein

Umax
e

. (1)

This problem was re-investigated by Symonds and Frye (1988) through a
single-degree-of-freedom (SDOF) mass spring model - using either an elastic
perfectly-plastic or rigid perfectly-plastic spring - where it was found that a
large energy ratio (R � 1) is a necessary, but not a sufficient, condition for
a rigid-plastic approximation. If the duration of the load pulse is not brief in
comparison to the fundamental period of elastic vibration of the structure,
a rigid-plastic idealisation would lead to an unacceptably high error, by as
much as 60%. In some cases this error may even be negative, i.e. the rigid-
plastic solution grossly underestimates the final deformation of the structure
(Stronge and Yu, 1993). Subsequent investigation by Yu (1993) on how
elasticity affects the dynamic plastic response of cantilever beams showed
that both the pulse shape and its rise time have a significant influence on the
final beam deformation.

It is evident that existing models based on rigid-plastic methods cannot be
used to study the dynamic response of elasto-plastic beams subjected to
intense non-impulsive loadings. In addition, it is unclear as to how pulse
shape, and its duration, influence the mode of deformation and how limits
to deformation due to necking localisation and/or ductile fracture affects the
final performance of a structure. The aforementioned issues are addressed in
this paper which will present the results of a detailed analytical and numer-
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ical study. To this end, a model is developed for an elastic perfectly-plastic
structural beam system which is sufficiently general to (1) model large elasto-
plastic deformation with catenary actions; (2) incorporate the interactions
between bending, membrane and shear in the yield and plastic limit func-
tions; (3) model the loss of integrity at the supports through ductile damage
evolution and its subsequent catastrophic failure; and, (4) account for gen-
eral (impulsive and non-impulsive) loading conditions. For the sake of defi-
niteness, damage shall refer to the onset and subsequent degradation of the
generalised stresses in the beam, and at its supports, as opposed to failure
which will refer to a complete loss of load carrying capacity, exemplified by
the catastrophic detachment of the beam from its supports.

The outline of this paper is as follows: Section 2 presents the development of
the structural beam system model; details of the finite element model is given
in Section 3; in Section 4, a comparison between the analytical, numerical
predictions, and the experimental results is made; and, Section 5 presents
the results of the parametric studies to elucidate the effects of pulse duration
and pulse shape on the deformation and mode of damage in elasto-plastic
beams.

2. Formulation of an elasto-plastic structural beam system

The model by Schleyer and Hsu (2000) will be extended here to include
the following additional features: (1) The effects of transverse shear force
at the support were previously neglected which were known to play a key
role in modes II and III (Li and Jones, 2000; Shen and Jones, 1992). The
current model accounts for this through the introduction of a vertical spring
at the support; (2) A ‘square’ fully plastic stress condition was used previ-
ously to decouple the interactions between bending moment and membrane
force following plastic hinge formation. The current model incorporates an
interactive fully plastic stress condition to allow the simultaneous influence
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of transverse shear, axial membrane force and bending moment to be consid-
ered; (3) It was previously assumed that a static plastic hinge forms either at
the support or/and the mid-span of the beam when the corresponding fully
plastic stress condition is met. The current model incorporates travelling
plastic hinges; and (4) Predictions by Schleyer and Hsu (2000) were confined
to the mid-span deflection in mode I since it did not consider the weaken-
ing effects of damage and failure. The current model introduces progressive
damage to capture the loss of integrity at the supports and its subsequent
detachment to capture damage in modes II and III.

2.1. Features of the structural beam system

Figure 1 shows a schematic of a structural beam system which consists of a
ductile beam member supported at each end by three springs (one rotational
and two axials). The beam - made of a rate-independent, elastic perfectly-
plastic material in the present study - is of total length 2L and a uniform
rectangular cross-section of thickness H and width B where L/H � 1 (i.e.
the beam is slender). Following Shen and Jones (1992), a pulse-pressure
loading p(t) is assumed to always impinge normally, and uniformly, over its
entire span regardless of its subsequent transverse deflection. The pressure
pulse can be of any general form: exponentially decaying (EXP), linearly
decaying (LIN), rectangular (REC) etc.

The rotational springs possess elasto-plastic characteristics to model the
beam rotation at each end and the subsequent plastic hinge formation. Both
the axial and vertical springs have rigid-plastic characteristics to model the
‘plastic stretch’ and ‘plastic shear sliding’ actions at the support, respectively.
Collectively, the trio of springs may be regarded as a representation of a fully-
clamped boundary which allows interactions between bending, stretch and
shear to be considered and where damage mechanics will be applied to model
the progressive loss of support integrity. It is worth noting that both experi-
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Figure 1: Schematic of the structural beam system. A plane of geometric and loading
symmetry exists along x = 0, −B/2 ≤ y ≤ B/2, −H/2 ≤ z ≤ H/2 so that only the
right-half needs to be modelled.

ments and analytical studies (Menkes and Opat, 1973; Shen and Jones, 1992;
Wen, 1996) have previously shown that damage (mode II and III) occurs in
the region abutting the support for impulsively-loaded beams. In the case
of non-impulsive loads, the present model, too, assumes that failure occurs
in the same region of the beam member. Detailed three-dimensional (3D)
finite-element simulations, to be presented later in Section 4, will show that
this is, indeed, the case. A plane of geometric and loading symmetry exists
at the mid-span of the beam (x = 0), thus permitting one-half of the beam
to be analysed.

2.2. Fully plastic stress state

The components of stress σ on any cross-section of the beam member, in-
cluding at its supports, give the following stress resultants for axial force
N , shear force Q, axial torque T and bending moment M (Stronge and Yu,
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1993):

N =
∫
A
σxxdA, Q =

∫
A
σxzdA, T =

∫
A

(yσxz−zσxy)dA, M = −
∫
A
zσxxdA

(2)
where A is the cross-sectional area of the beam; y and z are transverse
coordinates measured from the axis through the centroid of every section.
Since the beam is loaded by equal but opposing couples that act in directions
perpendicular to the plane of symmetry, the beam must bend in the plane
of symmetry and does not twist, i.e. T = 0. For slender beam members
where L/H � 1, stress resultants arising from the actions of membrane N ,
shear Q and bending M are analogous to stress components in a continuum
and are referred, hereinafter, as generalised stresses (Stronge and Yu, 1993;
Jones, 1989; Shen and Jones, 1992).

The fully plastic limit function ψp for generalised stresses in a rectangular
cross-section is given by (Stronge and Yu, 1993)

ψp = |M |
M0

√
1− Q2

Q2
0

+ N2

N2
0

+ Q

Q0
− 1 (3)

where M0 = σYBH
2/4, N0 = σYBH and Q0 = 2σYBH/3

√
3 are the fully

plastic bending moment, in-plane membrane force and transverse shear force,
respectively; σY is the static yield strength. It is convenient to express Eq.
3 in non-dimensional form as follows:

ψp = |M̄ |
√

1− Q̄2 + N̄2 + Q̄2 − 1 (4)

where M̄ = M/M0, N̄ = N/N0 and Q̄ = Q/Q0 are the non-dimensional fully
plastic generalised stresses. The fully plastic stress condition ψp = 0 is an
upper bound for stress states that satisfy yield in any part of the cross-section.
This bound for the fully plastic state is based on a simplifying assumption
that the distribution of normal stress in the fully plastic stress state with,
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or without, shear is identical (Stronge and Yu, 1993). Plastic hinge forms at
any cross section where ψp = 0 is reached.

2.3. Damage initiation and evolution

0 eff
d r

d
=1

M Q orN

c

d

b

a

d
<1

Figure 2: Schematic showing non-dimensional generalised stresses as a function of effective
strain pre - (ωd < 1) and post - (ωd = 1) damage initiation.

In this study, damage - not to be confused with ‘damage modes’ used by
Menkes and Opat (1973) - shall refer to the onset and subsequent degradation
of the generalised stresses in the beam member and at its supports. Figure 2
shows a schematic of the generalised stresses (M̄ or N̄ or Q̄) versus effective
strain εeff where points b and c, respectively, indicate the generalised stress
state on any cross-section where the fully plastic stress condition (ψp = 0)
and the damage initiation criterion (ωd = 1) are first satisfied. Thus, the
states of stress along segment b − c correspond to any cross-section that is
fully plastic but does not yet meet the damage initiation criterion, given
later in Eq. 12. Upon damage initiation, the generalised stresses degrade
in accordance to an evolution law, denoted by the line c − d. This section
presents the damage initiation criterion and an evolution law that governs
the softening of these generalised stresses.

In general, the effective strain εeff on any cross-section may be expressed as
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(Wen, 1996; Alves and Jones, 2002a)

εeff =
√

2
9

[
(εxx − εyy)2 + (εyy − εzz)2 + (εxx − εzz)2 + 3

2(γ2
xz + γ2

zy + γ2
xy)
]
.

(5)
For slender beams, it is reasonable to assume that εyy = εzz = −εxx/2 and
γxy = γyz = 0 (Wen, 1996; Alves and Jones, 2002a). Hence, Eq. 5 reduces to

εeff =
√
ε2xx + 1

3γ
2
xz. (6)

The total in-plane strain εxx through any cross-section x comprises of two
parts given by (Wen, 1996; Jones, 1976)

εxx = εm + εb (7)

where the membrane strain εm and bending strain εb may be expressed, re-
spectively, as functions of the transverse mid-span displacement of the beam
WB given by

εm = 2
(
WB

L

)2(x
L

)2
(8)

and
εb = WBH

L2

(
x

L

)
. (9)

Following Wen (1996), Alves and Jones (2002a), Yu and Chen (2000) and
Jones (1976), it is further assumed that the transverse shear strain γxz is
negligible in the beam member but is dependent upon the plastic shear sliding
distance over the shear band at the support. Hence, on any cross-section

γxz =

 0 if 0 ≤ x < L

WS/(l/2) if x = L
(10)

where WS is the plastic shear sliding displacement. Note that l is the width
of the shear band and, following Jones (1976), it is assumed that l = 2H.
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Substituting Eqs. 7 - 10 into Eq. 6, gives an approximate expression for the
effective strain on any cross-section x as follows:

εeff =


2
(
WB

L

)2(
x
L

)2
+
(
WB

L

)(
x
L

)(
H
L

)
if 0 ≤ x < L√[

2
(
WB

L

)2
+
(
WB

L

)(
H
L

)]2
+ 1

3

(
WS

H

)2
if x = L

(11)

It is noted that the effective strain is greatest at the support where x = L

since its two constituent components (total axial in-plane and transverse
shear strains) are both highest there. This is in agreement with Wen (1996)
and Alves and Jones (2002a). Expressions for WB and WS are to be derived
in Section 2.5.

The criterion for damage initiation is met when (ABAQUS, 2010)

ωd = εeff

εd
= 1 (12)

where ωd is a state variable that increases monotonically with effective strain
εeff and εd is the effective strain at the onset of damage. Upon the initiation of
damage, i.e. ωd = 1, progressive softening of the non-dimensional generalised
stresses follows

|M̄ | = |M̄ f |(1−D), N̄ = N̄ f (1−D) and Q̄ = Q̄f (1−D) (13)

where D is the damage variable; M̄ f , N̄ f and Q̄f are the non-dimensional
bending moment, membrane force and transverse shear force at the onset
of damage, respectively. For the sake of simplicity, a linear evolution of
the damage variable D with effective strain εeff is adopted here as follows:
(ABAQUS, 2010)

D = εeff − εd
εr − εd

(14)

where εr is the rupture strain in a uniaxial tensile test. This definition ensures
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that when D = 1, generalised stresses reduces to zero.

2.4. Failure criteria

Failure shall refer to a complete loss of load carrying capacity by the beam
member through complete detachment from its supports. Experiments by
Menkes and Opat (1973) have shown that an impulsively loaded beam always
fails at its supports for modes II and III; this is also in agreement with
predictions by the analytical models of Wen (1996) and Alves and Jones
(2002a). Here, Eq. 11 too shows that εeff is greatest at the support (x = L)
where damage is expected to initiate and evolve. Therefore, failure criteria
need only be established for the supports in Fig 1.

The criteria delineating the different modes of failure, identified by Menkes
and Opat (1973), are as follows:

Mode I : D < 1, ωs < 1 (15a)

Mode II : D = 1, ωs < 1 (15b)

Mode III : D = 1, ωs ≥ 1 (15c)

The state variable ωs is expressed as

ωs = β

βc
= 1, (16)

where β is the ratio of the plastic work absorbed through shearing defor-
mation to the total plastic work done by all the stress components given by
(Shen and Jones, 1992)

β = Es
S

Es
S + Eb

S + Em
S

(17)

where Es
S is the shear strain energy obtained via the vertical spring; Eb

S is the
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bending strain energy of the rotational spring; Em
S is the membrane strain

energy obtained via the horizontal axial spring; and, βc is the critical β value
marking the transition from mode II to III. For aluminium beams, Yu and
Chen (2000) have found that βc corresponding to a square yield criterion
is larger than 0.45 by Shen and Jones (1992) for an interactive yield crite-
rion. Furthermore, they also found that βc is a material-dependent parame-
ter which is independent of geometry. Since an interactive fully plastic limit
function is used here and material properties corresponding to Aluminium
6061-T6 - the same as Shen and Jones (1992) and Yu and Chen (2000) - is
used in the FE simulations to be presented in Section 4, it is reasonable to
assume that βc = 0.45.

2.5. Equations of motion

The transverse displacement at any point x (x > 0) of the structural beam
system may be approximated as a sum of n generalised displacements and
mode functions given by (Williams, 1996)

W (x, t) =
n∑
i=1

φi(x)wi(t) (18)

where the partial functions φi(x) are admissible mode functions that satisfy
the geometric boundary conditions and the temporal functions wi(t) are gen-
eralised transverse displacements to be determined by the Lagrange equations
of the 2nd kind. Since the transverse displacement is represented here by the
sum of polynomials, instead of the normal modes of transverse vibration in a
beam system, φi(x) need not be orthogonal (Williams, 1996). According to
Eq. 18, the displacement at the mid-span and support are given, respectively,
by

WB(t) = W (x = 0, t) and WS(t) = W (x = L, t). (19)
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The corresponding velocity (Ẇ ) and acceleration (Ẅ ) fields also use the same
partial functions given by

Ẇ (x, t) =
n∑
i=1

φi(x)ẇi(t) and Ẅ (x, t) =
n∑
i=1

φi(x)ẅi(t). (20)

Defining the generalised mass of the beam as

Mij =

 m
∫ L
0 φi(x)φj(x)dx if i 6= j

m
∫ L

0 φ2
i (x)dx if i = j

(21)

where m is the mass per unit length, the total kinetic energy of the beam
system at any given time t can be expressed as

EK = 1
2m

∫ L

0
Ẇ 2(x, t)dx = 1

2

n∑
i

n∑
j

Mijẇiẇj. (22)

The total potential (strain) energy of the entire beam system is

EP = Eb
S + Es

S + Em
S︸ ︷︷ ︸

support

+Eb
B + Em

B︸ ︷︷ ︸
beam

(23)

where Eb
B and Em

B are the bending and membrane strain energies of the beam
member, respectively; Es

S, Eb
S and Em

S are the shear, bending and membrane
strain energies associated with the vertical, rotational and axial springs, re-
spectively, at the supports. Note that subscripts S and B are used here to
denote support and beam member, respectively; whilst, superscripts s, b and
m denote shear, bending and membrane, respectively. The generalised force
is given by

Qi = p(t)
∫ L

0
φi(x)dx, i = 1, 2, ..., n. (24)
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Since the Lagrangian of the structural beam system is

L = EK + V, (25)

the differential equations governing wi are obtained by substituting Eqs. 25
and 24 into the well-known Lagrange equation of the 2nd kind

d
dt

(
∂L
∂ẇi

)
+ ∂L
∂wi

= Qi, i = 1, 2, ..., n (26)

to give

n∑
j=1

Mijẅj + ∂EP

∂wi
= p(t)

∫ L

0
φi(x)dx, i = 1, 2, ..., n. (27)

The key to obtaining the governing equations of motion in Eq. 27 is to de-
rive the various strain energy components (Eb

S, Es
S, Em

S , Eb
B and Em

B ) in Eq.
23. Following Schleyer and Hsu (2000) and Biggs (1964), the dynamic re-
sponse of the beam system will be divided into three separate phases and the
strain energy components corresponding to each are derived in the following
subsections.

Note that each phase of motion has its own unique set of initial conditions
and associated displacement (and velocity) field. In the present study, the
transitional conditions between phases follow the proposal by Symonds et al.
(1984), which is based on the well-known ‘minimum ∆0 technique’. This
technique is commonly employed to determine the starting amplitude of the
‘new’ velocity field by minimising the difference in kinetic energies between
the velocity fields at the end of the terminating phase and at the start of the
new phase (Schleyer and Hsu, 2000; Langdon and Schleyer, 2005; Stronge
and Yu, 1993).
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Figure 3: Schematic of the transverse displacement for the right-half of the structural
beam system in Phase I.

2.5.1. Phase I: 0 < t ≤ t1

In Phase I, it is reasonable to neglect catenary actions and transverse shear
since the transverse deflection is small compared to the beam thickness, i.e.
WB � H (Izzuddin, 2005; Schleyer and Hsu, 2000). To simplify the transi-
tion from an elasto-plastic to a fully plastic stress state, the true moment-
curvature relationship on any cross-section - with its non-linear increase in
yield moment MY to the fully plastic bending moment M0 (shown schemat-
ically in Fig 4) - is replaced by a bilinear approximation to simplify the
calculations of the bending moment (Jones, 1989; Schleyer and Hsu, 2000;
Izzuddin, 2005). Since bending moment is always greatest at either the sup-
port (x = L) or the mid-span (x = 0) of the transversely-loaded beam, one
should expect a plastic hinge to form first at either of these two locations
(Biggs, 1964; Schleyer and Hsu, 2000; Izzuddin, 2005; Langdon and Schleyer,
2005). Consequently, fully plastic limit function given by Eq. 4 need only be
defined at the support and mid-span of the beam, respectively, as follows:

ψpS = |M̄S| − 1 (28)

and
ψpB = |M̄B| − 1. (29)
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Phase I motion ends when either ψpS = 0 or ψpB = 0: whichever is reached
first. Notwithstanding, Schleyer and Hsu (2000) and Fallah et al. (2013)

0

M

M
0

M
Y

Bilinear approximation

Elastic, perfectly plastic

material

Figure 4: Bilinear approximation of the moment-curvature characteristics for an elastic-
perfectly plastic beam system with a rectangular cross-section.

have shown that the sequence of hinge formation depends critically on the
non-dimensional parameter α(= KφL/EI), where E is Young’s modulus and
I = BH3/12 is the beam’s second moment of area. Fallah et al. (2013) found
that when α > 6, a plastic hinge always forms at the support first. To ensure
that the horizontal and vertical axial springs are always perpendicular, a
relatively large rotational stiffness Kφ = 108 N/m is used as suggested by
Schleyer and Hsu (2000). Therefore, it is reasonable to assume that a plastic
hinge always forms first at the support since α� 6.

Following Schleyer and Hsu (2000), an admissible transverse displacement
field for the right-half of the structural beam system in Phase I is

W (x, t) = w1(t)
2

(
1 + cos πx

L

)
+ w2(t) cos πx2L. (30)

The bending strain energies in the beam member and rotational spring are,
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respectively,
Eb
B(t) = EI

2

∫ L

0

[
∂2W (x, t)

∂x2

]2
dx (31)

and
Eb
S(t) = Kφ

2 φ(t)2 (32)

where φ(t) =
∫ L

0 [∂2W (x, t)/∂x2]dx (Langdon and Schleyer, 2005; Schleyer
and Hsu, 2000). Since WB � H, it is reasonable to assume that the strain
energies due to shear and membrane are negligibly small (Izzuddin, 2005);
hence,

Es
S(t) = Em

S (t) = Em
B (t) ' 0. (33)

Substituting Eqs. 31, 32 and 33 into Eq. 27, and using the initial conditions
w1 = w2 = 0 and ẇ1 = ẇ2 = 0 gives the two equations of motion for this
phase. When the fully plastic stress condition at the support is reached, i.e.

ψpS = |Kφφ(t)|/M0 − 1 = 0, (34)

it marks the end of Phase I deformation at the corresponding time of t = t1.

2.5.2. Phase II: t1 < t ≤ t2

In Phase II, the beam member may be assumed to deform in a manner similar
to a simply supported beam - see Biggs (1964). Following Izzuddin (2005),
Fallah and Louca (2007) and Fallah et al. (2013), small transverse deflection
is also assumed for Phase II; hence, the influence of transverse shear and
catenary actions are also ignored. Therefore, the fully plastic stress condition
at the support - since ψpS = 0 - reduces to

|M̄S| = 1 (35)
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whilst the same at the mid-span simplifies to

ψpB = |M̄B| − 1. (36)

Phase II motion ends when ψpB = 0.

L

B

S

M
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M
B

x

W
B

Figure 5: Schematic of transverse displacement profile for the right-hand half of the struc-
tural beam system in Phase II.

An admissible transverse displacement field for Phase II motion is (Schleyer
and Hsu, 2000)

W (x, t) =
[
w1(t1) + w2(t)

]
cos πx2L (37)

where w1(t1) is the terminating amplitude of the generalised displacement
from Phase I at t1. Expressions for strain energy components are identical to
those previously derived for Phase I (Eq. 31 for Eb

B; Eq. 33 for Em
B , Es

S and
Em
S ) with the notable exception of the bending strain energy of the rotational

spring at the support which is as follows:

Eb
S(t) = |MS|[φ(t)− φ1] = M0[φ(t)− φ1] (38)

where φ1 = M0/Kφ. Substituting Eqs. 31, 33 and 38 into Eq. 27 gives
the equation of motion for Phase II. Following Symonds et al. (1984), the
starting amplitude of the generalised velocity in this phase is given by

ẇ2 = 8
3π ẇ1(t1) + ẇ2(t1) (39)
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where ẇ1(t1) and ẇ2(t1) refer to the terminating amplitude of the generalised
velocity from Phase I at time t1. Once the mid-span of the beam meets the
fully plastic stress condition, i.e.

ψpB = EIκ(t)/M0 − 1 = 0 (40)

where κ(t) = ∂2W (x, t)/∂x2|x=0 is the curvature at the mid-span, it marks
the end of Phase II deformation at the corresponding time of t = t2.

2.5.3. Phase III: t2 < t ≤ t3

Following Shen and Jones (1992) and Schleyer and Hsu (2000), it is assumed
that the membrane force N̄ is identically distributed throughout the span of
the beam whilst the transverse shear force is negligible at the mid-span. The
fully plastic stress conditions at the support and mid-span of the beam are,
respectively,

|M̄S|(1− Q̄2
S) + N̄2 + Q̄2

S = 1, if |M̄S| > 0 (41a)

N̄2 + Q̄2
S = 1, if |M̄S| = 0 (41b)

and
M̄B + N̄2 = 1. (42)

If motion of the beam member ceases when D < 1 (Mode I deformation), this
is followed by residual elastic vibration of the beam. By contrast, if motion
ceases when D = 1, then the beam would fail in either modes II or III.

Phase III motion begins with two existing stationary plastic hinges (one each
at the support S and mid-span B), following on from Phase II. A travelling
plastic hinge A then develops that moves towards the stationary hinge at the
mid-span (Fig 6a) before ending up in a final two-hinge collapse configuration
(Fig 6b). The admissible transverse displacement field at the start of Phase
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Figure 6: Schematic of transverse displacement profile for the right-half of the structural
beam system in Phase III (a) before and (b) after the travelling hinge reaches its mid-span.

III motion - see Fig 6a - is (Shen and Jones, 1992)

W (x, t) =


w1(t1) + w2(t2) + w3(t) if 0 ≤ x ≤ L− ξ

w4(t) +
[
w1(t1) + w2(t2) + w3(t)− w4(t)

]
L−x
ξ

if L− ξ < x < L

(43)
where w1(t1) and w2(t2) are terminating amplitudes of the generalised dis-
placements from Phases I (at time t1) and II (at time t2), respectively. When
the travelling plastic hinge reaches the mid-span, i.e. ξ = L, the admissible
transverse displacement field for Fig 6b becomes

W (x, t) = w4(t) +
[
w1(t1) + w2(t2) + w3(t)− w4(t)

]
L− x
L

. (44)
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The bending strain energies of the beam member and rotational spring are,
respectively,

Eb
B(t) = MB

w3(t)− w4(t)
ξ

, (45)

and
Eb
S(t) = |MS|

w3(t)− w4(t)
ξ

. (46)

The membrane strain energies of the beam member and the horizontal axial
spring may be expressed, respectively, as

Em
B (t) = N∆B(t) (47)

and
Em
S (t) = N∆S(t) (48)

where ∆B(t) = ∆(t)/(1 + 1/
√

1−Q2
S/Q

2
0) is the in-plane membrane dis-

placement at the mid-span, ∆(t) = [w3(t)−w4(t)]2/ξ is the total membrane
displacement and ∆S(t) = ∆(t)−∆B(t) is the membrane displacement at the
support. Here, it is assumed that in-plane membrane displacement is signif-
icant where a plastic hinge has developed (Schleyer and Hsu, 2000; Langdon
and Schleyer, 2005). The shear strain energy of the vertical axial spring is

Es
S(t) = QSw4(t). (49)

Note that the parameters MS, QS, N , MB, ξ and ξ̇ in Eqs. 45, 47, 46, 48 and
49 are unknowns. Recasting them in a non-dimensional form, viz. M̄S, Q̄S,
N̄ , M̄B, ξ̄ = ξ/L and ˙̄ξ = ξ̇/L, they will have to be computed as described
below.

The non-dimensional velocity of the travelling hinge A is (Shen and Jones,
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1992)

˙̄ξ = σY
ρL2

1.5(|M̄S|+ M̄B)− 2Q̄S
˙̄ξ(L/H)/

√
3 + 6N̄(w̄3 − w̄4) + ξ̄[p(t)/pc]

ξ̄( ˙̄w3 − ˙̄w4)
(50)

where w̄3 = w3(t)/H, ˙̄w3 = ẇ3(t)/H, ˙̄w4 = ẇ4(t)/H; pc = 4M0/L
2 is the

fully plastic collapse force per unit length, i.e. the largest force per unit
length that can be supported by the structural beam system when subjected
to a pure bending moment before the bending moment at each plastic hinge
reaches the fully plastic bending moment M0 (Jones, 1989). Note that when
the travelling hinge A reaches the existing stationary hinge at the mid-span
B, they coalesce into a single stationary hinge so that in subsequent motion

˙̄ξ = 0 and ξ̄ = 1. (51)

The calculations of M̄S, Q̄S, N̄ , M̄B would depend on whether damage had
initiated. If the state variable ωd < 1, then M̄S, Q̄S and N̄ are governed
by normality requirements so that plastic flow must occur at a non-negative
energy dissipation rate since they have met the fully plastic stress condition
(Eq. 41). Therefore, according to Shen and Jones (1992),

N̄
(

1 + 1√
1− Q̄2

S

)
= 2(w̄3 − w̄4) (52a)

Q̄S

[ 2√
1− Q̄2

S

− |M̄S|√
1− Q̄2

S

]
= 4ξ̄(L/H) ˙̄w4√

3( ˙̄w3 − ˙̄w4)
(52b)

if |M̄S| > 0, and

N̄
[ 2 ˙̄w4√

3Q̄S

+
˙̄w3 − ˙̄w4

ξ̄(L/H)

]
= 2(w̄3 − w̄4)( ˙̄w3 − ˙̄w4)

ξ̄(L/H)
(53)

if |M̄S| = 0. If the state variable ωd = 1, then the non-dimensional bending
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moment M̄S, membrane force N̄ and shear force Q̄S are governed by Eq. 13.
Note that the non-dimensional bending moment M̄B remains governed by
fully plastic stress condition established for the mid-span (ψpB = 0) in Eq.
42.

To calculate M̄S, Q̄S, N̄ and M̄B, they have to be expressed as functions of
w̄3, w̄4, ˙̄w3, ˙̄w4, ξ̄, ˙̄ξ and t through Eqs. 41, 42, 50, 52 and 53 if ωd < 1;
and through Eqs. 14, 13, 42 and 50 if ωd = 1. The temporal evolution of
these parameters are obtained by solving the aforementioned equations using
the well-known 4th order Runge-Kutta method with the initial conditions of
w3 = w4 = 0 and ẇ4 = 0. Following Symonds et al. (1984), the starting
amplitude of the generalised velocity ẇ3 for Phase III is given by

ẇ3 = 12
π2 ẇ2(t2) (54)

where ẇ2(t2) refers to the terminating amplitude of the generalised velocity
from Phase II at time t2. Phase III deformation ends at time t3 if motion of
the beam member ceases i.e.

ẇ3(t3) = 0. (55)

If the damage variable D < 1 when this occurs, then the beam fails in mode
I. Otherwise, a mode II or mode III failure would ensue if D = 1.

If the structural system fails before all its initial kinetic energy is expended,
then the beam member would acquire a residual kinetic energy at the point
of severance. Parts of this are absorbed through further plastic deformation
as the beam continues to deform until it reaches a rigid permanent set whilst
the remaining as translational kinetic energy. In the current model, the
energy that is absorbed post failure is not considered. The residual energy
and momentum for one-half of the structural beam system at the instant of
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failure are given by (Shen and Jones, 1992)

Ektr = 1
2m(L− ξ)Ẇ 2

B(t3) + 1
2m

∫ L

L−ξ

[
ẆS(t3) + [ẆB(t3)− ẆS(t3)]L− x

ξ

]2
dx

(56)
and

Iktr = m(L−ξ)ẆB(t3)+m
∫ L

L−ξ

[
ẆS(t3)+[ẆB(t3)−ẆS(t3)]L− x

ξ

]
dx (57)

or, in non-dimensional form, as

Ēktr = Ektr
Eext

(58)

and
Īktr = Iktr

Iext
(59)

where Iext = L
∫ td

0 p(t) dt is the external momentum, Eext = ρBHLV 2
0 /2 is

the external energy and V0 = Iext/ρHBL is the equivalent impulsive velocity.

3. Finite element implementation

3.1. Material properties and damage model

Finite element analyses were performed using ABAQUS (2010). Material
description based on the conventional J2 flow theory is adopted to allow
progressive degradation of material stiffness to be implemented in finite el-
ements. This approach, coupled with element deletion, is widely used to
model progressive damage and fracture in ductile materials (Hancock and
Mackenzie, 1976; Johnson and Cook, 1983). All the beams modelled are
made of Aluminium 6061-T6 which is often assumed to be strain rate insen-
sitive (Jones, 1971). Table 1 lists the material properties of the beams tested
by Menkes and Opat (1973).
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Table 1: Material properties for the Aluminium 6061-T6 beam (Menkes and Opat, 1973)

Density, Young’s modulus, Static yield Poisson’s
ρ (kg/m3) E (GPa) stress, σY (MPa) ratio

2686 69 283 1/3

The progressive damage model for ductile materials in ABAQUS/Explicit is
adopted here. The criterion for ductile damage initiation is given by

ωd =
∫ dε̄p

ε̄pd(η, ˙̄εp) = 1 (60)

where ωd is a state variable that increases monotonically with the equivalent
plastic strain. Here, the equivalent plastic strain ε̄pd at the onset of ductile
damage is assumed to be a function of stress triaxiality η and plastic strain
rate ˙̄εp. When Eq. 60 is met, the damage variable D would increase according
to (ABAQUS, 2010)

Ḋ = Le ˙̄εp
ūpf

(61)

where ūpf is the effective plastic displacement at failure and Le = 7.83×10−4 m
is the characteristic length of the first-order element used in the FE model.
Any element whose stiffness is fully degraded, i.e. D = 1, is deleted from the
mesh. The two parameters needed to implement a ductile damage model are
the damage strain ε̄pd = 0.8 and the failure displacement ūpf = 1.1× 10−2 m;
both are found through calibration to the experimental data of Menkes and
Opat (1973).

In line with the definition of failure given in Section 2.4, the FE simulation
terminates when a beam member completely detaches from its supports.
The smallest impulse needed to induce failure either in mode II or III is
referred to here as the critical impulse at mode I→II or II→III transition,
respectively (Jones, 1989). To distinguish between failure in mode II and III

26



in the FE simulations, a separate damage parameter for shear would need
to be introduced since a sharp distinction between the two modes is not
normally found. The two possibilities are the maximum transverse shear
sliding (∆s

max) criterion by Jones (1976) and Yu and Chen (2000), or an
energy-based criterion by Shen and Jones (1992). However, neither of these
are feasible since ∆s

max is not a monotonic function of I∗ and the plastic work
per unit volume (energy density) is a mesh-dependent quantity (Yu and Chen,
2000). Consequently, the critical impulse at mode II→III transition will not
be predicted by FE unlike the analytical model in Section 2.

3.2. Mesh, loading and boundary conditions

All the beams modelled have length 2L, width B and thickness H. Only
one-half is modelled since reflective symmetry exists on the plane at x = 0,
−B/2 ≤ y ≤ B/2 and −H/2 ≤ z ≤ H/2. Figure 7 shows the displace-
ment boundary conditions that were imposed on the plane of symmetry and
at the supports. 8-node solid brick elements (C3D8R) with reduced inte-
gration and hour-glass control were used. All brick elements have equal
dimension of 7.83× 10−4 m on all sides; hence, a typical beam of 0.203(2L)
m × 6.35×10−3(H) m × 25.4×10−3(B) m tested by Menkes and Opat (1973)
would comprise of 33024 (129 × 8 × 32) elements in its corresponding FE
model. Results of convergence studies - to be presented later in Fig 9 -
will show that this is sufficient to capture necking localisation, progressive
damage and ductile fracture with acceptable fidelity.

The ductile beam is loaded transversely by a uniformly distributed pressure
pulse. Unless otherwise specified, the pressure pulse is assumed to be linearly-
decaying, i.e. p(t) = p0(1− t/td) where p0 is the peak pressure (given in load
per unit length) and td is the pulse duration. A pulse duration of td = 0.01
ms is used here - the same is also used by Shen and Jones (1992). However,
it needs to be established that a pulse of finite duration td = 0.01 can be
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Figure 7: Schematic of boundary, or support, conditions (BCs) in the FE simulations:
(a) standard fully clamped BC, and (b) modified BC. u and φ denote displacement and
rotational degrees of freedom, respectively.
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Figure 8: Non-dimensional mid-span displacement W0/H versus impulse duration td/T
at different levels of Î. The aluminium beam has dimensions , in metres, of 0.203(2L) ×
6.35×10−3(H) × 25.4 ×10−3(B).

classed as impulsive. Following Xue and Hutchinson (2003), FE simulations
were performed to determine the maximum mid-span deflection W0 for fully-
clamped beams subjected to a linearly-decaying pressure loading of different
duration td. All beams modelled have identical dimensions , in metres, of
0.203(2L) × 6.35×10−3(H) × 25.4×10−3(B) and have material properties
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listed in Table 1 - they are identical to the beams tested by Menkes and
Opat (1973). The response time T of the beam - defined as the time it
takes to attain maximum mid-span deflection under a zero-period impulse
(td = 0 so the beam acquires an instantaneous initial velocity) - was found
numerically to be 0.3 ms. Figure 8 shows the variation of the maximum
non-dimensional mid-span displacement W0/H versus pulse duration td/T

for different levels of impulse per unit area Î, expressed as

Î = 1
B

∫ td

0
p(t)dt. (62)

For linearly decaying pulse, Î = p0td/2B. At td/T = 0.4, the predicted
maximum deflection is 12% less than its corresponding zero-period limit.
This discrepancy increases to more than 50% at td/T = 3. This trend is
representative of solid beams subjected to pulse-pressure loadings and is in-
dependent of pulse shape. Thus, a linearly-decaying pressure pulse of finite
duration td = 0.01 ms is, indeed, impulsive since td/T = 0.033 � 0.4. To
simulate non-impulsive loading td/T � 3 should be used. The intensity of
loading, for both impulsive and non-impulsive load cases, is characterised by
a non-dimensional impulse I∗ given by

I∗ = Î

H
√
σY ρ

. (63)

Figure 7a depicts a standard displacement boundary conditions that would
need to be imposed for a fully-clamped boundary condition (BC). It is shown
later that the local equivalent plastic strain in the beam abutting the supports
does not converge with repeated mesh refinement. In order to accurately
model progressive ductile fracture at the supports, a modified BC given in
Fig 7b is adopted. A similar procedure was previously employed by Yuan and
Tan (2013) to model impulsively-loaded rectangular plates. To demonstrate
its efficacy, it needs to be demonstrated that both the standard and modified
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BCs give similar beam deflection profiles, but only the latter gives a converged
equivalent plastic strain at the boundary/support. For the modified BC,
three additional parts (labelled 2-4) are added to the end of the original solid
beam (part-1) to form an extended boundary shown schematically in Fig 7b.
Note that the standard fully-clamped BC of Fig 7a is imposed on part 4.
All the additional parts have equal width τ and identical material properties
as the solid beam, apart from a gradation of their elastic modulus E, by a
factor α. The parameters τ = H/6 and α = 10 are obtained by calibration
to the experimental data of Menkes and Opat (1973).

Table 2: Number of elements in each direction for Part-1 of the beam with dimensions, in
metres, of 0.203(2L) × 6.35×10−3(H) × 25.4×10−3(B).

Mesh Number of elements Number of elements Number of elements
along z-direction along x- direction along y-directions

1 1 16 4
2 2 32 8
3 3 48 12
4 4 64 16
5 5 80 20
6 6 96 24
7 7 112 28
8 8 128 32
9 9 144 36
10 10 160 40

Figure 9 compares the maximum equivalent plastic strain εp versus mesh
density in part-1 for the two BCs. The number of elements in each direction
of the beam is listed in Table 2. For a beam with a standard BC (Fig 7a), the
maximum ε̄p must occur next to the supports where tearing is expected to
initiate. It is evident that ε̄p does not converge with repeated mesh refinement
for the standard BC. Figure 9 shows that mesh size No.8, with the modified
BC, gives sufficiently accurate results and will be used here.
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Figure 9: Maximum equivalent plastic strain εp predicted for part-1 by the FE model.
Results shown are for an aluminium beam of dimensions, in metres, 0.203(2L) ×
6.35×10−3(H) × 25.4×10−3(B) subjected to a non-dimensional impulse I∗ = 0.466 with
td = 0.01 ms. Properties for the aluminium beam is given in Table 1.

Figure 10a compares the deflection profiles predicted by the two BCs which
show negligible differences; likewise, for the temporal-history of their mid-
span deflection in Fig 10b. Therefore, it is reasonable to conclude that the
modified BC also predicts well the mid-span deflection provided necking lo-
calisation and ductile fracture had not intervened.

As an additional check, Fig 11 plots the time history of the energies dissi-
pated by a typical beam subjected to a non-dimensional impulsive loading
of I∗=0.31 given in Menkes and Opat (1973). Since the pressure impinges
only on part 1 of the solid beam, a proportion of the internal and plastic
energies are absorbed by the extended boundary (parts 2 to 4). Figure 11
shows that no more than 10% of the total energy is absorbed by the extended
boundary during the entire response duration. Even though this would lead
to a somewhat smaller final beam deflection in mode I, the excellent compar-
ison between FE predictions and experimental results by Menkes and Opat
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Figure 10: (a) Deflection profile along the x-axis and (b) temporal-history for the mid-span
deflection. Results shown are for aluminium beams of dimensions, in metres, 0.203(2L)
× 6.35×10−3(H) × 25.4×10−3(B) subjected to a non-dimensional impulse of I∗ = 0.354
with td = 0.01 ms. Material properties for the beam are listed in Table 1.

(1973) - see Section 4 - suggests that the level of energy loss is acceptable.
The causes for non-convergence of the equivalent plastic strain εp, as high-
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subjected to a non-dimensional impulse I∗(, Î/H√σY ρ) = 0.31.

lighted by Fig 9, is the subject of an on-going investigation, the results from
which will be reported elsewhere.

4. Comparison between FE and analytical predictions

All the beam specimens tested by Menkes and Opat (1973) - they have
different length (2L) and thickness (H) combinations but identical width
(B = 25.4 × 10−3 m) - are made of Al 6061-T6 with material properties
given in Table 1. The pressure pulse, in both the FE and analytical models,
was assumed to be linearly-decaying with a pulse duration td = 0.01 ms. A
flow-chart on the numerical implementation of Section 2 is shown in Fig 12.

Figure 13 compares the predicted mid-span deflection (W0/H), at either
the point of cessation of motion or failure (if complete detachment from

33



Start Initialize t=0

S
p=0 ? (Eq. 34)

Calculate generalised 

displacements w1
i, w2

i , w3
i, w4

i

B
p=0 ? (Eq. 40)

D=1 ?
3 0?iw

Calculate generalised stresses 

MS
i, MB

i, Ni, QS
i and travelling 

plastic hinge location i (Eqs.

41, 42, 50, 52, 53)

s=1 ?

Solve equation of 

motion, (Eq. 27)

Update acceleration 

and velocity

Stop

(mode II)

Stop

(mode I)

Stop

(mode III)

Begin new time step t=t+ t

Calculate strain energy 

components, EB
b (Eq. 31), 

ES
b (Eq. 32), ES

m, ES
s, EB

m

(Eq. 33)

Calculate strain energy 

components, EB
b (Eq.

31), ES
b (Eq. 38), ES

m,

ES
s, EB

m
(Eq. 33)

Calculate strain energy 

components, EB
b

(Eq. 45), EB
m

(Eq. 47), ES
b (Eq. 46), ES

m

(Eq. 48), ES
s (Eq. 49),

d=1 ?

Calculate generalised stresses 

MS
i, MB

i, Ni, QS
i and travelling 

plastic hinge location i (Eqs.

13, 14, 42, 50)

Y

Y

Y

YY

N

N

N

N

N

t=t3 t=t3 t=t3

Y(Yes)

N(No)

Figure 12: Flow-chart on the numerical implementation of the analytical model in Section
2.

the supports occur), to its corresponding experimental data. The analytical
predictions by Shen and Jones (1992) - these are available only for specimens
3 and 5 - are included for comparison. In mode I, there is good agreement
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Figure 13: Variations of the non-dimensional mid-span deflection W0/H with non-
dimensional impulse I∗. I, II and III indicates the three distinct damage modes reported
by Menkes and Opat (1973). Experimental data by Menkes and Opat (1973); -.-.- Ana-
lytical predictions by Shen and Jones (1992); — current analytical model; l critical impulse
at mode transition by current analytical model; -×- current FE predictions.

between experiments, FE and analytical predictions. The current FE and
analytical models correctly predict a reduction in W0/H with increasing I∗
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in modes II and III; they are also broadly in agreement with the predictions
by Shen and Jones (1992) for specimens 3 and 5. Apart from specimen 1,
the predicted critical impulse at mode I→II and II→III also agree well with
those reported by Menkes and Opat (1973).

There is a notable lack of experimental data for modes II and III defor-
mation in Fig 13. To address this, relative mid-span deflections ∆W0 (,
WB(t3)−WS(t3)) were deduced using existing ‘post-test’ photographs for
specimens 3 and 5 provided by Menkes and Opat (1973). Figure 14 compares
this relative mid-span deflection ∆W0/H to the current analytical predictions
and that by Shen and Jones (1992): a reasonably good agreement for modes
I and II is noted. However, the current model over-predicts ∆W0/H in mode
III since it assumes a constant hinge length of l = 2H - this follows the
approach of Wen (1996), Jones (1976) and Alves and Jones (2002a) - instead
of re-calibrating for a new hinge length for every data point as employed by
Shen and Jones (1992).

Figure 15 shows the ‘post-test’ deflection profiles in different modes for
specimen-3 in Fig 14. Whilst there are discrepancies, the analytical rela-
tive mid-span deflection ∆W (x = 0) = ∆W0 at mid-span are in excellent
agreement with the experiments at each failure modes. The FE predictions
of deflection profile W (x) is also included for comparison and, as expected,
it is greater than experimental results for ∆W (x) in modes II and III - the
difference is due to the plastic shear sliding distance over the shear band at
the support WS(t3). Nonetheless, the current FE model successfully cap-
tures the different modes of impulsive response observed in a typical beam
(specimen-3): large transverse deflection without loss of integrity at the sup-
port in mode I, excessive deflection at the mid-span when mode II damage
occurs, and no significant deformation in the severed centre region in mode
III.

Table 3 compares the critical non-dimensional impulse I∗ at mode transi-
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Figure 14: Variation of the relative mid-span displacement ∆W0/H with non-dimensional
impulse I∗. experimental data; - - analytical predictions by Shen and Jones (1992); –
current analytical predictions; | critical impulse at mode transition by current analytical
model.
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Figure 15: Comparison of the permanent transverse beam deflection profile (Specimen-3
in Fig. 14) for different modes. — : analytical model; — : FE ; - - -: Experiments (Menkes
and Opat, 1973).

tions. The current analytical model adopts a rupture strain of εr = 0.5
(Shen and Jones, 1992) and an effective strain of εd = 0.38 corresponding to
the onset of damage. The latter was obtained by calibrating to the critical I∗

corresponding to mode I→II transition for specimen 5. Similarly, for the FE
model, ε̄pd = 0.8 and ūpf = 1.1× 10−2 m are also obtained through calibration
to the aforementioned. Current predictions (FE and analytical) for the criti-
cal I∗ corresponding to mode I→II transition are in good agreement with the
experimental data - as do the predictions by Shen and Jones (1992) - with
the notable exception of specimen 1 which is considerably lower. In general,
the predicted I∗ at mode II→III transition agrees well with experimental
data.
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Table 3: Critical impulse I∗ for mode transitions.

Specimen Mode Current Current Analytical1 Experiments2

No Analytical FE
1 I → II 0.40 0.43 - 0.63

II → III 0.90 - - 0.97
2 I → II 0.57 0.51 - 0.63

II → III 0.92 - - 0.97
3 I → II 0.44 0.43 0.46 0.49

II → III 0.82 - 0.81 0.87
4 I → II 0.55 0.54 - 0.58

II → III 0.82 - - 0.87
5 I → II 0.54 0.54 0.54 0.54

II → III 0.76 - 0.76 0.79
6 I → II 0.58 0.56 - 0.54

II → III 0.81 - - 0.79
1(Shen and Jones, 1992) and 2(Menkes and Opat, 1973).

5. Response to non-impulsive loads

In the previous section, predictions by FE and the current analytical model
are validated against experimental data for impulsive loads. Both will now
be employed to investigate the dynamic response of elasto-plastic beams to
non-impulsive loads. Two of the beams - specimens 3 and 5 - will be modelled
here. Unless otherwise specified, a linearly decaying pressure pulse is always
prescribed.

5.1. Mid-span deflection and critical impulse at mode transitions

Figure 16 plots the non-dimensional mid-span deflection W0/H against I∗

for pulse durations between 0.01 ≤ td ≤ 2 ms. Note that td = 0.01 ms corre-
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Figure 16: Variation of the non-dimensional mid-span deflection W0/H against non-
dimensional impulse I∗ for a linearly decaying pressure with different pulse durations.
Black lines (td = 0.01 ms) correspond to impulsive loads. Current analytical predictions:
- - - mode I; — mode II; -.-.- mode III.
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Table 4: Predicted critical impulse I∗ by the analytical (and FE) model for different pulse
duration td.

Specimen Mode td td td td
No 0.01 ms 0.5 ms 1.0 ms 2.0 ms
3 I → II 0.44 (0.43) 0.51 (0.50) 0.66 (0.64) 1.09 (1.03)

II → III 0.82 (-) 0.99 (-) 1.27 (-) 1.56 (-)
5 I → II 0.54 (0.54) 0.60 (0.57) 0.74 (0.71) 1.21 (1.18)

II → III 0.76 (-) 1.06 (-) 1.28 (-) 1.51 (-)

sponds to impulsive loading - see Section 3.2. There is excellent agreement
between the FE and analytical predictions. Current FE simulations show
that beam failure always occurs at the supports regardless of pulse duration
td which is the reason why failure criteria was established only for the sup-
ports in Section 2.4. The results in Fig 16 can be summarised as follows:
(1) A broadly similar overall trend for the mid-span deflection with I∗ for
both impulsive and non-impulsive loads, i.e. W0/H increases initially before
reducing with I∗; (2) At any given I∗, the mode I deflection reduces with in-
creasing td whilst the reverse occurs in mode II; (3) The mid-span deflection
at mode I→II transition is insensitive to td; and, (4) Mode III deflection for
non-impulsive loads are considerably higher than its corresponding impulsive
counterpart at the same I∗.

Table 4 compares the predicted critical impulse by the analytical model and
FE. The results show that I∗ for mode I→II transition increases with pulse
duration td. In a similar vein, this is also observed for the corresponding
mode II→III transition. It is worth noting that for impulsive loads, the non-
dimensional critical impulse I∗ for mode II→III transition depends only on
material properties (Jones, 1976; Yu and Chen, 2000); by contrast, it is shown
here that the critical I∗ increases with the pulse duration for non-impulsive
loadings.
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5.2. Partitioning of energy

A non-dimensional strain energy is first introduced - defined as the ratio of
the total potential (strain) energy of the structural beam system to the work
done by the external pressure loading ET at the point of cessation of beam
motion or at failure - as follows:

ĒP = EP (= Eb
S + Em

S + Es
S + Eb

B + Em
B )

ET

(
=
∫ t3

0 p(t)[
∫ L
0 Ẇ (x, t)dx]dt

) . (64)

Figure 17 plots the variation of ĒP versus I∗ for different pulse duration td

where it shows an excellent agreement between the FE and analytical pre-
dictions. Notice that ĒP remains at unity throughout mode I implying that
the external work is dissipated entirely through the various plastic work com-
ponents by the structural beam system. Beyond the mode I→II transition,
ĒP drops dramatically suggesting that a finite amount of residual energy
remains in the beam post failure. The effect of pulse duration td upon this
residual energy (and momentum) will be further discussed in Section 5.3.
For a given I∗, increasing the pulse duration td has the dramatic effect of
increasing the non-dimensional strain energy of a beam failing in modes II
or III. This is consistent with the results shown in Fig 16 since more non-
dimensional potential (strain) energy is absorbed through larger mid-span
deflection.

The components of plastic work absorbed at the supports through bending,
membrane and shear deformation are non-dimensionalised as follows:

Ēb
S = Eb

S

Es
S + Eb

S + Em
S

, Ēm
S = Em

S

Es
S + Eb

S + Em
S

, and Ēs
S = β = Es

S

Es
S + Eb

S + Em
S

(65)
where Ēb

S+Ēm
S +Ēs

S = 1. Figure 18 plots the 3 components of plastic work at
the supports against I∗ at the point of cessation of beam motion or at failure.
The overall trend between the non-dimensional energy components and I∗
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Figure 17: Non-dimensional strain energy ĒP for the two specimens shown in Fig 16.
Black lines (td = 0.01 ms) correspond to impulsive loads. - - - denotes mode I; — denotes
mode II; -.-.- denotes mode III.
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are: (1) Ēb
S reduces monotonically with I∗; (2) Ēm

S increases initially, reaching
a peak value, before reducing with I∗; and, (3) Ēs

S increases monotonically
with I∗. In general, Figure 18 shows that failure at the supports - in modes
II and III - for both impulsive and non-impulsive loadings are primarily
through a combination of membrane and shear deformations. It is worth
noting the critical β value (βc = 0.45) marking the transition from mode
II→III is obtained based on impulsive load cases - see Shen and Jones (1992)
and Yu and Chen (2000). A higher βc value would require a higher critical
I∗ to induce mode II→III transition with a corresponding reduction in the
mid-span deflection at the mode transition - see Fig 16.

Several studies (Li and Jones, 2000; Shen and Jones, 1992; Yu and Chen,
2000; Jones, 1976) have found that under impulsive loading, the mode II
and III deformation is dominated by membrane and transverse shear, re-
spectively. Beyond the mode I→II transition, Figure 18 shows a reduction
in the non-dimensional shear strain energy Ēs

S and an increase in the non-
dimensional membrane energy Ēm

S with td for a given I∗. The reduction in
Ēm
S (and increase in Ēs

S) becomes less evident with increasing pulse duration.
Notwithstanding, the results above are consistent with the previous studies
for impulsively loaded beams (Li and Jones, 2000; Shen and Jones, 1992; Yu
and Chen, 2000): i.e., membrane and transverse shear play key roles when
inducing mode II damage and the effects of bending is negligible in mode III
damage.

5.3. Residual momentum and energy

The ‘post-failure’ residual momentum Īktr and residual energy Ēktr of the two
beams are plotted in Fig 19. Beyond the mode I→II transition, both Īktr

and Ēktr increases rapidly with I∗; this is particularly evident for impulsively-
loaded beams. Shen and Jones (1992) found that the maximum loss of mo-
mentum for impulsively-loaded beams (td = 0.01 ms) occurs in the vicinity
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Figure 19: Non-dimensional residual momentum Īktr and energy Ēktr for the two spec-
imens shown in Fig 16. Black lines (td = 0.01 ms) correspond to impulsive loads. —
denotes mode II; -.-.- denotes mode III.

of the mode I→II transition and a rapid decrease in momentum loss by
the beam occurs in mode II - this is consistent with the corresponding rise
in residual momentum seen in Fig 19. Although a large impulse is gener-
ally needed to induce failure in mode III by an impulsive load, a significant
amount of residual kinetic energy and linear momentum remains in the beam
which was also found in Jones (1976). For a given I∗, increasing the pulse
duration td has the dramatic effect of reducing the residual momentum and
energy of the beam failing in modes II and III. This is consistent with Fig 16
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where the mid-span beam deflection W0/H increases with td for a given I∗;
hence, additional energy is absorbed through additional plastic work leading
to a reduction in the residual momentum and energy.

5.4. Pulse shape
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Figure 20: Youngdahl’s equivalence parameters for a general pulse: (a) definitions for Ieff
and tmean; (b) an equivalent rectangular pulse.

All the previous analytical predictions were based on a linearly-decaying
pressure pulse given by p(t) = p0(1 − t/td). Here, we will establish whether
the approach of Youngdahl (1970, 1971) - see schematic in Fig 20 - may
be used to eliminate the effects of pulse shape when investigating the dy-
namic response of elasto-plastic beams. Following Youngdahl (1970, 1971),
an effective impulse (per unit length) is first obtained as follows:

Ieff =
∫ t3

ty
p(t)dt, (66)

where p(t) is the actual pressure pulse, t3 is time at the end of Phase III
motion (see Section 2) and ty corresponds to the time when the effective
pressure (Eq. 67) equals the fully plastic collapse force per unit length of the
beam, i.e. p(ty) = pc = 4M0/L

2. From Eq. 66, an effective pressure may be
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defined as
peff = Ieff

2tmean
(67)

where tmean is the centroid of the effective pressure pulse in Fig 20a given by

tmean = 1
Ieff

∫ t3

ty
p(t)dt. (68)

It is worth noting that Youngdahl (1970, 1971) equivalence parameters were
originally defined based on the rigid-perfectly plastic idealisation of dynam-
ically loaded structures.

A parametric study was carried out using different pulse shapes, viz. linearly-
decaying (LIN), triangular (TRI), cosine (COS) and sine (SINE), of identical
impulse per unit area (Î =

∫ td
0 p(t)dt/B) impinging on a 0.203(2L) m ×

6.35×10−3(H) m × 25.4×10−3(B) m elasto-plastic beam. Figure 21 com-
pares the predicted mid-span deflection at the cessation of beam motion
(mode I) or at failure (mode II or III) of the aforementioned pulses to their
corresponding Youngdahl’s equivalent (Eqs. 67 and 68). The results show
that Youngdahl’s approach gives an excellent approximation of the mid-span
deflection in all three modes for impulsive loadings (td = 0.01 ms). However,
this is not generally the case if the loading is non-impulsive. For monoton-
ically decaying pressure pulses (LIN and COS) that are non-impulsive - see
Figs 21a and 21b - a reasonable agreement is observed up until td = 1 ms
beyond which significant discrepancies arise. For non-monotonic pulses (TRI
and SINE), the discrepancies between the actual pulse and its Youngdahl’s
equivalent increases dramatically with td. The discrepancies arise because
Youngdahl’s equivalence parameters were defined based on a rigid, perfectly-
plastic idealisation of the loaded structures. Hence, the effective impulse
Ieff in Eq. 66 does not account for contributions from the elastic response,
i.e. it ignores

∫ ty
0 p(t)dt, which leads to an under-prediction of the mid-span

deflection in mode I.
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Figure 21: The predicted mid-span deflection at the cessation of beam motion (mode
I) or at failure (mode II or III) for four different pressure pulses and their corresponding
Youngdahl’s equivalent. — analytical prediction by actual pressure pulse; −−− analytical
predictions by Youngdahl’s equivalent. Black lines (td = 0.01 ms) correspond to impulsive
loads. � and are critical impulses predicted using the actual pulse and Youngdahl’s
equivalent.

6. Conclusions

The response of elasto-plastic beams to impulsive and non-impulsive loadings
were investigated in this paper. Predictions by the current analytical and FE
models were shown to be in good agreement with the experimental results of
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Menkes and Opat (1973). Excellent agreement between the predictions were
also seen for elasto-plastic beams subjected to non-impulsive loads.

Key findings on the effects of pulse duration on the dynamic response of
elasto-plastic beams are as follows: (i) Mode I deflection reduces with in-
creasing pulse duration for a given dimensionless impulse I∗ whilst the re-
verse occurs for the deflection in mode II; (ii) At the transition between mode
I and II, the mid-span displacement is insensitive to pulse duration td; (iii)
Mode III deflection under non-impulsive loads are considerably higher than
its corresponding impulsive counterpart at the same I∗; (iv) An increase in
the pulse duration td delays the transitions (I→II and II→III) between de-
formation modes; (v) Increasing the pulse duration td leads to a reduction in
the non-dimensional shear energy Ēs

S but an increase in the non-dimensional
membrane energy Ēm

S at the same I∗; (vi) Increasing the pulse duration td

decreases the residual momentum and energy of the beam in modes II and
III.

It was also shown that Youngdahl’s approach can successfully eliminate the
dependence of the mid-span deflection of elasto-plastic beams to pulse shape
for monotonically decaying, impulsive and non-impulsive, loadings. However,
the same would under-predict the mode I mid-span deflection if the loading is
non-impulsive and non-monotonically decaying (such as triangular and sine
pulses).
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