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Abstract

We consider the allocation problem of a single indivisible object to one of several agents under
the full preference domain when monetary transfers are not allowed. Our central requirement is
strategy-proofness. The additional properties we seek are Pareto optimality, non-dictatorship, and
non-bossiness. We provide characterizations of strategy-proof rules that satisfy two out of three
additional properties: Pareto optimality and non-bossiness; non-dictatorship and non-bossiness;
and Pareto optimality and non-dictatorship. As a consequence of these characterizations, we show
that a strategy-proof rule cannot satisfy these three additional properties simultaneously.
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1 Introduction
We consider the following problem. A central agency is to allocate a single indivisible object (a

good or a bad) among a set of agents where monetary transfers are not possible. Some examples

of such objects are an organ to patients, a public school seat to students, and a task to employees.

The single indivisible object is owned by the central agency, and we study its allocation problem

under the full preference domain. In particular, an agent may prefer to receive the object or prefer

not to receive it or be indifferent between two. In real life, agents are often indifferent when they

do not know the quality or the features of an object. In such situations, it may be costly to restrict

the full preference domain to the strict one by treating indifferent agents as if they strictly prefer

to receive the object or strictly prefer not to. For example, an agent is indifferent to the object,

he is considered as ‘preferring’ it under the strict preference domain, and he receives the object.

When there are other agents who actually prefer to obtain the object, assigning it to an indifferent

agent will result in an efficiency loss. Similarly, if the indifferent agent is considered as ‘not
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preferring’ the object under the strict preference domain, an efficient rule requires that the object

is not assigned to this agent. This requirement introduces an artificial constraint for an efficient

rule, which unnecessarily restricts the set of efficient rules when there are other agents who actually

prefer not to receive the object.Erdil and Ergin(2008) establish this result by showing that random

tie-breaking in school choice districts in the United States adversely affects the welfare of students

by introducing artificial constraints.

In this paper, our main requirement isstrategy-proofness, which means that no agent can gain

from reporting false preference. This strategic robustness property has been widely used to guar-

antee that agents reveal their true preferences.1 In addition to strategy-proofness, we seek the

following properties: Pareto optimality, non-dictatorship, and non-bossiness. Pareto optimality is

a standard efficiency notion used in almost all economic applications, non-dictatorship and non-

bossiness are fairness properties. We define the three additional criteria as follows. A rule isPareto

optimalif there is no other rule that provides weakly better outcomes for all agents and strictly bet-

ter outcomes for some agents. A rule isnon-dictatorialif there is no agent who receives the object

whenever he prefers to do so and does not receive it whenever he prefers not to. A rule isnon-

bossyif there is no agent who can change the outcome of another agent without changing his own

outcome.

Our analysis yields the following results. We first show that Pareto optimality implies strategy-

proofness (Proposition1). We prove that a strategy-proof and non-bossy rule has a ranking func-

tion (Proposition2). We then characterize strategy-proof rules as follows. A Pareto optimal and

non-bossy rule is dictatorial (Proposition3), a non-dictatorial and non-bossy rule is suboptimal

(Proposition4), and a Pareto optimal and non-dictatorial rule is bossy (Proposition5). Hence, we

show that a strategy-proof rule cannot satisfy Pareto optimality, non-dictatorship and non-bossiness

simultaneously (Proposition6).

1.1 Related Literature
This paper belongs to the literature on the allocation problem of an indivisible object. This prob-

lem goes back toGlazer and Ma(1989), who consider allocating a prize to the agent who values

it most without monetary transfers, and construct multistage mechanisms with a unique (subgame

perfect) equilibrium.Perry and Reny(1999) andOlszewski(2003) generalize the results ofGlazer

and Ma(1989) by reducing informational restrictions. In a recent study,Athanasiou(2013) exam-

ines the assignment problem of a private indivisible good by allowing for monetary transfers, and

1See, for example,Sprumont(1995), Barbera(2001) andBossert and Weymark(2006) for comprehensive surveys
on strategy-proof rules.
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characterizes strategy-proof and anonymous rules.2

In a similar vein,Tadenuma and Thomson(1993) consider the problem of allocating a single

indivisible good when monetary compensations to losers are possible, and characterize consistent,

envy-free, and neutral rules.3 Tadenuma and Thomson(1995) examine the problem of fairly al-

locating an indivisible good when monetary compensations to losers are possible, and show the

impossibility of finding an envy-free and strategy-proof rule. Then,Ohseto(1999) characterizes

the set of rules that satisfy strategy-proofness, equal compensation, demand monotonicity, and in-

dividual rationality.4 Ohseto(2000) proves that there is no strategy-proof and Pareto optimal rule

when monetary compensations are allowed.Fujinaka and Sakai(2009) consider the assignment

problem of an indivisible object with monetary transfers, and examine whether possible manipu-

lations (i.e., absence of strategy-proofness) can have a serious impact on the outcome of agents.

The closest study to the present paper isPápai(2001), which considers the allocation problem

of a single indivisible good to one of several agents when monetary compensation is not allowed.

Pápai(2001) shows the impossibility of obtaining a strategy-proof rule that satisfies Pareto opti-

mality, non-dictatorship, and non-bossiness. However, she restricts her study to the strict prefer-

ences. We make a similar analysis under the full preference domain where agents are allowed to be

indifferent to the object, and generalize her results to the full preference domain. For consistency,

we use a similar terminology toPápai(2001).

A closely related literature is the one that studies the assignment problem of multiple indivisi-

ble goods. For instance,Pápai(2000) considers the allocation of heterogenous indivisible objects

with monotonic preferences, and characterizes the set of strategy-proof, non-bossy, Pareto optimal,

and neutral rules.Pápai(2002) provides the characterization of strategy-proof and non-bossy rules

with heterogenous indivisible objects.Ehlers and Klaus(2007) studies the problem of assign-

ing indivisible objects to agents without monetary compensations, and characterizes consistent,

strategy-proof, and efficient rules.Kesten and Yazici(2010) study the problem of allocating a set

of indivisible goods among a set of agents, and propose a strategy-proof and envy-free rule.

Although it is common to encounter situations in which agents are indifferent, most of the prior

literature restricts its analysis to the strict preference domain. Yet, in the last decade, researchers

have started to study the assignment problems under the full preference domain. For instance,Bo-

2Anonymity requires that allocations of agents are independent of agents’ names.
3Consistency means that if some agents and some objects are removed, the allocation of remaining agents stay

the same. Envy-freeness requires that no agent prefers another agent’s allocation to his own. Neutrality means that
allocations of agents are independent of how objects are labeled.

4Equal compensation requires that agents who do not receive the indivisible good receive the same amount of
monetary compensation. Demand monotonicity means that the receiver of the indivisible good remains unchanged
when he increases his demand, and no other agents increase their demand. Individual rationality requires that all
agents end up no worse than their current situations.
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gomolnaia et al.(2005) consider the problem of efficiently allocating indivisible objects between

agents, and show that all efficient outcomes can be generated using Serially Dictatorial rules.Bo-

gomolnaia et al.(2005) prove that a lottery mechanism is efficient, strategy-proof, anonymous, and

neutral. Katta and Sethuraman(2006) examine the assignment problem of indivisible objects in

a fair and efficient manner, and prove that strategy-proofness is incompatible with efficiency and

envy-freeness under the full preference domain.Larsson and Svensson(2006) generalize strategy-

proof voting rules to the full preference domain.Yilmaz (2009) characterize individually rational,

efficient, and envy-free rules under the full preference domain.Alcalde-Unzu and Molis(2011)

generalize Top Trading Cycle mechanism to the full prefernce domain.Athanassoglou and Sethu-

raman(2011) prove that individual rationality, efficiency, and strategy-proofness are incompatible.

The remainder of the paper is organized as follows. We introduce the model and main proper-

ties in Section2. We provide characterizations of strategy-proof rules in Section3. We conclude

in Section4. We present all proofs in Appendix.

2 The Model
There is a single indivisible object and a setN = {1, ..., n} of finite agents, wheren ≥ 2. The

indivisible object can be assigned to an agent or may not be assigned at all. In particular, if the

object is assigned to agenti ∈ N, the outcome of the allocationx = i ; if the object is not assigned

at all, the outcome of the allocationx = 0. Then, the set of possible outcomes isN0 = {0, 1, ..., n}.

An agenti ∈ N may or may not receive the object, and hence, the allocation of agenti in the

outcomex is xi ∈ {0, i }.

The preference of agenti ∈ N over the object isRi , whereRi is reflexive for each agenti , and

the strict component ofRi is Pi . If an agent strictly prefers to receive the object, we denote it by

Ri = R+i ; if he is indifferent to the object, we denote it byRi = R0
i ; and if he strictly prefers not

to receive the object, we denote it byRi = R−i . The set of preference profiles for agenti ∈ N is

Ri ∈ {R
+
i , R0

i , R−i }, whereR = ×i∈NRi. For notational convenience and ease of distinguishing

preference types, we will define a binary relationship (a strict partial order) “B” such that fori ∈ N

andRi ∈ Ri , we haveR+i B R0
i B R−i . For example, when we say thatR+i B R̃i , we mean that

R̃i ∈ {R0
i , R−i }; or when we say that̃Ri B R−i , we mean thatR̃i ∈ {R

+
i , R0

i }. We next explain

the special cases that will be used for the remainder of the paper. If all agents prefer to receive the

object, we denote it byR+, whereR+ = (R+1 , ..., R+n ); if all agents are indifferent to the object,

we denote it byR0, whereR0 = (R0
1, ..., R0

n); if all agents prefer not to receive the object, we

denote it byR−, whereR− = (R−1 , ..., R−n ).

If an agent does not want the object or is indifferent, we useR¬i to denote his preference, where
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R¬i ∈ {R
−
i , R0

i }. To refer toRi = R¬i , we use the expression“ not prefer to receive the object”

whereas to refer toRi = R−i , we use the expression “prefer not to receive the object”. We denote

a preference profile byR ∈ R and a subset of preference profile byRC = (Ri )i∈C for C ⊆ N.

A rule f : R −→ N0 is a function that associates a feasible outcome to each preference profile.

The outcome of agenti by rule f under the preference profileR is fi (R) i.e., when f (R) = x,

fi (R) = xi .

Next we define the properties studied in the paper. The first one is a standard strategic ro-

bustness property, strategy-proofness, which requires that no agent ever gains by misrepresent-

ing his true preferences. For alli ∈ N, R̃i ∈ Ri and R ∈ R, a rule f is strategy-proof if

fi (R)Ri fi (R̃i , R−i ). For somei ∈ N, R̃i ∈ Ri and R ∈ R, a rule f is manipulable and agent

i can manipulate it atR if fi (R̃i , R−i )Pi fi (R). If a rule is not strategy-proof, then it is manipu-

lable. The second property is a standard efficiency property: Pareto optimality. A rule is Pareto

optimal if there is no other rule that provides weakly better outcomes for all agents and strictly

better outcomes for some agents. Formally, a rulef is Pareto optimal if for all R ∈ R there is no

x ∈ N0 such thatxi Ri fi (R) for all i ∈ N, andxj Pj f j (R) for some j ∈ N. The third property is a

fairness property which requires that there is no agent who receives the object whenever he prefers

to receive, and does not receive it whenever he prefers not to: non-dictatorship. The formal defini-

tion of dictatorship is as follows: a rulef is dictatorial if there existsi ∈ N such that whenever

Ri = R+i , f (R) = i and wheneverRi = R−i , fi (R) = 0. In this case, agenti is called a dicta-

tor with respect tof . A rule f is non-dictatorial if there is no dictator agent with respect tof .

The fourth property, non-bossiness, requires that there is no agent who can change another agent’s

outcome without changing his own outcome. Formally, a rulef is bossyif there existi, j ∈ N,

R̃i ∈ Ri and R ∈ R such that fi (R) = fi (R̃i , R−i ) and f j (R) 6= f j (R̃i , R−i ). In this case,i

becomesbossywith j (at R). If a rule f is not bossy, it isnon-bossy. The last property requires

that every possible outcome occurs (at least) at one preference profile. The formal definition is that

a rule f satisfiescitizen sovereigntyif for all x ∈ N0, there existsR ∈ R such thatf (R) = x.

Pápai(2001) shows that strategy-proof and non-bossy rules that satisfy citizen sovereignty are

Pareto optimal under the strict preference domain. The following example shows that this result

does not hold under the full preference domain.

Example 1 Let N = {1, 2}. Let the rule f be such that f(R−1 , R+2 ) = 2, f (R−1 , R0
2) = 2,

f (R−1 , R−2 ) = 0 and for all R∈ R\{(R−1 , R+2 ), (R
−
1 , R0

2), (R
−
1 , R−2 )}, f (R) = 1. Agent1 obtains

the object whenever he prefers to do so (or he is indifferent) and he does not obtain it whenever

he does not want it.Then, agent1 does not need to manipulate. When agent2 prefers to receive

the object, he either gets it or cannot get it because agent1 does so. Moreover, agent2 does not
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receive the object whenever he prefers not to. Thus, f is strategy-proof. Whenever agent1 reports

R0
1 or R+1 , he receives the object, and hence, he cannot be bossy with agent2, and agent2 cannot

be bossy with agent1. Then, f is non-bossy. All possible outcomes (x= 0, 1, 2) occur at least at

one preference profile, and hence, f satisfies citizen sovereignty. In spite of all these properties, f

is not Pareto optimal because the outcome can be improved by letting f(R0
1, R+2 ) = 2 instead of

f (R0
1, R+2 ) = 1.

As Example1 illustrates strategy-proofness, non-bossiness and citizen sovereignty are not suf-

ficient properties for Pareto optimality to hold. Similarly, the results inPápai(2001) do not directly

follow under the full preference domain. Before we provide necessary and sufficient conditions

for Pareto optimality to hold, we define more terms that will be used for the rest of the paper. First,

an agent is a discard agent if he strictly prefers not to receive the object but receives it i.e., agent

i ∈ N is adiscard agentwith respect tof if there existsR−i ∈ R−i such thatf (R−i , R−i ) = i .

Second, a rule is forceful if there is an agent who strictly prefers to receive the object, but the object

is awarded to another agent who is indifferent to the object i.e., a rulef is forceful if there exist

agentsi, j ∈ N and a preference profileR ∈ R such thatRi = R+i , Rj = R0
j and f (R) = j . If a

rule f is not forceful, it isnon-forceful. Third, a rule f is wasteful if there is an agent who strictly

prefers to receive the object, but the object is not assigned at all i.e., a rulef is wasteful if there

exists an agenti ∈ N such thatRi = R+i andR ∈ R, and f (R) = 0. If a rule f is not wasteful,

it is non-wasteful. In the context of this study, a rulef is Pareto optimal if and only if there is no

discard agent, andf is non-forceful and non-wasteful.

Example1 demonstrates that strategy-proofness, non-bossiness, and citizen sovereignty are not

sufficient for Pareto optimality. We also need non-forcefulness as shown in the following lemma.

Lemma 1 If a rule is strategy-proof, non-bossy, citizen sovereign, and non-forceful, then it is

Pareto optimal.

Before characterizing strategy-proof rules, we present lemmas that will be frequently used for the

rest of the paper.

Lemma 2 A rule is Pareto optimal if and only if it is non-forceful, non-wasteful, and contains no

discard agents.

The following proposition shows that Pareto optimality implies strategy-proofness.

Proposition 1 If a rule f is Pareto optimal, then f is strategy-proof.5

5Klaus(2001) proves a similar result where free disposal is not allowed.
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3 Characterizations of Strategy-proof Rules
In this section, we characterize strategy-proof rules that satisfy two of the three additional criteria

we search: Pareto optimality, non-dictatorship, and non-bossiness. We start by defining the new

terms that will be used for these characterizations. The first one is agent-preference pair. An

agent-preference pairis a pair in which agenti has preferenceRi over receiving the object, i.e.,

for i ∈ N andRi ∈ Ri ,5 = N ×Ri is the set of possible agent-preference pairs, and(i, Ri ) is an

element of this set. If{0} refers to the case where the object is not awarded at all,50 = 5 ∪ {0}.

The second term we define is complete hierarchy. A rulef has a complete hierarchy if there

exists an injectiveranking function r : 50 → N such that the following property holds: for all

j ∈ N \ {i } and R ∈ R, if r (i, Ri ) > r ( j, Rj ) andr (i, Ri ) > r (0), then f (R) = i ; and for all

k ∈ N, if r (0) > r (k, Rk) , then f (R) = 0. We next define Hierarchical Choice Function.

Definition 1 Let R, R̃ ∈ R. A rule f is aHierarchical Choice Function(HCF) if it has a com-

plete hierarchy with a ranking function r that satisfies the following two conditions:

(a) For all i ∈ N, if Ri B R̃i and r (i, Ri ) > r (0), there exists no j∈ N \ {i } such that

r (i, R̃i ) > r ( j, Rj ) > r (i, Ri ).

(b) For all i ∈ N, if r (i, R̃i ) > r (0) > r (i, Ri ) , thenR̃i B Ri .

We characterize the strategy-proof and non-bossy rules in the following proposition.

Proposition 2 A rule f is strategy-proof and non-bossy if and only if f is a HCF.

This result is important because it not only characterizes the strategy-proof and non-bossy rules

but also helps characterize the strategy-proof rules that satisfy two of the three additional criteria

we seek, i.e., Pareto optimal and non-bossy, and non-dictatorial and non-bossy rules.

3.1 Pareto Optimal and Non-bossy Rules
Before characterizing the strategy-proof, Pareto optimal, and non-bossy rules, we define the terms

that will be used for the rest of the section. The first term is the top agent. The top agent is the

agent who receives the object when all agents prefer to receive it i.e., an agenti is thetop agent

with respect tof if f (R+) = i . We define the second term, Serial Dictatorship, as follows.

Definition 2 A rule f is aSerial Dictatorshipif it is a complete hierarchy with r: 50→ N that

satisfies

(a) For all i ∈ N, r (i, R+i ) > r (0) > r (i, R−i ),

(b) For all i ∈ N and j ∈ N\ {i }, r (i, R+i ) > r ( j, R0
j ).

We characterize the Pareto optimal and non-bossy rules in the following proposition.
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Proposition 3 A rule is Pareto optimal and non-bossy if and only if it is a Serial Dictatorship.

The intuition of Proposition3 is as follows. A Serial Dictatorship satisfies the requirements of

Hierarchical Choice Function (HCF), and hence it is a special case of HCF. Then, by Proposition

2, a Serial Dictatorship is strategy-proof and non-bossy. Moreover, Definition2(a) means that a

Serial Dictatorship is non-wasteful with no discard agent. Definition2(b) means that a Serial Dic-

tatorship is non-forceful. Then, by Lemma2, a Serial Dictatorship is Pareto optimal. Thus, a Serial

Dictatorship is Pareto optimal and non-bossy. On the other hand, iff is Pareto optimal, then it is

non-wasteful, non-forceful, and contains no discard agent by Lemma2. Being non-wasteful with

no discard agent is guaranteed by Definition2(a), and being non-forceful is guaranteed by Defi-

nition 2(b). Furthermore, becausef is Pareto optimal, it is strategy-proof as well by Proposition

1. Then, by Proposition2, strategy-proof and non-bossyf is also a HCF, i.e.,f has a complete

hierarchy with a ranking functionr . Hence, all requirements of being a Serial Dictatorship are

satisfied. Therefore, a Pareto optimal and non-bossy rule is a Serial Dictatorship.

We next give an example for the strategy-proof, Pareto optimal, and non-bossy rules as follows.

Example 2 Let the rule f be such that f(R) =

{
min

{
i ∈ N|Ri = R+i

}
if R 6= R¬

0 if R = R¬

}

for all

R ∈ R. The object is not awarded to indifferent agents, and the agents who strictly prefer not to

receive it. Then, f is non-forceful and contains no discard agent. Moreover, if there is an agent

who strictly prefers to receive the object, the object does not remain unassigned, so f is non-

wasteful. Thus, f is Pareto optimal by Lemma2. When one agent changes his preference, either

his own outcome changes or his outcome stays the same, but the other agents’ outcomes also stay

the same. Hence, f is non-bossy. The first agent obtains the object whenever he prefers to do so,

and he does not obtain it whenever he does not want it, and hence, the first agent is a dictator.

Thus, f is dictatorial.

A corollary to Proposition3 along with Lemma1 is given below:

Corollary 1 A rule is strategy-proof, non-bossy, citizen sovereign, and non-forceful if and only if

it is a Serial Dictatorship.

3.2 Non-dictatorial and Non-bossy Rules
We first define Constrained Hierarchical Choice Function as follows.

Definition 3 A Constrained HCF is a Hierarchical Choice Function with ranking function r:

50→ N that satisfies one of the two conditions given below:
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(a) There is no top agent;

(b) There is top agent i∈ N, but there exists R∈ R such that r(i, R−i ) > r (0) and r(i, R−i ) >

r ( j, Rj ) for all j ∈ N\ {i }.

We characterize strategy-proof, non-dictatorial, and non-bossy rules in the following theorem.

Proposition 4 A rule f is strategy-proof, non-dictatorial, and non-bossy if and only if it is a

Constrained HCF.

The intuition behind Proposition4 is as follows. A Constrained HCF is a special case of HCF,

so it is strategy-proof and non-bossy by Proposition2. If the first condition of Constrained HCF

holds, there is no top agent, so there is no agent who can obtain the object whenever he prefers

to do so. If the second condition holds, there is a top agent but he is also a discard agent, so he

obtains the object even if he prefers not to do so. Thus, a Constrained HCF is non-dictatorial.

On the other hand, a strategy-proof and non-bossy rule is a HCF with a ranking functionr by

Proposition2. Moreover, if a rule is non-dictatorial, then there is no agent who receives the object

whenever he prefers to do and does not receive it whenever he prefers not to. The former means

that there is no top agent because otherwise due to strategy-proof and non-bossy structure off , the

top agent should always keep the object as long as he prefers to do so (see the proof of Proposition

4). Thus the former case corresponds to Definition3(a). The latter means that there is a top agent

but he is also a discard agent, which corresponds to Definition3(b). Therefore, a strategy-proof,

non-dictatorial, and non-bossy rule is a Constrained HCF.

We next demonstrate the non-emptiness of the set of strategy-proof, non-dictatorial, and non-

bossy rules in the following example.

Example 3 Let rule f be such that f(R) = 0 for all R ∈ R and agent i ∈ N be such that

Ri = R+i . The object is not assigned regardless of the agents’ preferences, so no agent can

manipulate. Hence, f is strategy-proof. The object is not awarded at any profile, and hence, there

is no agent who obtains the object whenever he prefers to do so. Thus, f is non-dictatorial. Since

the object is not awarded at all, there is no agent who can change the outcome of another agent,

and hence, f is non-bossy. Because f does not assign the object at all even though agent i strictly

prefers to receive it, f is wasteful, so f is not Pareto optimal by Lemma2.

3.3 Pareto Optimal and Non-dictatorial Rules
In this section we characterize strategy-proof, Pareto optimal, and non-dictatorial rules. For this

characterization, we define a new term, constrained bossy, as follows. A rule isconstrained bossy

if there exist two agentsi, j ∈ N and preference profilesR, R̃ ∈ R such thatRj = R+j , f (R) = j
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and fi (R̃i , R−i ) = f j (R̃i , R−i ) = 0. In this case, agenti is constrained bossy with agentj . Recall

that if f (R+) = i , agenti is called the top agent with respect tof . If there is an agent who is

constrained bossy with the top agent, this rule is called atop-bossyrule.

Definition 4 If f is a top-bossy rule in which there is no discard agent, and f is non-forceful and

non-wasteful, then f is aTop-Bossy Choice Function.

We characterize the Pareto optimal and non-dictatorial rules as follows.

Proposition 5 A rule f is Pareto optimal and non-dictatorial if and only if it is a Top-Bossy Choice

Function.

The intuition behind Proposition5 is as follows. If f is a Top-Bossy Choice Function, by defi-

nition, f is non-forceful and non-wasteful, and requires that there is no discard agent. Then,f

is Pareto optimal by Lemma2. A Pareto optimal rule is also strategy-proof by Proposition1, so

Top-Bossy Choice Function is strategy-proof. In a Top-Bossy Choice Function, the only candidate

to be a dictator is the top agent because he is the one who receives the object when all agents prefer

to receive it. However, there is another agent who can change the top agent’s outcome by changing

his own preference i.e., the constrained bossy agent. Then, the top agent does not obtain the object

whenever he prefers to obtain it, and hence, the top agent is not a dictator. Thus, Top-Bossy Choice

Function is non-dictatorial. Since there is an agent who is constrained bossy with the top agent, a

Top-Bossy Choice Function is constrained bossy.

We next give an example for strategy-proof, Pareto optimal, and non-dictatorial rules.

Example 4 Let the rule f be such that (if n≥ 3)

f (R) =






min
{
i ∈ N|Ri = R+i

}
If Rn = R+n

max
{
i ∈ N|Ri = R+i

}
If Rn = R¬n , R 6= R¬

0 R= R¬





for all R ∈ R.

The object is not assigned to agents who are indifferent and prefer not to receive it. Then, f is

non-forceful, and there is no discard agent. Moreover, the object is not unassigned when there is

an agent who prefers to obtain it, so f is non-wasteful. Thus, f is Pareto optimal by Lemma2. By

Proposition1, f is also strategy-proof. The first agent obtains the object when all agents prefer to

obtain it, and the object is not awarded to the first agent when he prefers not to receive it. Then, the

first agent is the only candidate for being a dictator. However, when the last agent does not prefer

to receive the object, the first agent cannot obtain it even if he wants to. Then, the first agent is not

a dictator. Thus, f is non-dictatorial. Since the last agent can change the first agent’s outcome by
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changing his own preference, the last agent is constrained bossy with the first agent. Hence, f is

constrained bossy.

As a result of Propositions3, 4, and5 we obtain the following result.

Proposition 6 There exists no strategy-proof rule that is Pareto optimal, non-dictatorial and non-

bossy simultaneously.

Proposition6 is a direct result of Proposition3, which shows that a strategy-proof, Pareto optimal

and non-bossy rule is dictatorial; Proposition4, which shows that a strategy-proof, non-dictatorial

and non-bossy rule is not Pareto optimal; and Proposition5, which shows that a strategy-proof,

Pareto optimal and non-dictatorial rule is bossy. The impossibility result is tight except for the

following case.

Lemma 3 If n = 2 and a rule f is Pareto optimal, then f is dictatorial.

Lemma3 shows that when there are only two agents, Pareto optimality directly implies dictator-

ship. A corollary to Proposition6 along with Lemma1 is as follows:

Corollary 2 If a rule is strategy-proof, non-bossy, citizen sovereign, and non-forceful, then it is

dictatorial.

4 Conclusion
We analyze the allocation problem of a single indivisible object under the full preference domain

when monetary transfers are not possible. We require the allocation rules to be strategy-proof and

we also seek for Pareto optimality, non-dictatorship, and non-bossiness. We characterize strategy-

proof rules, and prove that Pareto optimal and non-bossy rules are dictatorial, non-dictatorial and

non-bossy rules are not Pareto optimal, and Pareto optimal and non-dictatorial rules are (con-

strained) bossy. Thus, a strategy-proof rule cannot satisfy Pareto optimality, non-dictatorship, and

non-bossiness simultaneously. Although these four properties are incompatible in a deterministic

environment, a random rule that assigns the object to agents with equal probability satisfies them

all. Hence, an interesting future research avenue is characterizing such random allocation rules.

Appendix

A Proofs of Section2

A.1 Proof of Lemma 1
Let f be strategy-proof, non-bossy, citizen sovereign, and non-forceful. Suppose thatf is not

Pareto optimal. Then, one of the following three cases happens: Case 1 (wastefulness): for some
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i ∈ N, there is a profileR ∈ R such thatRi = R+i and f (R) = 0; Case 2 (discard agent): there

exists R−i ∈ R−i such that f (R−i , R−i ) = i ; Case 3 (forcefulness): for somei, j ∈ N, there

exists a profileR ∈ R such thatRj = R+j , Ri = R0
i and f (R) = i .

• Case 1: LetR1 = R+1 , without loss of generality. Sincef is citizen sovereign, there exists a

profile R̃ ∈ < such thatf (R̃) = 1. Then, consider the sequence of profiles given below:

(R1, ..., Rn)
...

(R1, ..., Rj−1, R̃j , ..., R̃n)
...

(R̃1, ..., R̃n).

Since f is non-bossy, whenRj changes toR̃j , either the outcome does not change or by

strategy-proofness,̃Rj 6= R−j , Rj 6= R+j and f (R1, ..., Rj−1, R̃j , ..., R̃n) = j for j =

1, ..., n. First, R̃j 6= R−j because otherwise,j can manipulate by reportingRj when his

actual preference is̃Rj . Second,Rj 6= R+j because otherwise,j can manipulate by reporting

R̃j when his actual preference isRj . In the last step, whenR1 changes toR̃1, we know that

f (R̃1, ..., R̃n) = f (R̃) = 1. Then, if R1 = R+1 , agent 1 can manipulate by reporting̃R1

when his actual preference isR1. Therefore,R1 6= R+1 , and this is a contradiction.

Case 2: Let agent 1 be a discard agent without loss of generality i.e., there existsR̃ ∈ R

such thatf (R̃) = 1 andR̃1 = R−1 . Since f is citizen sovereign, there existsR ∈ R such

that f (R) = 0. Then, by the argument in Case 1, we can establish thatR̃j 6= R−j . Using the

same reasoning, whenR1 changes toR̃1 in the last step,̃R1 6= R−1 , which is a contradiction.

Case 3: Directly follows from non-forcefulness.�

A.2 Proof of Lemma 2
(a) A Pareto optimal rulef is non-forceful, non-wasteful, and contains no discard agents. Suppose

to the contrary thatf is either forceful (i) or wasteful (ii) or contains a discard agent (iii). Case

(i): f is forceful, then there exist agentsi, j, k ∈ N and a preference profileR ∈ R such that

Ri = R+i , Rj = R0
j and f (R) = j . Then, the outcome of the allocationx = i is such that

xi Pi fi (R), xj Rj f j (R), andxk Rk fk(R) for all k ∈ N\{i, j }. Case (ii): f is wasteful, then there

exists an agenti ∈ N and a profileR ∈ R such thatRi = R+i and f (R) = 0. Again the outcome of

the allocationx = i is such thatxi Pi fi (R) andxj Rj f j (R) for all j ∈ N\{i }. Case (iii): f contains

a discard agent, then there existsi ∈ N, Ri ∈ Ri , and R−i ∈ R−i such that f (R−i , R−i ) = i .

Then,xi = 0 is such thatxi Pi fi (R) andxj Rj f j (R) for all j ∈ N\{i }.
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(b) If a rule f is non-forceful, non-wasteful, and contains no discard agents, thenf is Pareto

optimal. Suppose to the contrary thatf is not Pareto optimal. Then, there existsx ∈ N0 and

R ∈ R such thatxi Ri fi (R) for all i ∈ N, andxj Pj f j (R) for (at least) an agentj ∈ N\{i }. There

are three cases:Rj = R0
j , Rj = R−j , andRj = R+j . Case (i):Rj = R0

j , agentj cannot be strictly

better off under any circumstances. Case (ii):Rj = R−j and f (R) = j , thenxj = 0 is such that

xj Pj f j (R) andxi Ri fi (R) for all i ∈ N\{j }. However,Rj = R−j and f (R) = j means thatj is a

discard agent, which is a contradiction. Case (iii):Rj = R+j and f j (R) = 0. Thenx = j is such

thatxj Pj f j (R) andxi Ri fi (R) for all i ∈ N\{j } if a) f (R) = 0 or b) f (R) = i whereRi = R0
i or

c) f (R) = i whereRi = R−i . Case a)Rj = R+j and f (R) = 0 contradicts with non-wastefulness

of f . Case b)Rj = R+j and f (R) = i whereRi = R0
i contradicts with non-forcefulness off .

Case c)f (R) = i whereRi = R−i means thati is a discard agent, which is a contradiction.�

A.3 Proof of Proposition 1
Let f be a Pareto optimal rule. Suppose to the contrary thatf is not strategy-proof. Then, there

exists an agenti ∈ N, R̃i ∈ Ri andR ∈ R such thatfi (R̃i , R−i )Pi fi (R). There are three cases:

Ri = R0
i , Ri = R−i , andRi = R+i . If Ri = R0

i , agenti cannot manipulatef because he cannot

be strictly better off under any circumstances. IfRi = R−i , f (R) = i , and fi (R̃i , R−i ) = 0, then

fi (R̃i , R−i )Pi fi (R), soi can manipulatef by reportingR̃i . However,Ri = R−i , f (R) = i means

thati is a discard agent, and by Lemma2, this contradicts with Pareto optimality off . If Ri = R+i ,

fi (R) = 0, and f (R̃i , R−i ) = i , then fi (R̃i , R−i )Pi fi (R), soi can manipulatef by reportingR̃i .

In this case, either̃Ri = R−i or R̃i = R0
i . If R̃i = R−i , i is a discard agent, which contradicts with

Pareto optimality off by Lemma2. If R̃i = R0
i , f is forceful, which again contradicts with Pareto

optimality of f by Lemma2. �

B Proofs of Section3
Before presenting the proof of Proposition2, we need to prove interim results LemmaA1, A2, and

A3 that will be used in the proof of Proposition2.

Lemma A1 Let f be a non-bossy rule, i, j ∈ N and R∈ R. If f (R) = i, then for all R̃ ∈ R,

f j (R{i, j }, R̃−{i, j }) = 0.

Proof. As agentsk ∈ N\ {i, j } change preferences fromR to R̃, a direct consequence off ’s

non-bossiness is that the object is either awarded to agentk or stays at an agent different thanj . �

Before presenting LemmaA2, we need to define a new term as follows. If there existsR ∈ R

such thatf (R) = i , then an agent-preference pair(i, Ri ) is more prioritized than another agent-
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preference pair( j, Rj ), where j ∈ N\ {i }. We denote the binary relation being more prioritized

by "3", and hence,(i, Ri ) 3 ( j, Rj ).

Lemma A2 Let f be a strategy-proof and non-bossy rule, i, j ∈ N, Ri ∈ Ri and Rj ∈ R j .

Suppose that(i, Ri ) 3 ( j, R̃j ). Then, for allR̃i ∈ Ri such thatR̃i B Ri (if any),(i, R̃i ) 3 ( j, R̃j ).

Moreover, for allR̃j ∈ R j such that Rj B R̃j (if any),(i, Ri ) 3 ( j, R̃j ).

Proof.

Claim 1: f (R̃i , R−i ) = i̇ . Proof. Let i, j ∈ N, Ri ∈ Ri andRj ∈ R j . Suppose that

(i, Ri ) 3 ( j, R̃j ). Then, there existsR−{i, j } ∈ R−{i, j } such thatf (R) = i . If Ri = R0
i , then

because off ’s strategy-proofness,f (R+i , R−i ) = i because otherwise, agenti can reportR0
i

when his actual preference isR+i . If Ri = R−i , then because off ’s strategy-proofness,

f (R+i , R−i ) = i and f (R0
i , R−i ) = i because otherwise, agenti can misrepresent his preference

asR+i andR0
i respectively when it isR−i , which is a contradiction. Therefore, for everyR̃i ∈ Ri

such thatR̃i B Ri , f (R̃i , R−i ) = i , which leads to(i, R̃i ) 3 ( j, Rj ).

Claim 2: f (R̃j , R− j ) = i . Proof. If f (R0
j , R− j ) = i , suppose to the contrary that

fi (R
−
j , R− j ) = 0. Then, non-bossiness off implies f (R−j , R− j ) = j . In this case, agentj can

misrepresent his preference asR0
j to avoid receiving the object while his actual preference isR−j .

If f (R+j , R− j ) = i , suppose to the contrary thatfi (R
−
j , R− j ) = 0. Then, non-bossiness off

implies f (R−j , R− j ) = j . In this case, agentj can misrepresent his preference asR−j to receive

the object while his actual preference isR+j (or he can misrepresent his preference asR+j to avoid

receiving the object while his actual preference isR−j ). The same logic prevails if̃Rj = R0
j

because non-bossiness off implies f (R0
j , R− j ) = j̇ , and agentj can misrepresent his preference

asR0
j while his actual preference isR+j . This contradicts with the strategy-proofness off , and

hence,f (R̃j , R− j ) = i holds.�

Lemma A3 Let f be a strategy-proof and non-bossy rule. For i∈ N and R∈ R, if f (R) = 0,

then for all R̃i ∈ Ri such that Ri B R̃i (if any), f(R̃i , R−i ) = 0. Moreover, if f(R) = i , then for

all R̃i ∈ Ri such thatR̃i B Ri (if any), f(R̃i , R−i ) = i .

Proof. Let f (R) = 0. For somej ∈ N andR̃i ∈ Ri such thatRi B R̃i , suppose that

f (R̃i , R−i ) = j . Non-bossiness off implies that j = i i.e., f (R̃i , R−i ) = i . If f (R0
i , R−i ) = 0

and f (R−i , R−i ) = i , then agenti can manipulate by reportingR0
i to avoid receiving the object

when his actual preference isR−i . If f (R+i , R−i ) = 0 and f (R̃i , R−i ) = i , whereRi B R̃i , then

agenti can manipulate by reportingR−i (or R0
i ) to receive the object while his actual preference is

R+i . These manipulations contradict with strategy-proofness off, so the first claim holds. For
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someR̃i ∈ Ri such thatR̃i B Ri , supposef (R) = i and fi (R̃i , R−i ) = 0. If Ri = R−i , agenti

can manipulate by reportingR0
i (or R+i ) to avoid receiving the object while his actual preference

is R−i . If Ri = R0
i , agenti can manipulate by reportingR0

i to receive the object while his actual

preference isR+i . These manipulations contradict with strategy-proofness off, so the second

claim holds.�

B.1 Proof of Proposition2
(a) If f is a Hierarchical Choice Function (HCF) for a ranking functionr, then it is strategy-

proof and non-bossy. Letf be a HCF for a ranking functionr . Suppose to the contrary

that an agenti ∈ N can manipulatef under a preference profileR. Ri 6= R0
i because an

indifferent agent cannot improve his outcome, and hence, cannot manipulatef. Then, there

are two possible manipulations:Ri = R+i or Ri = R−i . If Ri = R+i and f (R) = i ,

since agenti achieves the best outcome, he does not need to manipulatef. If Ri = R+i ,

fi (R) = 0 andr (i, R+i ) > r (0), then there is another agentj ∈ N such thatf (R) = j .

Then, by definition of complete hierarchy,r ( j, Rj ) > r (i, R+i ). By the first condition of

HCF, r ( j, Rj ) > r (i, R−i ) and r ( j, Rj ) > r (i, R0
i ). If r (0) > r (i, R+i ), by the second

condition of HCF,r > r (i, R−i ) andr (0) > r (i, R0
i ). Either case, agenti cannot receive

the object by revealing false preference. IfRi = R−i and fi (R) = 0, since this is the best

outcome for agenti , he does not need to manipulate. IfRi = R−i and f (R) = i , for all

j ∈ N, r (i, R−i ) > r ( j, Rj ). Then, by the first condition of HCF, agenti will retain the

object even if he reports his preference asR0
i or R+i . This contradicts with the fact that agent

i can manipulatef . Hence,f is strategy-proof.

Now suppose thatf is bossy. Then, there existi, j ∈ N such thati is bossy withj , i.e., there

existsR ∈R such thatf (R) = j , f j (R̃i , R−i ) = 0 and fi (R̃i , R−i ) = 0. f (R) = j implies

that r ( j, Rj ) > r (0) and for allk ∈ N\ {j } , r ( j, Rj ) > r (k, Rk) . If f j (R̃i , R−i ) = 0,

then by usingr ( j, Rj ) > r (0) and for allk ∈ N� {i, j } , r ( j, Rj ) > r (k, Rk), we have

r (i, R̃i ) > r
(

j, Rj
)
. We haver (i, R̃i ) > r ( j, Rj ) > r (0) and for allk ∈ N� {i }, r (i, R̃i ) >

r ( j, Rj ) > r (k, Rk), and hence, we havef (R̃i , R−i ) = i . However, f (R̃i , R−i ) = i

contradicts with bossiness off . Therefore,f is non-bossy.

(b) A strategy-proof and non-bossy rule is a Hierarchical Choice Function (HCF). Letf be a

strategy-proof and non-bossy rule. We construct a ranking functionr as follows:

– Initialization: Start with5 = N ×Ri and50 = 5 ∪ {0} . Let

Rmax
i =

{
for all R̃i ∈ Ri� {Ri } , Ri ∈ Ri | Ri B R̃i

}
andRmax=

(
Rmax

i

)n
i=1 .
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Initially, Rmax= R+ andk = 0. Rank the agent-preference pairs as follows:

– Step 1: For allR ∈ R, if f (Rmax) = 0, f (R) = 0. In this case, letr (0) = 3n+ 1 −

k, and rank the remaining agent-preference pairs in50 arbitrarily from 1 to 3n− k and

stop. Otherwise, go to Step 2.

– Step 2: For some agenti ∈ N, if f (Rmax) = i , let r
(
i, Rmax

i

)
= 3n + 1 − k and

k← k + 1. LetRi ← Ri� {Ri } and50← 50\
{(

i, Rmax
i

)}
. If Ri = ∅, let r (0) =

3n+ 1 − k, and rank the remaining agent-preference pairs in50 arbitrarily from 1 to

3n− k and stop. Otherwise, letR←×i∈N Ri , recalculateRmax and return to Step 1.

To show that f is a HCF, we need to show that the generated ranking functionr forms a

complete hierarchy and the two conditions of HCF are satisfied. To show thatr forms a

complete hierarchy, letR ∈ R, and supposer (i, Ri ) > r (0) and for all j ∈ N \ {i },

r (i, Ri ) > r ( j, Rj ). Then, we know from the algorithm that there must existR̃ ∈ R such

that f (Ri , R̃−i ) = i (this must occur before the algorithm stops afterr (0)). Moreover,

since the algorithm always considersf (Rmax) at Step 2 and for allj ∈ N \ {i }, we have

r (i, Ri ) > r ( j, Rj ). Then, for all j ∈ N \ {i }, either R̃j B Rj or R̃j = Rj (( j, Rj )s have

lower rank, which means that we encounter them later in the algorithm, and (Rmax
i ) gets

smaller over time). Sincef (Ri , R̃−i ) = i , for all j ∈ N \ {i }, (i, Ri ) 3 ( j, R̃j ) by Lemma

A1 and definition of3. Then, for all j ∈ N \ {i }, we have(i, Ri ) 3 ( j, Rj ) by Lemma

A2. Thus, by LemmaA1 and non-bossiness off, f (R) = i . Hence, the first condition of

complete hierarchy is satisfied.

For the second condition of complete hierarchy, for allj ∈ N, supposer (0) > r ( j, Rj ).

This immediately implies that the algorithm generatingr , stops at Step 1. Then, there exists

R̃ ∈ R such that f (R̃) = 0, and for all j ∈ N, either R̃j B Rj or R̃j = Rj (since we

considerRmax every time and whenf (R̃) = 0 is encountered,( j, Rj )s are not assigned

a rank). By changingR̃j to Rj one by one, and each time using LemmaA3, we have

f (R) = 0. Therefore,r is a complete hierarchy.

The ranking functionr first ranks(i, Rmax
i ) before other possible agent-preference pairs of

i ∈ N and the algorithm that generates ranking functionr guarantees the second condition

of HCF. Moreover, since(i, Rmax
i ) is ranked before other agent-preference pairs with smaller

preferences ofi ∈ N, the first condition of HCF is guaranteed. Note that the first condition

does not say anything about the agent-preference pairs with rank lower thanr (0) , so ranking

such pairs arbitrarily does not violate it. Thus,f is a HCF with ranking functionr. �
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B.2 Proof of Proposition3
A Serial Dictatorship is Pareto optimal and non-bossy. Letf be a Serial Dictatorship. Since Serial

Dictatorship is a special case of Hierarchical Choice Function,f is a HCF. Then, by Proposition

2, f is strategy-proof and non-bossy. Definition2(a) guarantees thatf is non-wasteful with no

discard agent, and Definition2(b) guarantees thatf is non-forceful. Thus,f is Pareto optimal by

Lemma2.

A Pareto optimal and non-bossy rule is a Serial Dictatorship. Letf be a Pareto optimal and

non-bossy rule. As Proposition1 shows, Pareto optimality implies strategy-proofness. Then,f

is strategy-proof and non-bossy, and hence, it is a Hierarchical Choice Function by Proposition2.

Since f is a HCF, it has a complete hierarchy with a ranking functionr : 50→ N. Moreover, by

Lemma2, Pareto optimality also implies that there is no discard agent, andf is non-wasteful and

non-forceful. Being non-wasteful with no discard agent is ensured by Definition2(a), and being

non-forceful is ensured by Definition2(b).�

B.3 Proof of Proposition4
We will first show that a Constrained HCF is strategy-proof, non-dictatorial, and non-bossy. Letf

be a Constrained Hierarchical Choice Function. Sincef is a special case of Hierarchical Choice

Function, it is strategy-proof and non-bossy by Proposition2. Moreover, f satisfies one of the

following requirements of being a Constrained HCF: (i) there is no top agent or (ii) there is a

top agenti , but there existsR ∈ R such thatr (i, R−i ) > r (0) andr (i, R−i ) > r ( j, Rj ) for all

j ∈ N\ {i }. If the first requirement holds, then there is no agent who receives the object whenever

he prefers to do so, becausef (R+) = 0. If the second requirement holds, there is top agenti , who

is the only candidate for being a dictator, and he is a discard agent for some preference profile.

Becausei receives the object even when he does not want to,i cannot be a dictator. Hencef is

non-dictatorial.

Second, we will show that a strategy-proof, non-dictatorial, and non-bossy rule is a Constrained

HCF. Let f be a strategy-proof, non-dictatorial, and non-bossy rule. By Proposition2, f is a HCF

with a ranking functionr : 50 → N. Since f is non-dictatorial, either there is no agent who

receives the object whenever he prefers to do so, or such an agent exists but he receives the object

even if he does not want to. If the former case occurs, for alli ∈ N, there existsR ∈ R such

that r (0) > r
(
i, R+i

)
or r

(
j, Rj

)
> r

(
i, R+i

)
for some j ∈ N \ {i }. In this case, we will show

that there should not be any top agent. Suppose to the contrary that there is a top agenti , i.e.,

f (R+) = i . Then, by the above property, there existsR ∈ R such that eitherr (0) > r (i, R+i ) or

r ( j, Rj ) > r (i, R+i ) for some j ∈ N \ {i }. In any casefi (R
+
i , R−i ) = 0. However, this means

that there exists an agentk ∈ N \ {i }, such that when agentk changes his preference fromR+k

17



to Rk, agenti loses the object even though he prefers to receive it. Ifk is the one that receives

the object, f is not strategy-proof. Ifk does not receive the object either,f is bossy. Thus,

there is a contradiction. Hence, there should not exist any top-agent. This condition satisfies the

first requirement of Constrained HCF. Now suppose that there is an agent who receives the object

whenever he prefers to do but he receives the object even if he does not want to. Then, there exists

R ∈ R such thatr (i, R−i ) > r (0) andr (i, R−i ) > r ( j, Rj ) for all j ∈ N\ {i }. This condition

satisfies the second requirement of Constrained HCF. Therefore,f is a Constrained HCF.�

B.4 Proof of Proposition5
A Top-Bossy Choice Function is Pareto optimal and non-dictatorial. Letf be a Top-Bossy Choice

Function. By definition,f is non-forceful, non-wasteful, and contains no discard agent. Thenf

is Pareto optimal by Lemma2. To prove that f is non-dictatorial, suppose to the contrary that

f is dictatorial. Then, there exists a dictator agentj ∈ N who receives the object whenever he

prefers to do so i.e., the top-agent. Sincef is top-bossy, there is an agenti ∈ N such thati is

constrained bossy withj i.e., there existR ∈ R and R̃i ∈ Ri such thatRj = R+j , f (R) = j and

fi (R̃i , R−i ) = f j (R̃i , R−i ) = 0. SinceRj = R+j and f j (R̃i , R−i ) = 0, agentj cannot obtain the

object although he prefers to do so. Thus, agentj is not a dictator, which is a contradiction.

A Pareto optimal and non-dictatorial rule is a Top-Bossy Choice Function. Letf be Pareto

optimal and non-dictatorial. Pareto optimality off implies that f is non-forceful, non-wasteful,

and contains no discard agent by Lemma2. Then, we only need to show thatf is top-bossy.

Suppose to the contrary thatf is not top-bossy. By Lemma2, Pareto optimality implies that the

object is awarded atR+. Thus, there exists a top-agenti ∈ N such that f (R+) = i . Pareto

optimality also implies strategy-proofness off by Proposition1. Since f is strategy-proof and not

top-bossy,f (R+i , R−i ) = i . Moreover, by Lemma2, Pareto optimality requires that there is no

discard agent i.e.,fi (R
−
i , R−i ) = 0. Then, agenti receives the object whenever he prefers to do

so, and does not receive it whenever he prefers not to. Therefore, agenti is a dictator, which is a

contradiction.�

B.5 Proof of Proposition6
It is a direct consequence of Proposition3 and Propositions4 and5.�

B.6 Proof of Lemma3
Suppose thatn = 2 and a rulef is Pareto optimal. Suppose to the contrary thatf is non-dictatorial.

By Lemma2, Pareto optimality implies that there is no discard agent, andf is non-wasteful and

non-forceful. Because of non-wastefulness,f (R+) > 0, and suppose thatf (R+) = 1 without

loss of generality. Since there is no dictator, there must be a case such thatf (R+1 , R¬2 ) 6= 1. Then,
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either f (R+1 , R¬2 ) = 0 or f (R+1 , R¬2 ) = 2 holds. However,f (R+1 , R¬2 ) = 0 contradicts with non-

wastefulness. Iff (R+1 , R¬2 ) = 2, then eitherf (R+1 , R−2 ) = 2 or f (R+1 , R0
2) = 2. If the former

one holds, agent 2 is a discard agent, which is a contradiction with Pareto optimality. If the latter

one holds,f is forceful, so there is again a contradiction with Pareto optimality. Therefore, when

there are two agents, Pareto optimality implies dictatorship.�
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