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a b s t r a c t

Cut-on cut-off transition of acoustic modes in hard-walled ducts with irrotational mean
flow is well understood for Helmholtz numbers of order unity. Previous finite-element
simulations of this phenomenon, however, appear to indicate the possibility of energy
scattering into neighbouringmodes at moderately large Helmholtz numbers. In this paper,
such scattering phenomena are explained and predicted in slowly varying aeroengine
ducts using a multiple-scales approach. It is found that, for sufficiently high frequencies,
two mechanisms exist whereby energy can be scattered into neighbouring modes by
an incident propagating mode. One mechanism occurs only when there is a mean flow
inside the duct and induces scattering at significantly lower frequencies than the other
mechanism which remains present without mean flow. A coupled system of ordinary
differential equations is derived and then solved numerically for a number of example cases
to obtain the corresponding transmitted and reflected amplitudes of the scattered modes
as well as the overall acoustic pressure field. The theory appears to demonstrate that some
exchange of energy between the acoustic and mean flow fields occurs during scattering.

© 2011 Elsevier B.V. All rights reserved.

1. Introduction

The propagation of unsteady disturbances in ducts of slowly-varying geometry, such as those typical of an aeroengine,
can be successfully modelled using a multiple scales approach. From the first application [1] of multiple-scales analysis to
sound propagation in ducts of rectangular and circular cross section without mean flow, more recent developments have
extended the method to cases with uniform mean flow [2], mean swirling flow [3], ducts of arbitrary cross section [4]
(with uniformmean flow) and strongly curved ducts [5]. The multiple-scales approach has a number of distinct advantages
over full numerical methods as it is ideally suited to handle higher frequencies and the computational complexity is only
marginallymore than calculating the eigenmodes inside a straight parallel duct. The accuracy and usefulness of themultiple
scales approach has been validated against finite-element methods [6] for realistic aeroengine configurations and acoustic
frequencies [7,8].

Cut-on cut-off transition of acoustic modes in hard-walled ducts with irrotational mean flow is well understood, where
an analysis within an inner scaling region around the singularity in themultiple-scales solution for the incidentmode shows
that themode undergoes a total reflectionwith a phase shift of π/2 [9–11]. Significantly for typical aeroengine applications,
a similar partial reflection also occurs in lined ducts of finite impedance [12]. However, a recent comparison paper [8]
contains finite-element simulations of cut-on cut-off transition that appear to indicate the possibility of energy scattering
into neighbouring modes at large Helmholtz numbers. Out of the seven benchmark cases presented in that comparison
paper, modal scattering was observed in the high-frequency cases with a high cross-sectional eigenvalue for the incident
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mode, and where a mean-flow is present within the duct. A brief argument put forward by the authors of the paper was
based on the smaller separation of neighbouring eigenvalues at high frequency and it was conjectured that scattering may
occur at non-dimensional frequencies of the order of ϵ−2, where ϵ ≪ 1 is the so-called slowly-varying parameter (a typical
feature of the nondimensional duct geometry variation as described below).

In this paper, we attempt to explain and predict such observed scattering phenomena in slowly varying aeroengine
ducts using a multiple-scales approach. Our analysis appears to show firstly that the order of magnitude estimate obtained
previously [8] of the nondimensional frequency required for modal scattering to occur appears overestimated when amean
flow is present within the duct. Furthermorewe show that, for sufficiently high frequencies, twomechanisms exist whereby
energy can be scattered into neighbouring modes by an incident propagating mode undergoing cut-on cut-off transition.
The first mechanism is described in Section 4 and is induced by the mean flow inside the duct; it is significant for Helmholtz
numbers of only O(ϵ−1/2) or larger. Indeed, we demonstrate that this flow-induced scattering mechanism leads to direct
coupling and some exchange of energy with the mean flow. The second geometry-induced scattering mechanism is derived
in Section 5 and generates significant scattering only at much larger Helmholtz numbers of O(ϵ−2) or higher, more in line
with the previous prediction. Examples of scattering via both mechanisms are then presented for a duct of rectangular
cross-section. The straightforward application of the theory to ducts of both circular and annular cross-section is described
towards the end of the paper.

2. Governing equations

We begin by considering a compressible inviscid isentropic irrotational gas flow inside a duct of slowly-varying cross
section. The ratio of specific heats at constant pressure and volume is taken to be γ and it is assumed that (i) the acoustic
oscillations are too rapid for heat conduction and (ii) the viscous forces are also assumed to be negligible. The governing
Euler equations and perfect gas relation are made dimensionless by scaling all spatial dimensions on a typical duct width
or diameter h0, the gas density ρ̃ on an ambient reference value ρ0, the velocity field ṽ and sound speed c̃ on an ambient
reference sound speed c0, time on h0/c0 and pressure p̃ on ρ0c20 . The flow field can subsequently be expressed as the sum of
a mean flow plus infinitesimally small time-harmonic perturbations of non-dimensional frequency (Helmholtz number) ω,

ṽ, ρ̃, p̃, c̃


= [V,D, P, C] + [∇φ, ρ, p, c] eiωt .
The duct geometry is described using Cartesian coordinates (x, y, z), with corresponding unit vectors ex, ey, ez, so that the
duct cross section lies in the yz-plane and varies slowly in the axial x-direction. For ducts of cylindrical or annular cross-
section, cylindrical coordinates are used (x, r, θ), where (y, z) = (r cos θ, r sin θ). Defining X = ϵx (with ϵ ≪ 1) as a slow
axial scale, the mean flow is assumed to take the form

V(X, y, z; ϵ) = U0(X)ex + ϵV⊥(X, y, z)+ O(ϵ2),

[D, C, P] = [D0(X), C0(X), P0(X)] + O(ϵ2), (1)
where V⊥(X, y, z) represents the crosswise mean flow component. The leading order solution to the mean flow expansions
can be determined [4], given the cross-sectional area A(X) and two constant flow parameters E and F , by solving

U0(X) =
F

D(X)A(X)
, and

F 2

2D2(X)A2(X)
+

Dγ−1(X)
γ − 1

= E . (2)

The crosswise mean velocity is subsequently determined by mass conservation,

∂

∂X
(U0D0)+ ∇⊥ · (D0V⊥) = 0. (3)

For the acoustic perturbations, the acoustic velocity potential φ satisfies the general convective wave equation [13], given
by

∇ · (D∇φ)− D (iω + V · ∇)

C−2 (iω + V · ∇) φ


= 0. (4)

On obtaining a solution to φ, the acoustic pressure p and density perturbation ρ can be recovered from φ via the relations

p = −D (iω + V · ∇) φ, and p = C2ρ. (5)

3. The multiple-scales solution and turning points

For ω ∼ 1, substituting the mean flow solution from Eq. (2) into the convective wave equation (4) yields

∂2φ

∂x2
+ ∇

2
⊥
φ −

1
C2
0


−ω2φ + 2iωU0

∂φ

∂x
+ U2

0
∂2φ

∂x2


= O(ϵ), (6)

where ∇⊥ =

0, ∂y, ∂z


and the right-hand side of (6) contains the so-called non-parallel terms due to the mean flow

variation. The solution to this equation can be expressed to leading-order as a sum of slowly-varying modes with given
incident amplitudes Qk as follows [2,4,9,11]
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φ =

∞
k=−∞

Qk


C0(X)

ωD0(X)σk(X)
ψ|k|(y, z; X) exp


−

i
ϵ

 X ω(C0σk − U0)
C2
0 − U2

0

 dX ′


. (7)

Here, the functionψ|k| solves the slowly-varying cross-sectional eigenvalue problem∇
2
⊥
ψ|k| = −α2

|k|(X)ψ|k|, for eigenvalues
α|k|(X), with boundary conditions that ∇ψ|k| · n = 0 at the duct walls with normal vector n. It is normalised, as in [4], by
integrating over the duct cross section, a domain given by A (X), and imposing


A (X) ψ

2
|k|dy dz = 1. The slowly varying

term σk(X) in the expression is the so-called reduced axial wavenumber [2] and it is given by

σk(X) = sgn(k)


1 −


C2
0 − U2

0


ω2

α2
|k|(X).

A cut-on cut-off transition point [9,11] at X = Xt for a given mode n is defined to be where σ 2
n (Xt) = σ 2

−n(Xt) = 0.
At this axial location the +n and −n modal terms in Eq. (7) develop a singularity and so this solution is no longer valid.
Further analysis of the left-hand side of (6) within an inner scaling region of the form |X −Xt | ∼ ϵ2/3 leads to removal of the
singularity and a solution satisfying Airy’s equation. Hence, the slowly-varying mode n interacts with its opposite-running
counterpart resulting in total reflection of the mode. For such a mode undergoing cut-on cut-off transition inside a duct
geometry, a uniformly valid composite solution [11] can be substituted in place of the modal component in Eq. (7), and this
composite solution takes the form

Q̂


C0

ωD0
ψ|n|(y, z; X)


(−3)
2ϵσ 3

n

 X

Xt

ωC0σn

C2
0 − U2

0
dX ′

 1
6

Ai

 3i
2ϵ

 X

Xt

ωC0σn

C2
0 − U2

0
dX ′

 2
3

 e
i
ϵ

 X
Xt

ωU0
(C20−U2

0 )
dX ′

. (8)

With the exception of this phenomenon, there are no other possible mechanisms for inter-modal scattering within the
standardmultiple-scales framework forω ∼ 1 unless a sharp change in either geometry or boundary conditions is imposed;
one example of this is scattering at an interface between an acoustically-hard duct wall and a lined finite-impedance duct
wall [14,15].

4. High frequency analysis

We assume now that the Helmholtz number is high, say ω ∼ ϵ−q where q > 0, and we substitute the slowly-varying
mean flow expansion (1) into the governing wave equation (4) and examine the terms at all orders. The highest power of
frequency in any termwithin the equation isω2 and the highest derivative ofφ present is second order. Hence, as seen in [4],
we can obtain the following

1 −
U2
0

C2
0


φxx + ∇

2
⊥
φ +

ω2

C2
0
φ −

2iωU0

C2
0
φx

= −ϵ


D−1
0
∂D0

∂X
φx − iωU0

∂

∂X


1
C2
0


φ − U0

∂

∂X


U0

C2
0


φx −

2iω
C2
0
(V⊥ · ∇⊥φ)

− 2
U0

C2
0
(V⊥ · ∇⊥φx)


+ O(ϵ2ω2U0). (9)

Avoiding cut-on cut-off transition points, a modal type outer solution similar to Eq. (7) can still be obtained for ω ≫ 1 from
the convective wave equation within the duct, where α|k|(X) and σk are expansions in powers of ϵ. However, it is around
the singular transition points where σk = 0 that previous analyses need some revision.

Around the axial location Xt where a particular mode n has σn(Xt) = 0, an inner scaling region is necessary and the
thickness of this region is determined by balancing the φxx term with the other terms on the left-hand side of Eq. (9). These
other terms, by substituting ∇

2
⊥
φ = −α2

|n|φ, can be combined together and simplified as φ ω2C2
0σ

2
n


C2
0 − U2

0

−2, which
tends to zero as we approach Xt . Approaching this limit, it balances φxx in the vicinity around the turning point when

ϵ2

|X − Xt |
2 ∼ ω2

|X − Xt | .

Therefore the inner scaling region can be defined by |X −Xt | ∼ (ϵ/ω)2/3 and we note that this inner region shrinks in width
as the Helmholtz number increases.

Amuchmore important contrast from theω ∼ 1 case, however, is that the last two non-parallel terms on the right-hand
side of Eq. (9) become significantly larger as ω increases within the defined inner scaling region around a cut-on cut-off
transition point. Hence, forω ≫ 1, four specific terms can now potentially balance in the inner-region solution and they are
(along with their relative scalings):
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term 1 : φxx ∼
ϵ2

|X − Xt |
2
,

term 2 :
ω2C2

0σ
2
n

(C2
0 − U2

0 )
2
φ ∼ ω2

|X − Xt |,

term 3 : ϵ


2iω
C2
0
(V⊥ · ∇⊥φ)


∼ ϵ ω α|n| U0,

term 4 : ϵ


2U0

C2
0
(V⊥ · ∇⊥φx)


∼ ϵ ω α|n| U2

0 ,

where, in term 4, φx ∼ ωU0 in line with the expected convective component which is cancelled out on the left-hand side.
Terms 1 and 2 alone lead to Airy’s equation for ω ∼ 1 when X − Xt ∼ ϵ2/3 but we can conclude from our scalings that at
least one of the non-parallel terms 3 and 4 driven by the crosswise mean velocity become comparable for frequencies of
O(ϵ−1/2) or higher—a scaling that is significantly lower than the previous estimate obtained [8]. Note that these additional
terms require a mean flow to exist and their magnitude is determined by both the strength of the mean flow, assuming
U0 = O(1), and themagnitude of the cross-sectional eigenvalueαn(Xt), which is assumed to be comparable to theHelmholtz
number.

The inner scaling region around the cut-on cut-off transition point of the incident mode can be defined thus

(X − Xt) =

 ϵ
ω

2/3
λ−1
0 ξ, (10)

where ξ = O(1) is the inner scaled axial variable and λ0 is a positive parameter given by

λ30 =
2C2

0
C2
0 − U2

0

2 C0(Xt)C ′

0(Xt)− U0(Xt)U ′

0(Xt)

C2
0 (Xt)− U2

0 (Xt)
+
α′
n(Xt)

αn(Xt)


.

Note that λ0 is related to the parameter λ given in Rienstra’s previous work [9,4] by a simple scaling, λ = ω2/3λ0. We now
assume that the inner region solution for the acoustic velocity potential takes the form

φinner =

∞
k=0

χk(ξ)ψk(y, z; X)e
+

i
ϵ

 X
Xt

ωU0
C20−U2

0
dX ′

, (11)

and substituting this expression into the convective wave equation (9) we find to leading order that

ϵ2/3ω4/3λ20

∞
k=0


d2χk

dξ 2
−

ξ + δk,n


χk


ψk(y, z; Xt) = +

2iϵωC2
0

C2
0 − U2

0

2 ∞
k=0

χkV⊥ · ∇⊥ψk(y, z; Xt). (12)

The parameter δk,n in the above equation represents the relative spacing of each neighbouring mode’s σ 2
k to the incident

mode’s σ 2
n within the inner region. For the incidentmode undergoing cut-on cut-off transition, δn,n = 0 so that the left-hand

side of Eq. (12) reduces to the usual Airy’s equation.
Eq. (12) contains a summation over all eigenmodes. However, the impact of the {V · ∇⊥φ} term on the right-hand side is

that, even if the modes are orthogonal, it is no longer possible to decouple the individual modal equations as, on integrating
over the duct cross-section A (X), we find typically that

A (X)
ψn (V⊥ · ∇⊥ψk) dy dz ≠ 0 for k ≠ n.

Therefore an incident mode undergoing cut-on cut-off transition can influence its neighbouring modes through a non-zero
right-hand side. As a result, the new inner region solution consists of a series of coupled forced Airy’s equation type problems
along with the expected boundary conditions specifying any incoming waves, while suppressing spurious reflections of
outgoing waves from the domain. It is important to observe that V⊥ ≠ 0 to induce this scattering mechanism and so it
requires both a mean flow and a geometry variation leading to cut-on cut-off transition. The effect of the scattering
mechanism can be most easily demonstrated in a duct of rectangular cross section and this is described in Section 7.
However, it is important to note that themechanism achieves a similar effect in cylindrical andmore general cross-sectional
geometries and such extensions are briefly detailed in the discussion at the end of the paper.

For situations with mean flow where ω ≫ ϵ−1/2, a balance between terms 1, 2 and 3 remains (with term 4 negligible)
so long as U0 ∼ ϵ−1/3ω−2/3

≪ 1. For U0 ∼ 1 and higher frequencies the scattering terms (3 and 4) become much larger in
magnitude and act over length scales significantly longer than the inner scaling region leading to stronger scattering. Note
though that the left-hand side terms of Eq. (9) along with the two right-hand terms 3 and 4 identified remain the dominant
terms in the governing equations at these higher frequencies until ω ∼ ϵ−2 where a second mechanism is introduced as
described in the next section.
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5. Modal scattering without mean flow

Of course, scattering is still expected to occur at high frequencies even when a mean flow is not present, but clearly
the mechanism defined in the previous section does not apply when U0 = 0, and thus V⊥ = 0. For the no-flow case our
governing equation (9) for the acoustic potential simply reduces to

φxx + ∇
2
⊥
φ +

ω2

C2
0
φ = 0, (13)

exactly, where C0 is now a constant. The only non-parallel effect remaining is the slowly varying geometry, the boundary
condition of which determines the slowly-varying eigenvalues αk(X).

Proceeding with an inner-region analysis we assume that (i) ω ≫ 1, (ii) the inner-region variable ξ about the turning
point is as defined in (10), and (iii) the acoustic potential takes the form

φinner =

∞
k=0

χk(ξ) ψk(y, z; X), (14)

obviously now without the convection term. In this situation, any non-parallel effects can only arise from the partial
differentiation of ψk with respect to the slow variable X . It is expected that for ω ≫ 1 such partial differentiation leads
to

∂ψk(y, z; X)
∂X

∼
α′

k(X)ψk
 = O(ωϵ),

∂2ψk(y, z; X)
∂X2

∼

α′

k(X)
2
ψk

 = O(ω2ϵ2),

as αk ∼ ωk near a turning point; these terms have been negligible up until now in any previous analyses. As such, we expand
φxx as follows,

φxx =

∞
k=0

ϵ2

|X − Xt |
2
χ ′′

k (ξ)ψk + 2
ϵ

|X − Xt |
χ ′

k(ξ)
∂ψk

∂X
+ χk(ξ)

∂2ψk

∂X2
, (15)

and determine that the three terms become comparable in the region |X − Xt | ∼ ω−1. Balancing these terms with the
remaining part of the governing equation near a turning point, given by

∇
2
⊥
φ +

ω2

C2
0
φ ∼ ω2

|X − Xt |,

leads to |X − Xt | ∼ (ϵ/ω)2/3 as before and, as a result, the non-parallel terms above become comparable in the inner
region when ω ∼ ϵ−2; this agrees exactly with the initial approximate estimate obtained previously [8]. Hence for the case
ω = O(ϵ−2), substituting our expression for the inner solution (14) into (13) leads to

∞
k=0


χ ′′

k (ξ)−

ξ + δk,n


χk(ξ)


ψk(y, z, Xt) = −

∞
k=0


2ϵ
λ0
χ ′

k(ξ)
∂ψk

∂X


X=Xt

+
ϵ2

λ20
χk(ξ)

∂2ψk

∂X2


X=Xt


.

And, in a similar manner to the flow-induced scattering mechanism derived in the previous section, the fact that typically
A (X)

ψn
∂ψk

∂X
dy dz ≠ 0,


A (X)

ψn
∂2ψk

∂X2
dy dz ≠ 0, for k ≠ n,

indicates that the equation derived here represents a second geometry-induced mechanism that becomes significant at
much higher Helmholtz numbers.

6. Scattering example in a rectangular duct

It is simplest to demonstrate how the additional non-parallel terms induce intermodal scattering by taking the example
of a slowly-varying duct of rectangular cross section defined by

0 < y < 1, 0 < z < h(X), for − ∞ < X < +∞, (16)
with acoustically hard walls so that ∇φ · n = 0, where n is the unit vector normal to the wall, at y = 0, 1 and z = 0, h(X).
The remainder of this paper, including the numerical results of Section 9, analyses a duct geometry of this type. A uniform
mean flow is present in the duct given by Eq. (2) and, in this case, the mean crossflow component reduces to

V⊥(X, y, z) = W (X) z ez,
with W (X) known via the solution to Eqs. (2) and (3). A modal eigensolution to the cross-sectional eigenvalue problem is

ψk(y, z; X) =
4

h(X)
cos [βk(X)z] cos (mπy) ,
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and, assuming the Helmholtz number to be large ω ≫ 1, we select a certain incident mode pwith βp(X) = pπ/h(X) (satis-
fying the hard-wall boundary conditions to leading order) where p andm are integers large enough so that β2

p (X)+ (mπ)2

∼ ω2.
Computing the inner solution problem is not useful on its own without matching to the outer modal solution for

|X − Xt | ≫ (ϵ/ω)2/3 far from the transition point of mode p at Xt . Ideally, we would like to develop a composite solution
as given in Eq. (8) for the flow-induced scattering problem. Following the analysis as done for the ω ∼ 1 case [11] leads to
an equivalent stretched variable s = ϵ−γ g(X) which is an integral of the reduced axial wavenumber for mode p. However,
this creates some difficulties in expressing the σn of the neighbouring modes (n ≠ t) in terms of the stretched variable
s leading to a rather laborious calculation. In short, the composite solution for the scattering problem no longer leads to a
simple analytic form in terms of standard Airy functions and so some degree of numerical computation is unavoidable.With
this in mind, we pursue a composite solution approach but with the aim to convert the problem to a coupled set of ordinary
differential equations—one for every mode nwhich can then be truncated and solved iteratively.

7. Flow induced scattering when ω ∼ ϵ−1/2

Based on the scaling obtained in Section 4 for the flow-induced mechanism, we initially rescale ω = ϵ−1/2ω̄ and
βk = ϵ−1/2β̄k where ω̄ ∼ 1 and β̄k ∼ 1 with an arbitrary m . ϵ−1/2 constant wavenumber in the non-varying y-direction
included for convenience. From the composite solution approach, we assume an acoustic velocity potential field of the form

φ =

∞
k=0

Φ(X)χk(s) cos

ϵ−1/2β̄k(X)z


cos (mπy) e

i
ϵ

 X
Xt

ϵ−1/2ω̄U
C2−U2 dX ′

, (17)

where s = ϵ−qX , and substitute this into our governing equation (9). A careful scaling to preserve the inner scaling region
equation obtained can be achieved by choosing q = 1, and thus s = x, leading to

∞
k=0

cos

ϵ−1/2β̄k(X)z

 
χ ′′

k (x)+ ϵ−1 ω2C2
0σ

2
k

C2
0 − U2

0

2 χk(s)



+
2iω̄C2

0
W (X)z

C2
0 − U2

0

2 ∞
k=0

β̄k(X)χk(x) sin

ϵ−1/2β̄k(X)z


= O(ϵ1/2), (18)

where, from the dispersion relation,

β̄2
k (X)+ ϵm2π2

=
ω̄2

C2
0 − U2

0

 1 − σ 2
k


.

Multiplying Eq. (18) by cos

ϵ−1/2β̄n(X)z


and integrating in z across the channel yields

χ ′′

n +


ϵ−1ω̄2C2

0σ
2
n

C2
0 − U2

0

2

χn =

2iω̄C2
0
W (X)

C2
0 − U2

0

2 ∞
k=0

Ck,nβ̄k(X)h(X)χk, (19)

and a scattering coefficient Ck,n can now be identified as

Ck,n =
(−2)
h2(X)

 h(X)

0
z sin (βkz) cos (βnz) dz =


1
π


(−1)k+n

(k + n)
+
(−1)k−n

(k − n)


k ≠ n

1
2πn

k = n.
(20)

Note that, as in the ω ∼ 1 composite solution [11], a slowly varying coefficient Φ(X) is also needed and is determined by
matching the solution from Eq. (18) to the outer solution given by Eq. (7). Away from any region of crosswise mean flow,
χn(x) is the solution to

χ ′′

n +


ϵ−1ω̄2C2

0σ
2
n

C2
0 − U2

0

2

χn = 0. (21)

On matching this directly to the expected outer solution, we find

Φ(X) =


C2
0 (X)

[C2
0 (X)− U2

0 (X)]D0(X)h(X)
,

which is independent of themode number. Hence we are now able to obtain from our numerical solution for χn the acoustic
velocity potential for each mode n from Eq. (17) and subsequently the acoustic pressure using the relation in (5).
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8. Geometry-induced scattering with no mean flow

For the no-flow case, we increase the nondimensional Helmholtz number and cross-sectional eigenvalue to ω = ϵ−2ω̄
and βk = ϵ−2β̄k respectively, where the terms with bars are of order unity. Assuming an acoustic velocity potential in a
similar form as the previous section,

φ =

∞
k=0

Φ(X)χk(s) cos

ϵ−2β̄k(X)z


cos (mπy) , (22)

we substitute this into Eq. (13) and preserve the inner region scaling by choosing q = 2 so that s = ϵ−1x; thus
∞
k=0

cos

ϵ−2β̄k(X)z

 
χ ′′

k (s)+ ϵ−2 ω̄
2

C2
0
σ 2
k χk(s)
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∞
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,

with dispersion relation given by
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k (X)+ ϵ4m2π2

=
ω̄2

C2
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.

As before, multiplying by cos

ϵ−2β̄n(X)z


and integrating across the channel in z produces
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2
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0
σ 2
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∞
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k(X)χ
′

k(s), (23)

where Ck,n is already defined in (20) and the second scattering coefficient Gk,n is given by

2
h3(X)

 h(X)

0
z2 cos(βk(X)z) cos(βn(X)z)dz =


2
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(−1)n+k
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+
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k ≠ n
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1

2n2
+
π2

3


k = n.

The slowly-varyingmatching coefficient,Φ(X), remains the same as for thewith-flow case in the previous section, although
obviously with U0 = 0, and both D0 and C0 constant.

9. Numerical results

Based on the asymptotic analysis developed above we now attempt some numerical calculations of modal scattering
generated by the two mechanisms highlighted. First, Eqs. (19) and (23) are rescaled into the original nondimensional axial
variable x and the right-hand sides are combined leading to the following equation:

χ ′′

n (x)+


ω2C2

0σ
2
n

C2
0 − U2

0

2

χn(x) = h(x)


∞
k=0

2iωC2
0
W

C2
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0

2 Ck,nβk(x)χk(x)

+

∞
k=0

Gk,nh(x)

β ′

k(x)
2
χk(x)− 2Ck,nβ

′

k(x)χ
′

k(x)


. (24)

Eq. (24) can also be obtained from (9) using the form suggested in (17) whilst keeping the right-hand side terms identified
as dominant for scattering in the asymptotic analyses in Sections 7 and 8.

Our scattering model, Eq. (24), is computed for a finite set of modes n = 1, . . . ,N as a system of finite-differenced
ordinary differential equations in parallel using a standard Thomas algorithm. A narrowing channel of the form

h(x) = 1 −
∆

2
[1 + tanh(κx)] ,

is used as the duct geometry in the examples presented, where ∆ and κ are given constants and the multiple-scales small
parameter ϵ can be expressed as ϵ = |κ∆/2|. The mean flow is set by choosing a value for the flux parameter F with the
other mean flow parameter E = 1/(γ − 1) fixed for all cases shown here. The parameter F can therefore be understood
to represent the signed mean flow at x = −∞, i.e. F = U0(−∞). For each computed mode n, non-reflecting boundary
conditions are chosen at the extremities of the numerical domain xmin < x < xmax of the form

χ ′

n − ik−

n χn = −2ik−

n An at x = xmin,

χ ′

n + ik+

n χn = 2ik+

n Bn at x = xmax,
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Fig. 1(a)–(c). Case A: ω = 9.6, n = 3 incident from x = −∞, and F = ±0.3. Contour plot of the overall relative sound pressure level in the duct, given
by 20 log10(|p(x, z)|/max |p(x, z)|). Each contour level represents a change of 3 dB. (a) is obtained from standard multiple-scales theory for F = ±0.3;
(b) is obtained from the scattering model in Eq. (24) for F = +0.3; (c) is obtained from the scattering model in Eq. (24) for F = −0.3.

with k−
n and k+

n equal to ωC0σn/(C2
0 − U2

0 ) at x = xmin and x = xmax respectively, and also where An and Bn represent the
complex amplitudes of a mode incident from either x = −∞ or x = +∞ respectively. For the cases presented here all
incident modes are right-running from x = −∞ and thusBn ≡ 0 for all n. The boundaries (xmin, xmax) of the computational
domain are selected far enough away from the narrowing region where W (X, z) ≠ 0 so as to suppress any unphysical
phenomena from the finite-domain contaminating the solution obtained.

The finite number of modes N computed for each case includes all the modes that are cut-on (σn real) somewhere in the
channel as well as the first few modes that are fully cut-off throughout the duct. An incident mode is chosen propagating
from x = −∞, so that Ap ≠ 0 for some p, and the solution is obtained iteratively by initially calculating the uncoupled
problem with the right-hand side of (24) identically zero to obtain a first guess without scattering, χ (1)n . This initial χ (1)n is
then used to calculate a non-zero right-hand side of Eq. (24) before re-computing (24) to obtain a further guess, χ (2)n . The
process is then repeated a number of times until the absolute error between subsequent guesses χ (M)n and χ (M−1)

n for every
mode is below a certain prescribed tolerance. Our computations thus far indicate that only a handful of iterations,M ∼ 10,
is required to obtain extremely good convergence. Aside from the plots of the overall sound field and modal amplitudes
presented, tables are also included that show the magnitudes of the reflected coefficient Rn and transmitted coefficient Tn
for each mode n. These are the modal amplitudes for each mode n scaled by the incident modal amplitude and travelling
out of the numerical domain towards x = −∞ and x = +∞ respectively.

9.1. Case A: ϵ = 0.15, ω = 9.6, (n,m) = (3, 0) incident

The first case attempts to validate the dominance of the flow-induced scattering mechanism presented in Section 7 at
moderately high frequencies. The geometry parameters chosen are κ = 3 and∆ = 0.1 leading to a small parameter value
of ϵ = 0.15. A non-dimensional frequency of ω = 9.6, lying in the range ϵ−1/2

≪ ω ≪ ϵ−2, is selected, for which the
theory predicts observable scattering only in cases where a mean flow is present in the duct. This first example is for a
two-dimensional incident mode (the wavenumber in the y-direction m = 0) and we find the first two modes n = 1, 2 are
cut-on throughout the duct, whereas mode n = 3 is cut-on (and thus propagates) only in the wider half of the duct for
x ≪ 0. Thus we set mode n = 3 incident from x = −∞ so that A3 = 1 and An≠3 = 0. Eq. (24) is then computed for three
scenarios: (i) for a mean flowmoving left-to-right where F = +0.3; (ii) a mean flowmoving in the opposite direction with
the same magnitude so F = −0.3 and (iii) no mean flow, F = 0. The results obtained for these scenarios are presented in
Figs. 1(a)–(f).

From standard ω ∼ 1 multiple-scales theory [9,11], the incident n = 3 mode should simply reflect within the
duct narrowing at the axial plane X = Xt where σ3(Xt) = 0, resulting in a reflected mode of equal amplitude.
A standing wave is thus expected in the region X < Xt and no acoustic energy propagates beyond the transition
point X > Xt . This prediction with no scattering is depicted in Fig. 1(a) in the form of a contour plot of the relative
sound pressure level, given by 20 log10 (|p(x, z)|/max |p(x, z)|). The amplitude of the standing wave is identical for both
cases F = ±0.3 as the mean flow direction only affects the phase as seen in the uniformly valid composite solution
of [11] given in Eq. (8). In contrast, relative sound pressure levels obtained from our scattering model (24) are shown
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Fig. 1(d). Case A:ω = 9.6, n = 3 incident, andF = +0.3 (mean flow from left to right). The left plot shows the amplitude for the incident mode obtained
from the scattering model (solid line) compared to the expected standing wave from the ω ∼ 1 multiple scales theory (dotted line). The right plot shows
the scattered amplitudes for the neighbouring modes.

Fig. 1(e). Case A:ω = 9.6, n = 3 incident, andF = −0.3 (mean flow from right to left). The left plot shows the amplitude for the incident mode obtained
from the scattering model (solid line) compared to the expected standing wave from the ω ∼ 1 multiple scales theory (dotted line). The right plot shows
the scattered amplitudes for the neighbouring modes.

in Figs. 1(b) and 1(c) for scenarios F = +0.3 and F = −0.3 respectively. Figs. 1(d) and 1(e) subsequently show the
actual modal amplitudes, |Φ(x) χn(x)|, along the duct obtained from the scattering model. The left-hand plot in each of
Figs. 1(d) and 1(e) shows the amplitude for the n = 3 mode compared directly to the ω ∼ 1 standing wave theory
and the right-hand plot in each figure shows the neighbouring scattered modal amplitudes. The main striking effect
of the scattering model is that the neighbouring cut-on modes appear to have been excited in the narrowing region
of the duct, where h′(x) ≠ 0, resulting in the generation of a significant n = 2 scattered mode that propagates
most of its scattered energy towards x = −∞ when F > 0 and towards x → +∞ when F < 0. As a
consequence, particularly for the F < 0 scenario, some acoustic energy is able to propagate beyond the transition
point X > Xt when the two scattering mechanisms identified are incorporated into the theory.

A second important observation from the scatteringmodel is amarked change in the reflected component of the incident
mode. For the F > 0 scenario, the left-hand plot of Fig. 1(d) suggests that the reflected mode computed is larger in magni-
tude than the incident amplitude (i.e. over-reflection) whereas for the reversed mean flow scenario (F < 0) we see from
Fig. 1(e) that the reflected n = 3 component is actually diminished, becoming lower in amplitude than the incident. In each
of the cases the absolute value of the reflection coefficient of incident mode,R3, (defined earlier as the ratio of reflected am-
plitude to incident amplitude) is calculated to be |R3| = 1.21 and |R3| = 0.81 for F = +0.3 and F = −0.3 respectively.
This noteworthy alteration in the standing wave throws up some immediate questions regarding conservation of acoustic
energy, something that has been up until now usually taken for granted in multiple-scales analyses for nearly uniform plug
flow. For instance, clearly for the situation F > 0 where |R3| > 1, |Rn≠3| > 0 and |Tn≠3| > 0, an increase in the acoustic
energy must have occurred and this could only be generated by an interaction with the mean flow inside the duct.
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Fig. 1(f). Case A: ω = 9.6, n = 3 incident, with no mean flow F = 0. The left plot shows the amplitude for the incident mode obtained from the
scattering model (solid line) compared to the expected standing wave from the ω ∼ 1 multiple scales theory (dotted line). The right plot shows the
scattered amplitudes for the neighbouring modes.

To quantify the overall change in acoustic energy due to interaction with the mean flow we calculate the acoustic
power at either end of the duct domain and take the difference. The acoustic power through the duct cross-section
at an axial location x can be found by integrating the time-averaged acoustic intensity I [16] over the cross-section as
follows

P (x) =

 1

0

 h(x)

0
I · ex dz dy

=
1
2

 1

0

 h(x)

0
Re


p
D

+ U0
∂φ

∂x


D
∂φ

∂x
+

p
C2

U0

∗
dz dy.

A flow-induced power coefficient EP , which measures the additional power extracted from the mean flow, can be defined as
follows

EP =
P (xmax)− P (xmin)

Pincident
, (25)

and here the coefficient is scaled here by Pincident which is the axial power of the incident mode alone at x = −∞. For the
F = −0.3 case, where the reflection coefficient of the n = 3 mode is less than unity, we find that EP = −0.32, indicating
that the overall acoustic power has been reduced by almost a third. However, from the solution for F = +0.3 we obtain
EP = +0.52, and so for the mean flow direction reversed the overall acoustic power has increased by over fifty percent.

So far we have concentrated on scenarios with a mean flow because, at this frequency, only significant flow-induced
scattering is predicted by our theory. For comparison Fig. 1(f) shows the modal amplitudes obtained for the same setup as
above but without mean flow (F = 0). As predicted by the asymptotic analysis, one can observe that scattering is almost
negligible without mean flow and, for the n = 3 incident mode, the usual standing wave is practically unaltered.

9.2. Case B: ϵ = 0.2, ω = 40.6,m = 0

Case B remains two-dimensional, m = 0, but has a much higher Helmholtz number and a slightly steeper geometry
variation with ∆ = 0.1 and κ = 4 so that ω ∼ ϵ−2; according to the asymptotic theory this should lead to significant
scattering even when no mean flow is present due to the slow geometry variation. For F = 0, eleven modes are cut-on
throughout the duct with mode n = 12 undergoing cut-on cut-off transition at the duct narrowing. Therefore mode n = 12
is chosen as the incident mode emanating from x = −∞, thus A12 = 1 and An≠12 = 0, and the relative sound pressure
levels both for standardmultiple-scales theory and Eq. (24) are shown in Figs. 2(a) and 2(b) respectively. Fig. 2(c) then shows
the scattering amplitudes obtained which one can observe are now significantly larger than in case A. Without any mean
flow, some of the acoustic field is scattered into the neighbouringmode n = 11 generating amodal amplitude of magnitude
close to 0.3, with a smaller degree of scattering into modes n = 10 and n = 9. For the incident mode the reflected wave
is slightly diminished, |R12| = 0.92. This makes perfect sense as acoustic energy must be conserved if no mean flow is
present and some energy has clearly been scattered into the neighbouring cut-on modes. Conservation of acoustic energy
can be confirmed by calculating |EP | which has a magnitude of less than 1% of the incident power; this can be regarded as
well within the range of numerical error. The relative power transmitted through the right-end of the duct P (xmax) is 11 dB
lower than the incident power.
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Fig. 2(a)–(b). Case B: ω = 40.6, (n,m) = (12, 0) incident from x = −∞, with no mean flow. Contour plot of the overall relative sound pressure level
in the duct, given by 20 log10(|p(x, z)|/max |p(x, z)|). Each contour level represents a change of 3 dB. (a) is obtained from standard multiple-scales theory
for no flow and (b) is obtained from the scattering model in Eq. (24) for no flow.

Fig. 2(c). Case B: ω = 40.6, (n,m) = (12, 0) incident, with no mean flow F = 0. The left plot shows the amplitude for the incident mode obtained from
the scattering model (solid line) compared to the expected standing wave from the ω ∼ 1 multiple scales theory (dotted line). The right plot shows the
scattered amplitudes for the neighbouring modes.

For comparison, we show here the same case but now with a mean flow and specifically for F = ±0.4. For this level
of mean flow, modes n = 1 − 13 are cut-on throughout the duct with n = 14 undergoing cut-on cut-off transition at
the narrowing. Hence, mode n = 14 is now selected as the incident mode from x = −∞ instead. Modal amplitudes for
F = −0.4 and F = +0.4 obtained from the solution to Eq. (24) are presented in Figs. 2(d) and 2(e), with a summary of
reflected and transmitted coefficients presented in Table 1. First note that the transmitted amplitudes Tn<14 are this time
comparable to the no-flow case above, although there is significantlymore of a scattered energy cascade beyond the nearest
neighbour modes when F < 0, along with a lower reflection coefficient for the incident mode |R14| = 0.53. However, for
F > 0 much larger reflected modes are predicted and now over-reflection occurs, |R14| = 1.55, and there is an n = 13
left-running mode of amplitude |R13| = 0.48. As might be expected, the interaction with the mean flow and exchange of
energy is more significant than seen in case A due to the higher nondimensional frequency and we find that EP = −0.58
when F = −0.4 and EP = 1.89 when F = +0.4. Thus when F = +0.4 the acoustic power is almost trebled although
only 7% of the incident power (−11.5 dB) is transmitted beyond x = xmax. For the situation where F = −0.4, we find that
11% (−9.6 dB) of the incident power is transmitted beyond the duct narrowing towards x = +∞.

Given the observations from cases A and B presented so far it is possible to postulate that a contractingmean flow, where
themean flow accelerates through a narrowing, appears to inject energy into the acoustic field. A diverging flow on the other
hand that slows as the duct widens extracts energy from the acoustic field. However, it would also appear in the current
examples that although the acoustic power is increased by an accelerating mean flow through a duct narrowing, this addi-
tional power appears to bemainly reflected back through thewider section. For a two-dimensional incidentmode or no flow
case, propagatingmodes only become cut-off through a constriction and so this additional power seems unlikely to be trans-



120 A.F. Smith et al. / Wave Motion 49 (2012) 109–124

Fig. 2(d). Case B: ω = 40.6, (n,m) = (14, 0) incident, with F = −0.4. The left plot shows the amplitude for the incident mode obtained from the
scattering model (solid line) compared to the expected standing wave from the ω ∼ 1 multiple scales theory (dotted line). The right plot shows the
scattered amplitudes for the neighbouring modes.

Fig. 2(e). Case B: ω = 40.6, (n,m) = (14, 0) incident, with F = +0.4. The left plot shows the amplitude for the incident mode obtained from the
scattering model (solid line) compared to the expected standing wave from the ω ∼ 1 multiple scales theory (dotted line). The right plot shows the
scattered amplitudes for the neighbouring modes.

mitted beyond the transition point in such situations. However, the case below, where the y-wavenumber m ≠ 0, shows a
situationwhere this additional energy obtained from themean flow can indeed be transmittedwith rather dramatic results.

9.3. Case C: ϵ = 0.15, ω = 40, (n,m) = (4, 14) incident

This final example is for a similar Helmholtz number as in case B but with the more gradually varying duct of case A so
that ϵ = 0.15. However, for this case we introduce some three-dimensionality by selecting a non-trivial eigenmode in the
non-varying y-direction so that m ≠ 0. For a large enough m, such as m = 14 chosen here, and for a large enough mean
flow the sign of dσ 2

n /dx changes for the first few n modes to be opposite to the sign of h′(x) unlike that seen in the m = 0
cases. As a consequence, mode (n,m) = (4, 14), while cut-off for h(x) = 1, becomes cut-on in a narrower duct where
h = 0.9. Fig. 3(a) shows the duct in case A, but reversed in x (∆ = 0.1, κ = −3), and the standing wave generated by mode
(n,m) = (4, 14) incident from x = −∞ for |F | = 0.4 as predicted by standard ω ∼ 1 multiple-scales theory. Below this
contour plot, Figs. 3(b) and 3(c) show the relative sound pressure levels obtained by our scatteringmodel (24) forF = +0.4
and F = −0.4 respectively. Figs. 3(d) and 3(e) then show the modal amplitudes for the first few (n, 14)modes in each of
these mean flow cases and Table 2 summarises the reflected and transmitted modal amplitudes obtained.

This case confirms some of the conclusions drawn from cases A and B, and principally that a constricting flow accelerating
through a narrowing duct injects energy into the scattered acoustic field, whereas a diverging slowing mean flow reduces
the overall acoustic energy. However, in this case the reversal of the duct geometry leads to a very significant outcome in
the F = −0.4 case that the transmitted power P (xmax) > Pincident. This situation is at complete odds to the standard
multiple-scales theoretical prediction as, not only has acoustic energy leaked beyond the cut-on cut-off transition point, but
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Fig. 3(a)–(c). Case C: ω = 40, (n,m) = (4, 14) incident from x = −∞, with F = ±0.4. Contour plot of the overall relative sound pressure level in the
duct, given by 20 log10(|p(x, z)|/max |p(x, z)|). Each contour level represents a change of 3 dB. (a) is obtained from standard multiple-scales theory; (b) is
obtained for F = +0.4 from the scattering model in Eq. (24); (c) is obtained for F = −0.4 from the scattering model in Eq. (24).

Fig. 3(d). Case C: ω = 40, (n,m) = (4, 14) incident, with F = +0.4. The left plot shows the amplitude for the incident mode obtained from the
scattering model (solid line) compared to the expected standing wave from the ω ∼ 1 multiple scales theory (dotted line). The right plot shows the
scattered amplitudes for the neighbouring modes.

the acoustic energy transmitted is larger than that carried by the incidentwave from x = −∞. Indeed,P (xmax) = 1.36 or, in
other words, the acoustic power transmitted is +1.36 dB higher than the incident power, although this amplified acoustic
energy is now distributed between modes n = 1 − 3. With regard to the defined flow-induced power coefficient, for
F = −0.4, EP = 2.18 meaning the acoustic power has more than trebled overall with the majority scattered forward and
transmitted towards x = +∞. In the case of the widening decelerating mean flow case F = +0.4 we have EP = −0.41
although the transmitted power is actually only −7.70 dB lower than the incident power. It is interesting in addition to
observe that mode (n,m) = (5, 14), which also undergoes cut-on cut-off transition in the duct, is excited in both flow
regimes and is scattered backwards with a modal amplitude larger than that of modes (1, 14) and (2, 14).

Before concluding, it isworth just comparing the abovewith the predicted scattering obtained froma similar casewithout
mean flow. For such a case, when F = 0, the modal amplitudes obtained are shown in Fig. 3(f). Of course, without a
mean flow cut-on cut-off transition can only occur in a narrowing duct so we must revert back to exactly the duct used
in case A, and hence with κ = +3. The Helmholtz number ω must also be raised slightly to keep mode (n,m) = (4, 14)
cut-on for x ≪ 0 and cut-off for x ≫ 0. Notice that the scattered amplitudes obtained by the geometry-variations alone
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Fig. 3(e). Case C: ω = 40, (n,m) = (4, 14) incident, with F = −0.4. The left plot shows the amplitude for the incident mode obtained from the
scattering model (solid line) compared to the expected standing wave from the ω ∼ 1 multiple scales theory (dotted line). The right plot shows the
scattered amplitudes for the neighbouring modes.

Fig. 3(f). Case C: ω = 46, (n,m) = (4, 14) incident—no flow comparison. The left plot shows the amplitude for the incident mode obtained from the
scattering model (solid line) compared to the expected standing wave from the ω ∼ 1 multiple scales theory (dotted line). The right plot shows the
scattered amplitudes for the neighbouring modes.

are much less significant for this case. Such negligible scattering without mean flow can be explained due to the fact that
the varying wavenumber coefficient in the z-direction nπ/h(x) ≪ ω for the incident and neighbouring modes and thus
α′
n(x) = β ′

n(x) ≪ ω and the driving force of the geometry-induced scattering is lessened. Indeed, one can estimate that
here nπ ∼ ϵ−1 and so, looking at term 3 in Section 4, we find

ϵ


2iω
C2
0
(V⊥ · ∇⊥φ)


∼ ϵ ω nπ U0 ∼ ϵ−2,

which is in this case comparable to terms 1 and 2 in Section 4, of magnitudeω2
|X −Xt |, in the inner region. This observation

agrees with the scattering effects seen previously [8] where the nondimensional frequency is much higher than the radial
mode number (as the azimuthal wavenumber is large) and hence scattering is only observed in the mean flow case.

10. Conclusions

The ability to understand and capture modal interactions at high frequency using asymptotic techniques should not only
provide useful benchmarks for numerical schemes, but also a more widespread adoption of the multiple-scales approach.
The multiple-scales analysis presented here for high Helmholtz numbers has led to the identification of two mechanisms
that allow a mode undergoing cut-on cut-off transition to interact with any crosswise mean flow and scatter energy into
neighbouring cut-on modes. Conversely it is also possible for other propagating modes present to interact and alter a
standing wave within the duct. While high-frequency scattering can be induced purely by geometry variations, our analysis
and results demonstrate that flow-induced scattering when a mean flow is present appears to be significant at much lower
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Table 1
Case B: Incident modal amplitudes An , and the absolute values of both reflected modal
amplitudes Rn and transmitted modal amplitudes Tn (to 2 decimal places) for the twomean
flow scenarios F = ±0.4.

n An |Rn|U0 > 0 |Tn|U0 > 0 n An |Rn|U0 < 0 |Tn|U0 < 0

8 0 0.01 0.00 8 0 0.00 0.00
9 0 0.01 0.00 9 0 0.00 0.00

10 0 0.03 0.00 10 0 0.00 0.02
11 0 0.07 0.01 11 0 0.00 0.07
12 0 0.17 0.05 12 0 0.02 0.15
13 0 0.48 0.26 13 0 0.11 0.26
14 1 1.55 Cut-off 14 1 0.53 Cut-off
15 0 Cut-off Cut-off 15 0 Cut-off Cut-off

Table 2
Case C: Incident modal amplitudes An , and the absolute values of both reflected modal
amplitudes Rn and transmitted modal amplitudes Tn (to 2 decimal places) for the two
mean flow scenarios F = ±0.4.

n An |Rn|U0 > 0 |Tn|U0 > 0 n An |Rn|U0 < 0 |Tn|U0 < 0

1 0 0.04 0.01 1 0 0.11 0.57
2 0 0.11 0.03 2 0 0.20 0.67
3 0 0.40 0.49 3 0 0.48 0.91
4 1 0.44 Cut-off 4 1 1.16 Cut-off
5 0 0.19 Cut-off 5 0 0.44 Cut-off

Helmholtz numbers. Our initial numerical results also suggest that scattering allows energy to propagate beyond the cut-on
cut-off transition point contrary to the prediction of standard multiple-scales theory for duct modes. More details on the
rational asymptotic structure for the flow-induced scattering mechanism will be provided in the forthcoming Ph.D. thesis
of Alex Smith.

The degree of modal interaction for the flow-inducedmechanism is determined principally by the scattering coefficients
Ck,n, which aremost significant between the nearest eigenvalue neighbours where |n−k| is small. However, the direction of
the mean flow through the geometry variation also appears to dictate both the strength of the scattering into neighbouring
modes as well as the strength of the reflected counterpart of the incident mode. Indeed, for a mean flow that accelerates
and constricts through a narrowing, over-reflection can occur where the reflection coefficient of the incident mode can be
significantly larger than one. This along with the other evidence presented clearly highlights that the interaction between
the acoustic field and crosswisemean flow leads to an exchange of energy between the two. However, it is important to note
that due to the linear assumption of the acoustic field being infinitesimally small, the coupling results in a negligible impact
on the mean flow and indeed the mean flow, in turn, represents a practically infinite source of energy for the acoustic field.
The impact of the flow-induced scattering mechanism appears especially significant in three-dimensional cases where, in
case C presented, we demonstrate an amplified transmitted acoustic field generated by an incident mode that undergoes
cut-on cut-off transition within a duct; this result is at complete odds to the trapped standing wave that would be predicted
by standard multiple-scales theory.

While the initial results presentedhere are for a duct of rectangular cross section,wenote that our analysis applies equally
and straightforwardly to ducts of hollow-circular or annular cross section more akin to aeroengine geometries. The minor
added complication for a hollow cylindrical duct, for instance, is that the calculation of both scattering coefficients, Ck,n and
Gk,n, requires integration over the duct cross section of rJ ′m(βn(X)r)Jm(βk(X)r) and r2J ′′m(βn(X)r)Jm(βk(X)r) respectively for
a given azimuthal wavenumber m. For annular ducts the calculation of scattering coefficients is complicated further to a
degree as Ck,n and Gk,n will be a function of the ratio between the inner and outer radii, which is likely to be slowly-varying
along the duct. However, such scattering calculations only require a look-up table and should remain extremely fast and
efficient compared to alternative approaches.

The theory and results presented here provide some encouraging agreement with the finite-element simulations shown
in the previous comparison paper of Ovenden et al. [8] and amore quantitative comparison is planned for the future. In fact,
we note that reflection coefficients for the incident mode obtained in cases 4 and 6 of that paper were of the order of 0.6
and lower. Given the directional sense of mean flow, so that it is diverging rather than converging at the transition point in
those cases, this agrees very well with the predictions of our theory. On a final note, due to the fact that over-reflection is
predicted in some cases, the resulting higher amplitude standing waves generatedmay have some important consequences
in managing the structural integrity of aeroengines. This remains true even in lined ducts where partial reflections are
already predicted by the ω ∼ 1 theory [12]. We hope to report more analysis on such issues in a future publication.
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