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ABSTRACT
Due to the ever increasing prices of conventional fossil

fuels, as well as climate change and sustainability issues,
several liquids and gases have been proposed as alternative
fuels for internal combustion engines. Hydrogen has been
investigated by several researchers as a promising alternative
gaseous fuel. In general gaseous fuels are injected either in the
intake port of an internal combustion engine or directly into
the cylinder. Direct injection of hydrogen offers higher
volumetric efficiency and eliminates abnormal combustion
phenomena like pre-ignition and backfire. However, due to
hydrogen’s low density, direct injection requires high injection
pressures to achieve suitable mass flow rates for fast in-
cylinder fuel delivery and mixing. Such pressures typically
lead to chocked conditions at the nozzle exit, followed by a
turbulent under-expanded jet. Therefore, fundamental
understanding of the expansion process and turbulent mixing
just after the nozzle exit is necessary in order to design an
efficient hydrogen injection system and injection strategies for
optimised combustion. In the current study large-eddy
simulations were performed to study the effect of different
nozzle pressure ratios, namely 10, 30 and 70, on the near-
nozzle shock structure and turbulent mixing of under-
expanded hydrogen jets. The computational tool was validated
against an experimental test case available in the literature. It
was found that the simulation methodology captured the near-
nozzle shock structure, Mach disk, reflected shocks and
turbulent shear layers in good agreement with the experiments.
The height and width of the Mach disk and the position of the
mixing shear layer were greatly affected by the injection
pressure. It was also found that for hydrogen the near-nozzle
shock structure and Mach disk need considerably more time to
reach an almost steady-state condition in comparison to the
time claimed for heavier gases in the literature. It was also
seen that during the transient period the dimensions of the
Mach disk temporarily reached higher values than the final

steady ones. It was also found that not all of the hydrogen jet
passed through the Mach disk; hydrogen-air mixing started
immediately after the nozzle exit at the boundaries of the jet
but the main mixing process started after the Mach disk.

NOMENCLATURE
a [-] Face area vector
CH [-] Empirical constant of the Mach disk height equation
Cp [Jkg-1K-1] Specific heat
D [mm] Nozzle exit diameter
Di [m2s-1] Diffusion coefficient
F [-] Inviscid terms in Navier-Stokes equations
G [-] Viscous terms in Navier-Stokes equations
H [-] Body force
I [-] Identity matrix
P [Pa] Fluid pressure
P0 [bar] Stagnation pressure
P1 [bar] Nozzle exit pressure
P∞ [bar] Ambient pressure
̇ܙ [Js-1] Heat flux vector
R [Jkg-1K-1] Gas constant
s [Jkg-1K-1] Specific Entropy
S [-] Strain tensor
T [-] Transpose sign
T [K] Temperature
T0 [K] Stagnation temperature
T [-] Viscous stress tensor
t0 [s] Integral time scale
U [ms-1] Velocity magnitude
V [ms-1] Velocity vector
Vg [ms-1] Grid velocity vector
V [m3] Computational cell volume
W [-] Conserved quantities in Navier-Stokes equations
Special characters
 [°] Reflected shock angle
γ [-] Ratio of specific heats
Δ [m] Length scale (LES grid filter) 
 [m] Tip penetration ratio
ρ [kgm-3] Density
μ [m2s-1] Dynamic viscosity
μt [m2s-1] Turbulent viscosity
σt [-] Turbulent Schmidt number
∇ [-] Gradient operator
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INTRODUCTION
Due to the increasing price of the conventional fossil fuels

(gasoline and diesel), supply uncertainty, and climate change
issues, several liquids and gases have been suggested as
cheaper and cleaner alternative fuels for internal combustion
(IC) engines. Among them hydrogen (H2) has been
recommended as a promising alternative gaseous fuel for road
transportation. The concept of a hydrogen economy and
accordingly the idea of burning hydrogen in IC engines as a
cleaner alternative to carbon-based fuels have been proposed
since the mid-1970s [1, 2]. Experimental and computational
studies have been conducted on developing hydrogen-fuelled
IC engines predominantly since the beginning of the past
decade [3–22]. Hydrogen is either injected in the port, i.e. port
fuel injection (PFI) [6–12], or injected directly (DI) in the
combustion chamber [13–22]. DI leads to higher volumetric
efficiency and lower emissions in comparison to PFI and
additionally avoids hydrogen abnormal combustion [13, 18].
Normally high pressures are used for DI of hydrogen in order
to achieve high mass flow rate with fast mixing process
particularly with injection strategies after intake valve closure.
High injection pressures leads to chocked conditions at the
nozzle exit of the injector followed by a shock-containing
under-expanded jet [18, 22]. Therefore, understanding the
characteristics of under-expanded hydrogen jets and the near-
nozzle shock structure are necessary in order to study the
mixture formation in DI hydrogen-fuelled IC engines.

Characteristics of a gaseous jet issuing from a circular
nozzle are highly dependent on the ratio of the nozzle total
pressure (P0) to the ambient static pressure (P∞), namely the
nozzle pressure ratio (NPR). Based on NPR, jets can be
categorized as subsonic, moderately under-expanded and
highly under-expanded. For NPR above ~4 the issuing jet is
considered to be highly under-expanded. As illustrated in
Figure 1, at such condition, an expansion fan forms at the
nozzle lip that spreads out to the jet boundary and reflects as
weak compression waves which form the intercepting oblique
shock ended by a slightly curved strong normal shock so-
called Mach disk [23]. The oblique shock and the Mach disk
form the first shock cell that is termed “barrel shape shock”
since it has a cylindrical form. The oblique shock and the
Mach disk merge at the triple point and produce a reflected
shock and a slip line. The flow behind the Mach disk is
subsonic, whilst the flow behind the reflected shock is still
supersonic [23, 24]. For higher degrees of under-expansion,
e.g. NPR~8, the subsonic core behind the Mach disk is rapidly
accelerated and becomes supersonic again which then shapes a
second shock cell that may resemble the first shock cell and
even include a normal shock similar to the Mach disk [25]. At
very high NPR a Mach disk with large height forms at the
nozzle exit with no other normal shocks downstream and the
jet decays through a structure of oblique shocks [25].

Location of the Mach disk and dimensions of the
intercepting shock in under-expanded jets have been
investigated both experimentally and computationally since
the mid-1950s mainly for aerospace and aeronautical

applications. Experimental studies have been conducted by
several researches using Schlieren and shadowgraph
photography, Rayleigh scattering, Laser Doppler Anemometry
(LDA) and Planar laser-induced fluorescence (PLIF) in order
to visualise the near-nozzle shock structure and mixing
parameters of under-expanded air/nitrogen jets [26–33].
Computational studies by means of Reynolds Averaged
Navier-Stokes (RANS) and large eddy simulation (LES) have
also been conducted mainly on under-expanded air jets or by
assuming the injection of a passive scalar [34–39].

Figure 1 Schematic of near-nozzle structure of under-
expanded jets. The picture is based on the visualisation

presented by Crist et al [23]

Crist et al [23] used a hot-shot wind-tunnel facility and
Schlieren to study the near nozzle shock structure and to
measure the position of the Mach disk for a variety of gases
including Nitrogen, Argon, Helium, and CO2 under NPRs up
to 100,000. Various nozzle exit diameters (0.66–3.0 mm) were
investigated. They found that the location of the Mach disk
was weakly sensitive to the ratio of specific heats γ and 
insensitive to solid boundary geometry at the nozzle lip and
absolute pressure level, while NPR was the only parameter to
determine the Mach disk location. Crist et al [23] then
concluded that the relation between NPR and Mach disk
height can be described as,
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The constant CH in equation (1) was derived to be ~0.645.
Crist et al [23] also observed that the Mach disk diameter, jet
boundary and intercepting shock increase with decrease in the
ratio of specific heats, and decrease at very high upstream
stagnation densities (~200 times atmospheric for N2) where
intermolecular forces become dominant [23].

There are very limited studies available in the literature on
under-expanded hydrogen jets. Ruggles and Ekoto [40] used
Schlieren photography to visualise near nozzle shock structure
and also used Planar Laser Rayleigh Scatter imaging to
measure instantaneous mole fractions downstream of the
Mach disk in an under-expanded hydrogen jet with NPR of 10
issued from a nozzle with a diameter of D=1.5 mm. The Mach
disk and the reflected shocks, in addition to the oblique shock
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trains after the Mach disk, were clearly captured by the
visualisation technique. Ruggles and Ekoto [40] noticed that
air and issuing hydrogen may have mixed within the slip
region but suggested that more experimental and
computational works were required in order to clarify the
hydrogen mixing behaviour very close to the nozzle exit.
Gorle et al [41] and Gorle and Iaccarino [42] conducted
experimental (Schlieren) and computational (RANS and LES)
studies of under-expanded hydrogen jets issuing from a nozzle
with D=2 mm and NPR of 30. They noticed that both RANS
and LES were able to capture the near nozzle shock structure
in good agreement with experiments. Khaksarfard et al [43]
numerically investigated the release of very high pressure
hydrogen (10–70 MPa) into atmospheric ambient through a
circular release hole with D=5mm. They used a Noble-Abel
real gas equation of state (EoS) and found that for very high
injection pressures the ideal gas equation underestimates the
release velocity and that for injection pressure above 10 MPa a
real gas equation must be used to obtain accurate results.
Recently Bonelli et al [45] used a modified k-ε RANS model
with 3 different EoS, namely ideal gas, van der Waals, and
Redlich-Kwong in order to study high pressure injection of
hydrogen (75 MPa) issuing into still nitrogen (5 MPa) through
a nozzle with inner and outer diameter of 0.3 mm and 0.6 mm
respectively. Similarly to Khaksarfard et al [44] they noticed
that the ideal gas EoS over-predicted the mass of the injected
hydrogen by 10% and 8.7% in comparison to the van der
Waals and Redlich-Kwong formulations respectively.
Additionally, Bonelli et al [45] noticed that at very high
injection pressures (P0>100 bar) the ideal gas EoS
overestimated the mass flow rate; in contrast a smaller Mach
disk height was noticed when a real gas EoS was applied.

Although a considerable amount of work has been devoted
to improve the understanding of under-expanded jets there has
been a lack of research focusing on under-expanded hydrogen
jets particularly for IC engine applications. In the present work
computational simulations were performed on under-expanded
hydrogen jets with different values of NPR, namely 10, 30 and
70, using LES. The computational tool was validated against
an experimental test case available in the literature [40]. The
near-nozzle shock structure and turbulent mixing of under-
expanded hydrogen jets were investigated.

COMPUTATIONAL METHODOLOGY
The viscous flow of a Newtonian multi-component fluid of

N species (Y1, Y2, Y3, … Yi, …, YN) is governed by the Navier-
Stokes equations and species transport equation that in a
Cartesian integral form can be written as equations (2) and (3)
respectively [45, 46]:
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For N species, N-1 transport equations are solved and the
mass fraction of the Nth component is calculated from the
restriction that the total mass fraction must sum to unity.
Pressure is coupled to the density and temperature via the
ideal gas EoS. For the current study the STAR-CCM+ code
was used. The code applies a coupled finite volume (FV)
model that discretises and solves the governing equations
simultaneously using an implicit time marching approach. To
provide efficient solution a preconditioning matrix is
integrated into equation (2) that consequently requires viscous
and inviscid fluxes to be defined. The viscous fluxes can be
written in terms of the stress tensor T which is defined as
equations (4), (5) using Boussinesq’s approximation [45]. In
order to express the inviscid fluxes a modified version of
advection upstream splitting method (AUSM+) is applied
which is believed to be accurate and robust in solving fluid
flows that contain discontinuity such as shock waves [47, 48]:

܂ = ܂  + ௧௨௨௧܂ (4)

܂ = (μ + μ௧)ቂ∇܄ + ܄∇ −
ଶ

ଷ
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Since solving the governing equations directly (i.e. using
direct numerical simulation (DNS) for the complicated flow
that is investigated in this work is not feasible at the time due
to the lack in computational power, LES which requires
coarser grid is used. in LES the governing equations are
filtered in a way that the turbulence scales greater than the grid
resolution are solved directly and the smaller scales are
modelled using special approximations namely sub-grid scale
(SGS) models. SGS model is required in order to define the
turbulent viscosity (μt) that is used in equation (6) to calculate
the turbulent stress tensor (TTurbulent):

௨௨௧்܂ = 2μ௧܁
ଶ

ଷ
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where S is the strain rate tensor computed from the resolved
velocity field as:

=܁
ଵ
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In the current work wall-adapting local-eddy viscosity
(WALE) [49] sub-grid scale was applied. In this model μt is
approximated using equation (8):
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where Δ is the length scale or grid filter width and Sw is the
deformation parameter and is a function of the strain rate
tensor. The current computational framework was second-
order accurate for both temporal and spatial discretizations.

Simulations of highly under-expanded hydrogen jets were
performed by considering a system that consisted of a high
pressure hydrogen tank and a low pressure air-containing
chamber that were linked using a converging nozzle with exit
diameter D=1.5 mm, as can be seen in Figure 2. Overall three
simulations were carried out for three different NPRs; 10, 30,
and 70. The pressure of the low pressure chamber was kept
constant for the three simulations at 98.37 kPa, whereas the
temperature of both the high pressure tank and the low
pressure chamber were kept constant at 295.4 K and 296 K,
respectively. The top boundary of the high pressure hydrogen
tank was considered a stagnation inlet, while the side and the
bottom boundaries of the low pressure chamber were set to
pressure outlet. Following practices in the literature [35, 37],
the rest of the boundaries, including the wall of the converging
nozzle, were set to adiabatic slip in order to avoid formation of
any artificial boundary layers. Additionally, the turbulent
boundary layer at such high speeds would be very thin and this
would require a very fine grid close to the wall to resolve the
turbulent structure down to the viscous sublayer.

For the current study an unstructured hexahedral grid was
created using the trimmer facility of STAR-CCM+ that
produces cubic cells with identical size in all dimensions. As it
can be seen in Figure (2) in order to capture the flow details
inside the nozzle, the shock structure very close to the nozzle
exit and the mixing process downstream of the nozzle, a
conical refined area was implemented inside the
computational grid that covered the nozzle volume and a
length of 20D downstream of the nozzle exit. This refined area
very close to the nozzle exit (within a distance of ~6.7D) and
inside the nozzle volume had a cell size of ~0.03 mm (D/50)
while further downstream it had a cell size of ~0.06 mm. the
cell size from the refined area expands toward the largest cell
size inside the domain (1.0 mm) through a near four level of
grid expansion.

The simulations started from the rest condition where it
was assumed that hydrogen occupied the entire high pressure
tank and vary small part of the converging nozzle volume up
to ~1.4D above the nozzle exit. Air occupied the low pressure
chamber and remaining of the nozzle volume. The length of
the high pressure hydrogen tank is believed to be long enough
(40D) so that the flow can be considered to be almost at rest at
the stagnation inlet. This assumption eliminates the need for
applying any initial perturbation at the inlet boundary for LES
studies. Since just two species, i.e. hydrogen and air, were
involved in the current study, the molecular diffusivity Di in
equation (3) was defined as binary diffusivity of air-hydrogen
system which was calculated using Chapman-Enskong theory
for gaseous diffusion coefficients [50] and was calculated to

be Di=7.942×10-5 m2/s. The nominal integral time scale of an
under-expanded gaseous jet issued from a circular nozzle can
be defined as t0=D/2Uexit, e.g. according to the work of [37].
This definition was also employed in the current work for
comparison purposes. Assuming chocked condition (Ma=1) at
the nozzle exit of the present work, t0 was about 6.2×10-17 s.
All simulations were conducted for a duration of about 162t0

each, i.e. ~0.1 ms. A time-step of 5.0×10-9 s was used at the
beginning of the simulations, which was then increased to
5.0×10-8 s for the rest of the simulation time. This value was
almost 10 times smaller than the nominal integral time scale of
the flow and it was considered adequate for capturing the
turbulent temporal fluctuations in satisfactory detail within
feasible CPU times.

Figure 2 (a) Section view of the grid and the domain
dimensions. (b) Zoomed view of the refined areas. (c) Nozzle
profile and its dimensions based on Ruggles and Ekoto [40]

Model Validation
In order to validate the computational framework a test

case with NPR=10 was setup based on the experimental work
of Ruggles and Ekoto [40]. The nozzle geometry shown in
Figure 2 was specifically designed according to data in [40].
Figure 3 compares the LES results of the current study with
the Schlieren images presented by Ruggles and Ekoto [40].
The LES image is based on the magnitude of the density
gradient |ߩ∇| and a grey scale legend was used in order to
provide better visualisation of the shock structures.

As shown in Figure 3, the Mach disk height and width, as
well as the reflected shock angle, were predicted by LES very
close to values that can be extracted from the Schlieren image.
According to Ruggles and Ekoto [40] the Mach disk height
and width were 3.05 mm and 1.30 mm, respectively, whereas
the current LES study predicted values higher by just 1.3%
and 3.0% for these two parameters (3.09 mm and 1.34 mm,
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respectively). Similarly to the experiments [40], the current
LES study predicted the reflected shock (at the triple point) to
be inclined 28° against the nozzle centreline axis; slip lines
were also similarly predicted. As it was pointed out by
Ruggles and Ekoto [40], LES also showed that hydrogen and
air are mixing outside of the shock structures and that not all
of the hydrogen passed through the Mach disk.

Figure 3 Near nozzle shock structure. Left: Schlieren [40].
Right: Current LES study

It has been shown in [37] that the tip penetration of under-
expanded jets Ztip can be related to the nominal time scale t0 as
follows:
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If  is plotted against (t/t0)
0.5, the data is expected to collapse

almost into a linear relationship [37]. Figure 4 shows this
relationship for two hydrogen jets of the current study with
NPR=8.5 and 10, as well as for the nitrogen passive scalar
work of [37]. It is clear that all three collapse for t/t0 > 49. The
differences for t/t0 < 49 are related to the specific behaviour of
the two types of gases during the initial transient development
of the jet.

Figure 4 Normalized jet tip penetration. Comparison between
hydrogen jets of the current LES study with a nitrogen jet

available in the literature [37].

RESULTS AND DISCUSSION
Early stages of near-nozzle shock development and Mach

disk formation for the NPR=10 case is presented in Figure 5.
At t=13t0 the Prandtl-Meyer expansion fans resulted in
formation of a spherically propagating bow shock, followed
by the growth of the first oblique shocks. Soon after that at
t=21t0, when the nozzle exit pressure P1 reached the threshold
of under-expansion, i.e. ଵܲ ஶܲ⁄ > 2, a very small normal
shock with narrowly spaced slip lines formed close to the
nozzle exit. This small normal shock can be assumed as the
first appearance of the Mach disk. As time passed, the distance
between slip lines grew and the width of the Mach disk
increased. At t=32t0 the width of the Mach disk was slightly
wider than the nozzle exit diameter D and the barrel shape of
the first shock cell could be identified. After this point the size
of the Mach disk height and width started fluctuating around
their final steady values. At t=113t0 the near nozzle shock
structure and height and width of the Mach disk reached a
steady condition and no further fluctuation was observed. At
this steady condition the values of the Mach disk’s height and
width were 3.09 mm and 1.34 mm, respectively, as also
pointed out earlier in the validation section. As it is clear in
Figure 5, the current LES framework was able to capture the
emitted sound waves from the under-expanded hydrogen jet.
Turbulence instabilities and hydrogen/air mixing was
observed outside of the barrel shape shock cell that was
related to the high turbulence level at the nozzle exit. From
Figure 5 it can be concluded that the main hydrogen/air
mixing process starts after the Mach disk and the intensity of
the turbulence increase further downstream particularly at the
jet boundary.

Instantaneous spatial variations of H2 mole fraction, Mach
number, temperature and velocity for NPR=10 at t161t0 are
presented in Figure 6. As it can be seen from the mole fraction
snapshot, the maximum tip penetration of the jet can occur at a
location within a radial distance away from the nozzle
centreline axis. Air/hydrogen mixing outside the first shock
cell is as shown earlier in Figure 5. Due to the rapid expansion
of the jet, the Mach number reaches a maximum value of
Ma3.98 in the vicinity of the Mach disk. As it will be
described later, the Mach number at the nozzle exit in steady
condition was Ma1.1. Formation of at least 3 small shock
cells after the Mach disk is visible in the Mach snapshot of
Figure 6.

As it can be seen in the temperature snapshot of Figure 6,
using ideal gas EoS predicts a temperature of ~70 K just
before the Mach disk and a temperature very close but lower
than the ambient temperature (~296 K) just after the Mach
disk location. It is believed that due to the negative Joule-
Thomson coefficient of hydrogen the temperature profile very
close to the nozzle exit cannot be predicted accurately using
an ideal gas EoS. As it has been presented by some
researchers [43, 44], using a real gas EoS like Redlich-Kwong,
results in capturing a higher temperature than the ambient one
just after the Mach disk. The effect of using a real gas EoS on
under-expanded hydrogen jets is under on-going study by the
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current authors and it will be discussed in a future publication.
Figure 6 also shows that the jet velocity at the nozzle exit was
calculated to be about Uexit1310 m/s and the jet velocity
reached to a maximum value of about U2540 m/s just before
the Mach disk.

Figure 5 LES prediction of near nozzle shock structure, Mach
disk formation and turbulent mixing in under-expanded

hydrogen jet with NPR=10. These images are based on the
magnitude of density gradient .|ߩ| (a):~13t0, (b):~21t0,

(c):~29t0, (d):~32t0, (e):~40t0, (f):~51.5t0, (g):~63t0,
(h):~113t0, (i):~161t0

In addition to the test case with NPR=10, two more cases
with NPR of 30 and 70 were investigated. Figure 7 shows a
comparison between results for NPR=10 and NPR=30. It is
clear that the Mach disk dimensions are noticeably larger for
NPR=30 in comparison to the case with NPR=10. The Mach
disk height and width for NPR=30 are 5.43 mm and 2.95 mm,
respectively, which corresponds to an increase of ~75% and
~120%, respectively, in comparison to the test case with
NPR=10. It should be noted that for hydrogen jets with NPR
values of 30 and 70 the Mach disk did not reach a final steady
state size within the simulated time of t161t0. As mentioned
earlier for the jet with NPR=10, the Mach disk height and
width for NPR=30 and 70 could reach values larger than the
expected steady ones, but it is believed that the final steady
values should be close to those presented in Table 1, as
obtained at t161t0 and as can be obtained from empirical
relations such as equation (1). As illustrated in Figure 7, the
values of the angle  of the reflected shock at the triple point

for the test cases with NPR of 10 and 30 are the same and
equal to 28°. Further characteristics of the under-expanded
hydrogen jets investigated in the current study are tabulated in
Table 1. The near-nozzle shock structure for NPR=70 was not
visualised since the Mach disk width in this case was bigger
than the width of the refined area of the computational grid
and it was not possible to have a clear quantification of the
reflected shock structure and the slip lines. However, it is
believed that the angle of the reflected shocks remains
constant at 28° even beyond NPR=30, i.e. it becomes
independent of NPR as also commented in the literature at
different conditions to those of the current study [37]. It was
noticed that increasing NPR from 30 to 70 increased the Mach
disk height by ~51%. Data from Table 1 were used to
calculate the constant CH by reordering equation (1); values of
0.651 and 0.66 were calculated for NPR=10 and NPR=30,
respectively. These are very close to the values of 0.645
claimed by Crist et al [23]. It is also worth mentioning that
calculating the constant CH for NPR=70 with the same
procedure gave a value of CH 0.655 that highlighted a need
for further investigation, probably by applying a real gas EoS.
It has already been claimed that the use of real EoS is
necessary for P0>100 bar [44].

Figure 6 Instantaneous snapshots of various flow quantities
for the NPR = 10 at t161t0. (a): Mole fraction of H2, (b):

Mach number, (c): Temperature, (d): Velocity

It was observed that shortly after the start of injection (for
instance t=30–40t0 for NPR=10) the maximum tip penetration
of H2 occurred at positions within a noticeable distance from
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the nozzle centreline (see Figure 5). This is believed to be the
transient effect of the formation of Mach disk and centreline
shock cells. The distance reduced as the jet penetrated more
and, for example, for NPR=10 at t70t0 this distance reached a
value less than the nozzle diameter D. After this time the
distance between maximum jet tip penetration and centreline
penetration started ranging between values less than ~0.75D. It
was also observed that for higher NPR longer time was
required for both penetrations to occur within the mentioned
threshold and it is clear from Table (1) that even at t161t0 this
did not happen for NPR=70.

Figure 7 Shock structure and turbulence characteristics of
under-expanded H2 jets for (a): NPR=10, (b): NPR=30.

If it is assumed that the jet with NPR=70 followed the
same trend as the other two jets did, then at later time steps the
jet centreline penetration for NPR=70 would be higher than
that of NPR=30. Higher jet penetration provides faster fuel/air
mixing in hydrogen-fuelled IC engines and, based on Table 1,
it is clear that increasing the NPR does not necessarily
increase the jet penetration since the jet with NPR=10
penetrated ~13% more than the jet with NPR=30. A similar
trend was noticed by Owston et al [51] where jets with
identical mass flow rate, NPR20 produced lower penetration
than NPR10. They concluded that insufficient grid resolution
caused this to occur [51]. However, in the current study where
according to the literature [35, 37] the grid resolution was fine
enough to capture the details of under-expanded jets, a similar
trend was observed even for jets with different mass flow
rates. Therefore, it can be postulated that there would be a
trade-off between the width and penetration of the jets and
there should be an optimum NPR that can provide a desirable
penetration. According to Table 1 NPR=100 may be suggested
as the optimum value since it would produce a higher
penetration compared to NPR=10, whilst delivering more fuel
in less time. The initial transient penetration phase was studied

in the current work because it is very important for hydrogen
DI engine applications. Depending on the injector position and
injection strategy, the distance travelled by the jet before
impinging onto the cylinder liner or the piston crown can
range typically from ~20–80 mm [18, 22] which is within the
values shown in Table 1. However, more work is required
with longer injection times both for IC engine conditions and
hydrogen safety related applications.

Table 1 Characteristics of H2 jets at t=161t0

NPR

[–]

Mach Disk
Height

[mm]

Mach Disk
Width

[mm]

Second Shock
Cell Length

[mm]

Tip
Penetration

[mm]

Centreline
Penetration

[mm]

10 3.09 1.34 4.035 30.78 29.70

30 5.43 2.95 5.775 27.11 26.72

70 8.23 NA No Cell 28.65 23.97

The centreline Mach number and density at t161t0 are
plotted against the normalised distance from the nozzle exit
(Z/D) in Figures 8 and 9, respectively. It is clear from Figure 8
that for all NPRs the Mach number at the nozzle exit is ~1.1.
Studying the transient jets from the start of injection revealed
that at the early stages of injection a subsonic jet started issued
from the nozzle exit, then the flow accelerated and reached
Ma=1 at the nozzle exit. When the Mach disk started forming,
the flow inside the nozzle reached a value of Ma=1 upstream
the nozzle exit. The position of Ma=1 moves backwards
upstream, associated by an increase in the size of the Mach
disk. When the Mach disk and shock structure close to the
nozzle exit reached semi steady conditions, Ma=1 occurred
~0.5D upstream the nozzle exit; a maximum Mach number of
Ma1.3 occurred ~0.2D upstream of the nozzle exit. From the
time that the location of Ma=1 started occurring inside the
nozzle, it was noticed that the Mach number dropped again
with a slope that increased in time in such a way that the
nozzle exit Mach number ranged from ~1.01 at the beginning
of the Mach disk formation to ~1.1 when the Mach disk
dimensions had reached a semi-steady condition. A Mach
number higher that unity at the nozzle exit, Ma1.2, was also
observed in the work of Khaksarfard et al [43] where
hydrogen was injected with pressure of P0=34.5 MPa into
atmospheric ambience. However, in [43], the authors
presented results for an injection duration of 25 μs which was 
not long enough to capture the peak of the Mach number and
the transient in-nozzle flow in the same way that this
behaviour was captured by the current study (see Figure 8). By
performing computational studies of high pressure injection of
nitrogen in an ejector (vacuum jet), Zhu and Jiang [52]
captured a behaviour of the in-nozzle Mach number that was
very close to the current study.

In Figure 8 the Mach number behaviour just before the
nozzle exit may look like a normal shock phenomenon but, as
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illustrated in Figure 10, the aforementioned transient process
did not produce much entropy increase since it took place
gradually during time, unlike the formation of the Mach shock
which produced a sudden drop in the Mach number and other
flow parameters from its first appearance. The specific entropy
in Figure 10 was calculated using equation (10) where the
reference parameters P0 and T0 were set to their stagnation
values of hydrogen inside the fuel reservoir. The stagnation
temperature was assumed to be T0=295.4 K for all test cases
whereas the value of the stagnation pressure P0 was ~9.8,
~29.5, and ~69.0 bar for NPR values of 10, 30 and 70
respectively.
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The maximum value of the Mach number that happened at
the vicinity of the Mach disk was 3.94, 5.36, and 6.60 for NPR
of 10, 30, and 70 respectively. From Figure 8 it is clear that
the length of the subsonic core just after the Mach disk
increased by increasing the NPR. For NPR values of 10 and 30
the flow reached Ma=1 at normalised distance from the nozzle
exit (Z/D) of 4.75 and 7.47, respectively. For NPR=70, as also
mentioned earlier, due to the very strong normal shock the
flow could not reach Ma=1 past the Mach disk and remained
subsonic. The nozzle exit velocity for all values of NPR was
about U1310 m/s. The values of density at the nozzle exit
(Figure 9) led to mass flow rates of 1.07, 3.21 and 7.50 g/s for
NPR values of 10, 30 and 70, respectively. The calculated
mass flow rate for NPR=10 is in a good agreement with the
value of ~1.0 g/s reported by Ruggles and Ekoto [40] from
their experimental data obtained at the same conditions to
those of the current study.
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CONCLUSIONS
The current study focused on LES of under-expanded

hydrogen jets under different values of NPR, namely 10, 30,
and 70, for injection duration of 100μs. The computational 
framework was validated against an experimental test case
ρexit =1.39

3
 available in the literature. The near nozzle shock structure and
mixing characteristics of hydrogen jets were then investigated.
The Mach disk height and width, as well as the angle of the
ρexit =0.463
he nozzle centreline
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 The
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shock at the triple point and the length of the
core after the Mach disk were studied quantitatively.

n conclusions can be summarized as follows:

height and width of the Mach disk were very
itive to NPR. A higher degree of sensitivity to NPR
noticed for the width of the disk than for the height.
height of the Mach disk was ~2.06D, ~3.62D and
9D for NPR equal to 10, 30 and 70, respectively. The

th of the Mach disk for NPR=10 and 30 was ~0.89D
~1.97D, respectively.



 By increasing the NPR from 10 to 70, the angle of the
reflected shock at the triple point remained constant at
about 28°.

 By increasing the NPR from 10 to 30, the length of the
subsonic core just after the Mach disk increased from ~4
mm to ~5.8 mm, i.e. by ~45%. At NPR=70 the subsonic
core did not turn sonic and continued decaying in a
subsonic manner after the Mach disk.

 Applying higher NPR did not necessarily increase the
penetration of the jet. Therefore, there should be an
optimum NPR that can provide the desirable penetration
under a certain design brief; a value of 100 may be the
optimum NPR for the conditions of the present study.
However, further work is required for a solid conclusion.

 Studying the transient jets with different values of NPR
revealed that at the beginning of injection a subsonic jet
formed at the nozzle exit. Then the flow accelerated
inside the nozzle and at the nozzle exit it reached Ma=1.
When the Mach disk started forming, the location of
Ma=1 moved upstream of the nozzle exit and at semi-
steady conditions the Mach number at the nozzle exit for
all values of NPR was ~1.1.

 At the semi-steady condition it was observed that the
maximum Mach number inside the nozzle was ~1.3. This
occurred at ~0.2D upstream of the nozzle exit. After this
point Ma decreased to ~0.8 at ~0.15D upstream of the
nozzle exit and again increased to ~1.1 at the nozzle exit.

 The jet’s development from subsonic condition to under-
expanded steady condition did not produce noticeable
entropy change inside the nozzle since the procedure
occurred gradually. However, the formation of the Mach
disk, even from its early stages, produced a large increase
in entropy in the vicinity of the shock since the
thermodynamic conditions changed suddenly at the Mach
disk location.

 It was noticed that not all the hydrogen passed through the
Mach disk and that part of the jet bypassed the disk. For
NPR=10, hydrogen/air mixing started at the boundaries of
the slip region before the Mach disk. This was due to high
levels of turbulence at the nozzle exit. A wider grid
refinement area was required to study this specific mixing
region for NPR values of 30 and 70.

 For all values of NPR the main hydrogen/air mixing was
observed to start after the Mach disk location and
particularly closer to the jet boundary where intense
turbulence was noticed to play a dominant role in the
mixing process.
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