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ABSTRACT 

A novel annular acoustic resonator was constructed for measurements of the speed of 
sound in gases at pressures below 1 MPa. The resonator was designed to allow 
measurements of the speed and absorption of sound at low pressure in gases with large 
bulk viscosities. Measurements in propene, for which the speed of sound is known, 

served to characterise the geometry of the resonator and provide a test of the acoustic 

model for the system. A detailed description of the resonator which has an outer radius 

of 140 nun is given. The large radius provides low frequency resonance modes that 

minimise acoustic losses in the bulk of the gas. Three substances were studied: 
trifluoromethane, sulfur hexafluoride and a binary mixture consisting of methane and 

ethane with mole fraction composition {0.85 CH4 + 0.15 CZH6}. Measurements were 

conducted over the temperature range 230 to 350 K, and the results analysed to obtain 

perfect gas heat capacities and second acoustic virial coefficients. The heat capacity 
data are compared to literature sources. Values for the second (PVT) virial 

coefficients were obtained from the second acoustic virial coefficients and the results 

are compared with previous determinations. Analysis of the acoustic loss mechanisms 

allows the shear viscosity, thermal conductivity and bulk viscosity of the gas to be 

estimated. The values obtained do not have the accuracy that may be achieved using 

specialised techniques and a comparison is made where data is available. The estimates 

of the thermal conductivity and shear and bulk viscosities provide a new self consistent 

method for the analysis of the acoustic results which does not rely on literature values 
for the transport coefficients. Where possible vibrational relaxation times are evaluated 
from the bulk viscosity and are compared with results from other sources. 
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1. INTRODUCTION 

1.1. Introduction 

The fundamental relation between the thermodynamic properties of a fluid and 

the speed of sound u is 

u2 - 
(LOPP)S, 

(1.1) 

where p is the pressure, p the mass density and S the entropy. It is convenient to 

express equation (1.1) in terms of an isothermal and either an isobaric or isochoric 

partial derivativen]. Using standard thermodynamic manipulations this leads to 

u2 _ 

öp T ap 2 -1' 

COPT \p2ýP/ 

()pj 
(1.2) 

and 

2 -1 T 
u2 

[()T 

- \p2CV/ 

()pjOT 
(1.3) 

where T is the thermodynamic temperature, cp the isobaric and cv the isochoric 

specific heat capacity. The heat capacity cp may be expressed as 

P 

c, (T, p) = cp (T) +f (Ocpläp)T dp (1.4) 

Pr 

where , is the value of cp at the reference pressure pr and (Ocp/Op)T is given by 

(OCplan)T = -T 62p 1/5T2) 
. 

(1.5) 

If the reference pressure is taken as zero, , becomes the specific heat capacity of 

a perfect gas denoted by cpg. In a similar way the isothermal partial derivative of 

cv with respect to density may be written as 
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(OCv/OP)T =- (Tlp2) (02p/5'2) 
p" (1.6) 

The expressions above are required to relate u to an equation of state of the form 

P=P(T, P) orP=P(T, P)" 
For a perfect gas, the mass density is simply Mp/RT where M is the molar 

mass and R the gas constant. When substituted into equation (1.2) this gives 

u2 = RTryps/M, (1.7) 

in which the ratio of heat capacities -ypg may be written as 

7'=Gpý. l (Cpm-R). (1.8) 

This is the perfect gas limit of Cp, m/Cv, m where Cp, m and Cv, m denote the molar 
heat capacities Cp, m = c, M and CV,. = cvM respectively. Equation (1.7) is 

exact only in the limit as p -º 0 for real gases and, at higher pressures there are 
departures from the simple model. Then, equation (1.7) can be written in terms 

of an expansion in powers of pressure: 

u2=Ao(T)+Ai(T)P+A2(T)p2+..., (1.9) 

where 

Ao = RTryPg/M (1.10) 

which may be obtained by extrapolation of sound speeds obtained at a number of 
pressures along an isotherm to the limit as p -º 0. Once Ao is known one of the 

quantities on the right hand side of (1.10) can be determined provided the others 

are known. For example, the molar heat capacities Cpg and CP9 can be obtained 
through the relation 

CP91R = yPg/ (yPS -1) . 
(1.11) 

CP9 can be determined to a precision of better than 0.01 %12], [51 

1.2. Determination of (p, V, T) Virial Coefficients from the 

Speed of Sound 

Accurate measurement of p (T, p) is difficult in experimental thermodynamics 

and accurate prediction is still not possible from statistical mechanics. Acoustic 
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measurements provide a route to this quantity as equation (1.1) shows that p 

should be obtainable from an integration of u'2 (T, p). The most common method 

is to postulate an explicit functional form for the equation of state that contains 

a set of adjustable parameters which may be optimized using non-linear fitting 

procedures. Often in constructing an equation of state, T and the amount of 

substance density pa = 1/Vm are chosen as the independent variables in place of 
Tand p. The coefficients B, C in the virial equation of state 

p/PART =1+ B(T)p,, + C(T) pn +""" (1.12 

are related by the theory to the functions that describe the intermolecular poten- 

tial energy functions of molecular clusters containing two, three, """ molecules. 

The second virial coefficient B is related to the pair potential function U, and, 

when that depends only on the distance r between the molecules, B is given by[6] 

00 
B= 21rL f [1 - exp (-U/kT)] r2dr, (1.13) 

0 

where L is the Avogadro constant and k is the Boltzmann constant. 

The speed of sound may also be written as a power series in the density, 

ý2 =( . yP /M) (1 + ßaPn + ryaPn + ... 
) (1.14) 

in which the acoustic virial coefficients Pa, rya """ are also functions of temperature 

and are related to the corresponding virial coefficients by second-order differential 

equations. The second acoustic virial coefficient is given by 

P. = 2B + 2T (yPg - 1) (dB/dT) +T2 (d2B/dT2) [(7pg 
-1)2 /7pg] , (1.15) 

and the third by 

'Y8 =R Ypg - 1) I'Ypgj 

B+ (2ypg 
- 1) T (dB/dT) + (ypg - 1) T2 (d2B/dT2), 2 

+ (1/i )x {(1 + 2yPg) C+ [(ypg)Z 
- 1] T (dC/dT) 

+2 ('y - 1)2 T2 (d2C/dT2) }. (1.16) 

The coefficients of (1.14) and (1.9) may be related: 

(M/yPg) Al = Qe (1.17) 
(M/yP) A2 = (ya - Bp8) /RT. 

20 



If the pair potential is known then both 3. and B can be determined from 

equations (1.13) and (1.15). Alternatively 3a can be used to provide information 

about U(r). The inversion procedure by which U(r) can be obtained directly 

from B(T) has been modified to allow its calculation from , ß8(T)[71. Quite crude 

models of U(r) with parameters determined using Qa have been found to give 

excellent results. Not only do they fit the data within experimental error, but 

several different models give the same values of B even when extrapolated to 

temperatures well above the experimental range[8], E2I. This method is usually 

employed in practice as inversion requires results over a very wide temperature 

range and is mathematically unstable. In principle, the third virial coefficient 

may also be determined from U(r), however it is more sensitive to the form of the 

potential function and is also necessarily affected by three molecule interactions. 

Hence empirical pair potentials that give ßa and B to high accuracy cannot be 

relied upon to do the same for ry8 and C. 

Conventionally, virial coefficients are determined from measurements of the 

volumes occupied by a given mass of gas at various temperatures and pressures[91-1171. 
Such measurements are subject to systematic errors, some of which may be re- 
duced by recourse to more elaborate experimental techniques["]. Gas adsorption 
becomes a significant source of error when the experimental pressure is a large 

fraction of the vapour pressure[14]. While careful (p, Vm, T) measurements can 

yield accurate virial coefficients at high reduced temperatures, it has proved very 
difficult to obtain results free of systematic errors at low reduced temperatures 

where gas adsorption is a serious problem. (p, Vn, T) methods are discussed in 

greater detail in chapter 3. Since the speed of sound is formally independent of 

the amount of substance, acoustics allows the precise determination of 8. at low 

reduced temperatures where (p, V,., T) methods are unreliable. Speed of sound 

experiments are subject to very different systematic errors, which may be identi- 

, [8], [191-122] fied and greatly reduced leading to very accurate results[51 

1.3. Other Applications of Speed of Sound Measurements 

Speed of sound measurements have many applications, and this work is pri- 

marily concerned with utilising sound speeds to yield precise equation of state 
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informationN and perfect gas heat capacities. A third application is primary 
thermometry[21] where the ratio of Ao (T) to that at the triple point of water 
AO (Tt) , where Tt = 273.16 K, for a monatomic gas will give TITt without R^IP91M 

being required. Alternatively using a gas for which -yP9 and M are known to suf- 
ficient accuracy, Ao (Tt), serves to define the gas constant, R [221. For a binary 

gaseous mixture, the mole fraction x may be determined from AO (T) provided 
that CPP9 is known for each component. Speed of sound measurements have been 

used to monitor composition in experiments designed to study the ordinary and 
thermal diffusion coefficients in binary mixtures [231 

. Another application is in the 

determination of gas-liquId phase boundaries [24). More importantly, the absorp- 
tion of sound in the bulk of a gas depends on kinetic effects involving the distribu- 

tion of energy on a molecular scale, and, under favorable conditions can provide 

a measure of one or more time constants characterising molecular processes[2,51, in 

particWax, vibrational relaxation timesN. Another field of interest is in the esti- 

mation of thermal conductivities and shear viscosities. These may sometimes be 

inferred from the phase changes and energy losses that accompany the reflection 

of sound waves from a boundary between a gas and a solid surface. These last 

two effects have been investigated for the gases under study in this work. 

(u, T, p) measurements may be used to evaluate any proposed form of the 

equation of state Vm = V. (p, T) or assist in optimising an existing (p, Vm, T) 

surface for a particular application [281 
. Equations of state are utilised industrial. ly 

in the calculation of mass flow rates from sonic nozzle flow meters[2'1. 

1.4. Determination of the Speed of Sound 

The resonance technique may be used to measure the speed of sound. This in- 

volves exciting a sound field within a cavity of known geometry and measuring the 

frequencies of the normal modes. Such methods involving the use of a continuous 

sound source depend on standing waves being formed inside an acoustic cavity and 

are therefore effective when the walls reflect sound efficiently. This occurs when 

there is a large difference between the acoustic impedances of the wall and flWd 

as is the case for metal walled enclosures filled with gas. The reflection coefficient 

is much lower when the fluid under study is in a liquid state and so these methods 
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are best applied to gases up to pressures of the order of 10 MPa. This discussion 

is limited to fixed volume cavity resonators where the normal modes measured 

are usually resolved from one another, and which are advantageous for low fre- 

quency measurements of sound speed and absorption. Untfl a few years ago, most 

speed of sound measurements were performed using cylindrical interferometers. 

For most applications, these have since been superseded by spherical resonators 

as it has been demonstrated that these afford numerous advantages[51 J201 
. When 

the gas under study has a large absorption coefficient the long pathlength, low 

frequency annular resonator discussed here provides the most accurate results. 

1.4.1. The Spherical Geometry 

The spherical geometry is utilized in most studies due to the existence of the ra- 
dially symmetric (radial) modes which are characterised by the absence of viscous 
damping at the resonator wall and by resonance frequencies which axe insensitive 

to geometric imperfections of the cavity["], 1311 
. These factors, and the favorable 

surface area to volume ratio leads to the least thermal damping and hence the 

sharpest resonances under most circumstances compared with resonators of other 

geometries. This allows the most accurate determination of the resonance fre- 

quencies, and thus the speed of sound. A further advantage of the spherical 

geometry lies in the possibility of solving the shifts in frequency due to coupling 

of the motion of the gas and cavity wall[32]. Another advantage is that if the 

gas inlet tube has length a, (where a is the radius of the sphere), this causes the 

minimum perturbation to the normal modes, which lie approximately 
(n 

- 1) 7r 2 

apart, interspersed by the tube resonances [291 
. Using the spherical geometry it is 

also possible to position the transducers to exclude some resonances by placing 

them at nodal planes, thereby reducing some of the unwanted effects caused by 

overlapping modes. 

1.4.2. The Cylindrical Geometry 

Compared with spherical resonators, cylinders are easier to fabricate and offer an 

extra degree of freedom in the form of the ratio bIL (where b is the radius of the 

cylinder and L its length) which can be chosen to suit a particular application 1261 
. 

However, due to the less favourable surface area to volume ratio and both viscous 
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Figure 1.1: A cylindrical annulus with inner radius a, outer radius b and length 

L. 

-a-b 

1 
L 

- --- 

ý__ý 
and thermal damping at the resonator wall, the resonances will not be as sharp 

as in a spherical resonator with the same volume. In the spherical geometry, the 

resonances are radial, azimuthal or mixed radial-azimuthal. In the cylindrical 

geometry, longitudinal resonance modes axe also possible, so radial, azimuthal, 
longitudinal, or any of the types of mixed modes may be chosen for study. The 

location of the transducers will depend on the symmetry of the modes of interest. 

For longitudinal modes all positions on the end plates are equally efficient and 

a source located in the centre of the end plate will couple effectively to all ax- 

isymmetric modes including all radial, and mixed radial-longitudinal modes but 

not azimuthal modes. The cylindrical geometry is particularly suited to the de- 

termination of the thermal conductivity and shear ViSCOSity[271 as the existence of 

modes of differing symmetry allows the contributions of the thermal and viscous 

loss mechanisms at the cavity wall to be separated. 

1.4.3. The Annular Geometry 

Compared to the cylinder, a cylindrical annulus as shown in figure (1.1) has 

another degree of freedom in the radius ratio a/b = C, but due to the larger 

surface area to volume ratio, the resonances are correspondingly broader. Yet, 
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under some conditions the annular geometry becomes favourable; for example, 
for low pressure measurements of the speed and absorption of sound in relaxing 

gases such as C02. For relaxing gases the time scales of the processes that control 

the distribution of energy on a molecular scale axe comparable with the period 

of the sound wave within the acoustic cavity. This leads to a large bulk viscosity 

qb, resulting in a large absorption coefficient a at low pressures because a is 

proportional to %1p. The contribution is frequency dependent because a is also 

proportional to w2, and thus the lower the frequency the sharper the resonance 

modes. Low frequencies require a long pathlength, and consequently the sphere 
is not a viable geometry as it would have to be very large for the modes to be 

resolved at low pressures. The temperature of such a large sphere could not be 

controlled adequately. A long thin cylinder in which the ratio Llb is such that the 

first few longitudinal modes would occur at lower frequencies than any other class 

of modes is a possible solution, but in practice this would have had a very poor 

surface area to volume ratio causing the modes to be difficult to resolve. Another 

possibility is a short cylinder of large radius in which the first two azimuthal 

modes have the lowest frequencies and the ratio LIP is chosen such that the first 

few radial, azimuthal and mixed radial-azimuthal modes occur at lower frequency 

than the longitudinal modes. However a problem arises due to overlap of various 

modes, resulting in it not being possible to resolve key resonances. However in the 

annulus there is another degree of freedom in the radius ratio C, (it can be varied 
between 0 and 1) and the larger the value of C the longer the pathlength of the 

azimuthal modes and the shorter the pathlength of the radial modes. With this 

scenario, the first few azimuthal occur at lower frequencies than any of the radial 

modes. In fact, C may be chosen such that the first radial mode lies between two 

of the azimuthal modes. 

An annular resonator with an outer radius b= 140 mm, an inner to outer 

radius ratio C= alb = 0.532, and length L= 59 mm has been designed and 

constructed for this work. In this resonator the first five azimuthal modes occur 

at lower frequency than the first radial mode. This allows the study of relaxing 

gases at pressures a factor of ten lower than for a practical sphere. Low pressure 

measurements are particularly important as the second acoustic virial coefficient 

is given by the limiting slope of the speed of sound results as the density tends to 
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zero, and the heat capacity is calculated from the intercept of the speed of sound 

results. 

1.5. The Acoustic Model 

The first order perturbation theory developed by Mehl and Moldover(51 for the 

spherical cavity to make corrections for the presence of the thermal and viscous 
damping at the cavity wall, and openings in the wall of the resonator has been 

extended to the annular geometry. Using this method the observed frequency f 

of the normal mode is shifted from the perfect annulus value given by 

Z 

f= 
\2ý/ 

(L) 
+ 

(b)2' (1.18) 

where u is the speed of sound, I is an integer, and X is an eigenvalue known 

exactly but dependent on the ratio S. In the perturbation model the frequency is 

represented by the complex quantity 

F= u) hr 2 
F=f +ý9= 

(u (L) 
+ 

(x)2 
+Ej(if +X9)1, (1.19) T7r 

in which the sum represents the contributions of the various perturbations to the 

resonance frequencies and losses observed in the cavity. These are discussed in 

greater detail in the following chapter. 
The second order terms and smaller corrections arising from, for example 

the slits round the transducer housings were neglected as the magnitude of such 

effects was negligible when compared to the uncertainty in the calculated first 

order effects. It is not feasible to calculate the effect of the motion of the cavity 

wall on the acoustic modes for an annular resonator, as the modes of motion of an 

annular shell are not Imown. Additionally, there is no a primi way of calculating 

the coupling constant due to the differing symmetry of the motion of the gas and 

shell. For a sphere the correction is most simply the case of a breathing motion 

of the shell which has the same symmetry as the radial modes. This correction is 

small at low pressures when the frequency of the shell motion is large compared 

to that of gas, as is the case in the sphere. A similar frequency ratio was expected 

for the armulus, but unfortunately a shell resonance that overlapped the low 

order azimuthal modes was detected. The effect of this shell resonance and its 
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effect on the results is discussed in detail in later chapters. In practice higher 

order azimuthal modes were also measured for which the shell motion was not 

important. As for spherical resonators, the gain inherent in the system allowed 

the use of small inefficient transducers in the resonator wall, thus minimising the 

perturbation to the resonator/gas boundary. 

Measurements of the resonance frequency f for a particular mode yields uk 

which, as k is given by 

2r 
(, 7r)2 

L+ 
()2 (1.20) 

depends on the geometry of the cavity. Thus in order to make absolute mea, 

surements of the speed of sound u, a knowledge of the geometric parameters C, b 

and L as functions of T and p is required. I (uk) , T, pj measurements suffice to 

determine gas imperfections in the form of an equation of state but a knowledge 

of C, b and L at (T, p= 0) , allows the evaluation of CPP! 
m. 

When heat capacity 

information is combined with equation of state data, it is possible to calculate 

any thermodynamic quantity for a pure gas or gas mixture. 

The values of (, b and L at (T, p= 0) can be obtained from dimensional 

microwave measurements or by calibrating with a gas of known Ao combined with 

the pressure dependence determined by auxiliary methods. Both methods have 

been utilized for spherical resonators. The frequencies of the microwave resonance 

modes are available in the literature[331 for the annular geometry, allowing the 

extension of this technique to cover the annular resonator. The geometry of the 

annular cavity was calibrated using propene as it had sharper resonance modes 

than the more usual choice of Ar (for which -yP9 is known), giving more accurate 

values for f and leading to more reliable estimates of C, b and L. 

1.6. Results Reported in this Work 

Measurements at pressures up to 1 MPa are reported for propene, sulfur hex- 

afluoride, trifluoromethane and the binary mixture {0.85 CIH4 + 0-15 C2H6}t Of 

methane and ethane. 
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1.6.1. Results Derived from the Speed of Sound 

The measurements in propene that served to chaxacterise the resonator are dis- 

cussed in detail in chapter 6 and the second acoustic virial coefficients and heat 

capacities obtained from the results are compared with previous measurements in 

chapter 8. The data on sulfur hexafluoride and trifluoromethane, yielded perfect 

gas heat capacities, and second acoustic virial coefficients which were used to de- 

termine B. The results are presented and a comparison is made with published 

work. Speed of sound data in the binary mixture yielded second acoustic virial 

coefficients allowing the extraction of cross and interaction virial coefficients for 

methane-ethane which are compared to the literature. 

1.6.2. Results Derived from Sound Losses in the System 

The thermal conductivity, and the viscosity of the gas under study as wen as 

vibrational relaxation times were calculated from an analysis of the loss mechaý 

nisms operating in the system. Sound absorption and dispersion determines the 

breadth of the resonance modes measured in the experiment. The differing den- 

sity dependencies of the loss mechanisms allows those in the bulk of gas and at the 

gas/metal interface at the resonator wall to be resolved. Vibrational relaxation 

times may be calculated from the losses in the bulk of the gas, and the thermal 

conductivity and shear viscosity from the losses at the cavity walls. 

Transport Properties 

The usual method for the analysis of acoustic measurements first calculates the 

contributions to the breadth of the resonances using published values for the 

thermal conductivities and shear viscosities. The remainder of the breadth of the 

resonance is then attributed to relaxation effects. In general, transport proper- 

ties of fluids are difficult to measure experimentally as they describe the relations 

between gradients of the state variables[-351. Therefore their measurement neces- 

sitates bringing the system out of thermodynamic equilibrium. The necessary 

results for direct calculation of the surface loss mechanisms were not available 

over the whole of the experimental temperature and pressure range. As func- 

tions that adequately describe experimental data cannot reliably be extrapolated 
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beyond the limits of the T and p ranges quoted, a new analysis technique was 

developed. Eaxlier it was mentioned that transport properties had been calcu- 

lated from acoustic measurements of modes of different symmetry in a cylindrical 

resonator. In this work, only the low frequency azimuthal modes were measured, 

hence modes having significantly different ratios of shear to thermal losses were 

not available. In order to obtain values for the thermal conductivity and shear 

viscosity, the two were coupled by appro. )dmations such as the Euken relation[34). 

This method is discussed in greater depth in chapter 7. 

Many specialised pieces of equipment have been designed to measure the vis- 

cosity of fluids including oscillating body viscometers, capillary viscometers, vi- 

brating viscometers and falling body viscometersl"). Capillary viscometers-" only 

find application for gases at high density and liquids as the pressure drop along 

a circular tube through which the fluid flows is measured. Falling body viscome- 

ters are based on the measurement of the time of free fall under the influence of 

gravity of a sphere or cylinder through the fluid of interest. Such instruments 

are generally not among the most accurate, but do find application at very high 

pressures[3-11. 

It is the class of oscillating body viscometers that have been used with most 

success for measurements of the sheax viscosity of gases at low pressures. Os- 

cillating body viscometers consist of an axially symmetric body suspended from 

an elastic strand for which the decay of the torsional oscillations gives a measure 

of the fluid viscosity. The most common types are the oscillating disk and cup 

viscometers. The viscosity is calculated from measurements of the logarithmic de- 

crease in the amplitude of the oscillation and the increase in its period which are 

due to the torque generated by the fluid on the surface of the body. The torque is 

generally described by a theoretical expression, but when this is unknown it may 

be derived from calibration procedures[36). This type of viscometer also allows the 

possibility of simultaneous measurements of the fluid denSity[371-[39). Oscillating 

body viscometers may be configured to measure a wide range of fluid viscosities 

ranging from low density gases to molten ores. The accuracy of viscosity mea- 

surements for dilute gases achieved with an oscillating disk viscometer is at best 

0.1%. 

Vibrating viscometers have also been utilised to measure gas viscosities, but 
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do not achieve the accuracy of oscillating viscometers. In vibrating viscome- 

ters, small amplitude oscillations of the body are induced electrically. There are 

two types; the vibrating wire viscometer1401 in which transverse oscillations of a 

thin metal cylinder are monitored, and the torsional quartz crystal viscometer. 
Such instruments find applications at very low temperatures and high pressures 

where their small sample volume offers advantages. For example the viscosity of 
He at temperatures of a few kelvins has been measured using a vibrating wire 

viscometer[401-[431, and results have been achieved at pressures up to 700 MPa in 

liquids using a torsional crystal viscometer[351. 

The thermal conductivity of fluids can be measured in two ways, via steady 

state and transient techniques. Steady state techniques are based on the mea- 

surement of the heat flux required to maintain a temperature difference between 

two surfaces immersed in the fluid. For such techniques, the working equations 

are relatively simple and available in the literature[35). Experimental difficulties 

arise from attaining the alignment of the two surfaces which are usually paral- 

lel plates or coaxial cylinders, and the need to avoid contributions to the heat 

transfer from conductive and radiative processes. Caxeful absolute measurements 

using a coaxial cylinder arrangement have an accuracy of around 1-3%1411,1411. 

The more complex parallel plate method achieves the same level of accuracy and 
finds importance in the measurement of thermal conductivities near the critical 

point[4'1. 

Thermal conductivity evaluations are complicated by the need to set up a tem- 

perature gradient in a fluid whilst preventing its motion. Transient techniques 

rely on the fact that the time scale for setting up convective flow in a fluid is 

much greater than the propagation time of a temperature wave set up by a large 

gradient. The transient hot wire technique is applicable over a wide range of 

conditions whereas the interferrometric method is suited to the critical region as 

smaller gradients may be applied. For non conducting gases accuracies of 0.3%1311 

have been achieved using the hot wire method for determining the thermal con- 

ductivity. The ultimate accuracy of methods that measure thermal conductivity 

may be checked against measurements in low density monatomic gases for which 

an exact molecular theory exist0l. 

Reference data for the transport properties are required to check the reliability 
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of new techniques and for the calibrations necessary for relative measurements. 

For viscosity measurements, the establishment of a standard has proved a difficult 

task["]. At present there is no agreed international standard for gas viscosities, 

but measurements from a variety of techniques on monatomic gases are now in 

good agreement. Nitrogen is readily available at high purity and is inexpen- 

sive and is probably the most convenient choice for a standard. The number of 

gases for which the viscosity has been accurately determined at temperatures be- 

low 25 *C and at pressures other than atmospheric is small. In addition, values 

published before 1945 are often in error. For routine thermal conductivity mea- 

surements a reference standard is extremely important as absolute measurements 

are difficult. The small magnitude of thermal conductivity measurements in gases 

makes them particularly problematic. Early measurements are often in error due 

to convection and radiation, but the new techniques have not yet been applied 

over a wide range of conditions so that directly measured reference data remains 

rare [35] 
. 

The estimates of the shear viscosity and thermal conductivity derived in this 

work are reported in later chapters, in addition to the vibrational relaxation 

times, and are compared to previous work. The results do not have the accuracy 

of the published data, but their importance lies in providing a method for the 

analysis of the acoustic results that does not require recourse to further specialised 

equipment. 
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2. ACOUSTICS 

2.1. Introduction 

The theory relevant to the propagation of sound within a cavity is extensively cov- 

ered in the literature[']-151, and only a brief outline is included here. The discussion 

starts with a simplified theory of sound that neglects completely the effects of the 

mechanisms that result in dissipation. This is applicable only to an ideal fluid in 

which the shear viscosity and thermal conductivity are negligible, and in which 

local thermodynamic equilibrium is established instantaneously in the presence 

of sound. The discussion is then extended to cover propagation in a dissipative 

fluid. Absorption of sound in the bulk of the fluid, including molecular relaxation 

is then considered. This may severely perturb the speed of sound from its ideal 

value, and cause severe dispersion as well as contributing to the attenuation of 

the sound wave. 

Enclosing the fluid in a cavity imposes boundary conditions on the wave equaý 

tion which must be satisfied. Near the wall of the cavity the shear and thermal 

waves must also be considered, leading to the dispersion and a consequent per- 

turbation of the speed of sound. When sound is generated continuously within 

a closed cavity, a steady state is achieved in which the wave motion is that of 

a standing wave. When the frequency of the sound source is close to that of a 

natural frequency of the system, resonance occurs. For a simple geometry, such as 

an annulus, solutions of the wave equation may be found that satisfy the bound- 

ary conditions, leading to equations which relate the frequencies of the normal 

modes of the gas filled cavity to the speed and absorption of sound in a gas, thus 

providing a basis for their measurement. 

Finally, other perturbations to the system such as the effects of openings in the 

cavity wall, and the motion of the cavity wall in response to sound are considered. 
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2.2. Propagation in an Idealised Fluid 

If dissipation is neglected and it is also assumed that local thermodynamic equi- 

librium is established instantaneously in the presence of sound, a simple descrip- 

tion of the propagation of sound may be derived. A linear acoustic theory is 

developed111,131, by which it is meant that the acoustic variables are sufficiently 

small for their cross products, squares, and higher powers to be neglected. In 

the presence of sound the pressure, temperature and density axe represented by 

p+p. (r, t), T+T. (r, t), and p+p. (r, t) where p., T. and p,, axe the acoustic 

contributions to the equilibrium pressure, temperature and density. 

In terms of this notation the equation of continuity of mass density is 

(OP-119t) =- (p + P. ) v- V- (v - V) P. 

in which v is the fluid velocity and V=i (o9lax) +j (o9/ft) +k(, 91az) in the 

Cartesian coordinate system. 
Euler's equation for the motion of an ideal fluid is given by 

-vp. = (p + P. ) [(avl&) + (v - V) VI - 
(2.2) 

The fluid velocity is counted among the small acoustic variables as the fluid is 

assumed to be at rest except for the motion due to sound waves. When ap- 

proximated to leading order in the small acoustic terms, and using the isentropic 

equation of state 

(0P/0P)s 6p = Op, (2.3) 
the equations become 

p -1 (Oph9p)s (19p. let) = -V - V, (2.4) 

and 
(19VI19t) = -VP.. (2.5) 

Taking the divergence of equation (2.5) and eliminating v using (2.4) gives a 

wave equation, 
(I/UO2 

ý) 
(82/&2)] 

p. t) =0 (2.6) 

in which VI =V-V is the Laplacian operator, and u2= (Opl, 9p)s is the speed 0 

of sound in an ideal fluid. This linearised wave equation describes the propagation 

of small amplitude sound waves in a non-dissipative medium. 
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In the absence of dissipation, the fluid flow is irrotational and hence v may 
be expressed as the gradient of a scalar function T (r, t), the velocity potential, 

giving 
(r, t) = -V%F (r, t) . (2.7) 

Thus to first order in the acoustic variables the linearised version of Euler's equaý 

tion (2.5) becomes 

p JOIF (r, t) /&} 
, (2.8) 

and consequently the fluid velocity and acoustic pressure may be simply described 

in terms of this velocity potential. 

2.3. Propagation in a Dissipative Fluid 

This linear theory of sound is exact in the limit p. -+ 0 and in practice the 

small amplitude limiting behaviour is easy to achieve. However real fluids are not 
ideal and hence thermal conduction and friction which axe always present must 
be considered. The model starts with the equations derived by Kirchhoff['I who 

assumed that the pressure, temperature and particle velocity were described by 

the Navier-Stokes equations, the equation of continuity, and Fourier's law of heat 

flow. 

Friction directly effects the equations of motion through the transport coef- 
ficients q and %, the shear and bulk viscosities respectively. The Navier-Stokes 

equation for a compressible fluid which consists of a relation between the stress 

and spatial derivatives of the fluid velocity and Newton's second law, may be 

written correct to first order in the acoustic variablesM as 
(Ov) 

=_ 
(1) 

VP& + (4D. ) + 
(21)] 

V. (V. v)-DVx(Vxv) (2.9) 
&P[3P 

where (V x v) is the curl of the velocity v and D. = 77/p is the viscous diffusivity. 

Equation (2.9) can be resolved into two uncoupled equations [3): 

(Lvi) 
=_ 

(1) 
VP. + 

[(LD. ) 
+ 

(n)] 
V (V - VI), (2.10) 

&P3P 

in which v, is a longitudinal (or irrotational) component of v for which VX VI =0 

and p. contributes only to this longitudinal flow, and 
ýv V2Vjr 

-r) = -D. V x (V x v) = D. (2.11) 
at 
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in wMch v, is a rotational (or transverse) component of v for wMch V-v, = 0. 

Since (2.11) is independent of the acoustic pressure p,, it can be neglected for the 

bulk of the fluid but may become important when considering boundary layers. 

In addition to the pressure fluctuations, fluctuations in temperature accom- 

pany the presence of sound. In response to the resulting temperature gradients, 
irreversible heat flow occurs from regions of higher temperature to those of lower 

temperature. This thermal conduction is described by a second-order diffiision 

equationN: 

DhV2Ta " (010t ITa - [(^t - 1) /^f, 3] Pal) 1 (2.12) 

where 0= (c9p/ff),., Dh = x1pCp is the thermal diffusivity, and n is the thermal 

conductivity. 

The acoustic description now includes six quantities: p, T., p. and the three 

components of the fluid velocity v and consequently six equations axe required 

to specify a solution. For irrotational flow, the components of (2.10) provide 

three equations, a fourth is (2.12), and a fifth is the equation of the continuity of 
densityN 

(OP. /&) + pv - vi = 

The sixth, and final equation is obtained using the thermodynamic equation of 

state to interrelate p., T,, and p.: 

T Pa --4 (OPIaP)TPa + Wlff)jý a 

= (-f/ug) (P. - 13T. 
) - 

(2.14) 

Taking the divergence of equation (2.10) and eUminating vi using (2.13) gives 

V2pa = 
(82p&/ot2) 

_ 
[(4Ds) 

+ 
(77b)] 

V2 (apalat), 
3p 

and when p. is eliminated using equation (2.14) the following modified wave 

equation is obtained 

01 
(02/j9t2) (ID-8 )+ 

(0/&) V2 
I 

(pa _ OT V2 /U2) 
I Pa 73P 2j. (2.16) 

Equations (2.16) and (2.12) may be solved exactly for T. and p., but as the 

dissipative effects are sma it is sufficient to consider solutions correct to first 

order in 17, % and x. 
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The coupling of pressure and temperature leads to the fluid tending to propaý 

gate pressure waves and the heat tending to diffuse[3]. For simple harmonic wave 

motion with angular frequency w, equations (2.16) and (2.12) may be solved si- 

multaneously to give two positive roots defining the propagational and thermal 

modes[31. The propagational mode has a real part equal to uO (the adiabatic 

speed) and a small imaginary part corresponding to the energy loss mechanisms. 

For the thermal wave which corresponds to heat diffusion, p. is small compared 

to, 8T. and the wave velocity is proportional to indicating rapid attenuation[31. 

The shear mode which is also a solution for simple harmonic motion, comes from 

the rotational components of (2.11). This is used along with the thermal mode 

to satisfy the boundary conditions that may not be satisfied by the propagational 

mode alone. For the shear mode, the wave velocity is again proportional to NIrs 

such that its attenuation is rapid. The acoustic pressure and temperature associ- 

ated with the propagational mode are both eigenfunctions of V, with eigenvalues 

-kI. The propagation constant, k for angular frequency w is 

k= (-w) + ia, (2.17) 
u 

where a is the coefficient of absorption. Before going into more detail about the 

absorption of sound, the effect of a boundary must be considered in order to 

describe the fluid contained within a cavity. 

2.4. Boundary Conditions 

When a fluid is confined to a region by a surface, solutions of the wave equation 

must also satisfy certain boundary conditions at that surface. For the case of a 

boundary with a solid medium the complete problem is complicated by elastic 

shear waves propagating in the solid but, as these transmitted waves are of no 

particular interest, an acoustic impedance Z. may simply be assigned to the 

boundary. In order to do this it is assumed that the motion of any element of 

the surface is determined solely by the acoustic pressure acting there. Such a 

boundary is defined as one of local reaction. It is usually more convenient to use 

the specific acoustic admittance yo defined byM 

yo = pu/z. (2.18) 
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where pu is the acoustic impedance of the adjacent fluid. 

2.4.1. Thermal and Viscous Boundary Layers 

In the bulk of the fluid only the propagational mode is important but, at an 

interface with a solid, the thermal and shear waves in the boundary layer give 

rise to important loss mechanisms for a typical fluid at pressures below 1 MPa. 

There are four boundary conditions that must be satisfied at the surface[31: (i) 

the ratio pu/Z. must equal the specific acoustic admittance yo of the boundary 

surface; (ii) the temperatures of the wall and fluid must be equal at the surface; 

(iii) there must be continuity of heat flow across the interface; and (iv) the. tan- 

gential component of the fluid velocity must vanish at the surface. On its own 

the propagational mode cannot satisfy all four conditions and all three modes 

are required[31. The second and third conditions result in thermal waves being 

generated in the wall and fluid, though those in the wall have a much smaller 

amplitude and may be ignored [131 
. Effectively, the thermal wave at the interface 

cancels out the temperature fluctuations associated with the propagational mode. 

The fourth condition demands that a shear wave in the fluid is generated at the 

surface to cancel the tangential motion of the propagational wave. Consequently 

near the gas-wall interface, energy is withdrawn from the propagational mode 

and the amplitudes of the thermal and shear waves increase to a maximum at the 

boundary. Detailed theory is given in reference [1] and the results are that the 

specific acoustic admittances of the thermal, yh and shear, y. boundary layers are 

given by 

Yh ý (1 + i) (-y - 1) (wl2u) bb (2.19) 

and 

y. = (1 + i) (kt/k)2 (wl2u) 6. (2.20) 

where kt is the tangential propagation constant. Thus the viscous effects on the 

sound wave near the wall depend on the angle of incidence but the effects of heat 

flow at the wall are independent of kt. The thermal, bh and viscous, b. penetration 

lengths are given by 

bih = (2Dhlw)l 
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and 
b. = (2D. 1w)'21 . (2.22) 

The shear and thermal waves decay very rapidly in the fluid, and the penetration 
lengths give a measure of the distances over which the boundary layer effects axe 
important. The theory now allows the equations for a fluid contained within an 

annular cavity and the contributions to the acoustic admittance of the surface to 

be derived, but first the absorption of sound is considered in greater detail. 

2.5. Absorption of Sound 

In a gas the absorption of sound is a consequence of kinetic processes. These 

include the transport of heat and momentum, and vibrational and rotational 

relaxation[41,161-1111. Hence information may be gained about the time scale of 

various relaxation processes[121 . 
The acoustic absorption coefficient, a is defined such that the amplitude of a 

plane wave decays with distance z proportional to exp (-az). Sound in a fluid 

consists of compression waves and thus imposes cyclic fluctuations in pressure and 
density associated with fluctuations in local temperature. 

At the low frequency limit, where the wavelength and hence the time scale of 

the fluctuations is long, these processes occur isentropically and none of the sound 

energy is dissipated. However, at higher frequencies the fluid cannot maintain 
local equilibrium on a microscopic scale due to the non zero response time to 

the fluctuations. As a consequence the acoustic cycle no longer occurs reversibly, 

sound energy is dissipated, and a takes on a non zero value. As the frequency 

is increased the magnitude of the resulting temperature and velocity gradients in 

the fluid increase leading to a greater flow of heat and momentum over distances 

comparable with the wavelength which again causes dissipation. This classical 

absorption is always present and its magnitude is controlled by the transport 

properties r. and 77 which are the coefficients of thermal conductivity and shear 

viscosity respectively. These result in a contribution aj to a given by: 

acl ý 
(W2 /2u3) [(4D. /3) + (-y - 1) DIJ - 

(2.23) 

where w= 27rf is the angular frequency and D. and Dh are the viscous and 
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thermal diffusivities defined in the previous sections. 

Equation (2.23) shows that the absorption coefficient increases as the square 

of the frequency. Other dissipation mechanisms are generally more important 

,, and usually corrections are made for a,, before such loss mechanisms than ac are 
investigated. 

In the presence of sound the density is fluctuating at a frequency f= w127r, 

and as the pressure is dependent on the translational modes of motion, the pres- 

sure will adjust almost instantaneously to the fluctuations in the density as only 

a few collisions are required for the energy within the translational modes to 

equilibriate. Thus under most conditions, thermodynamic equilibrium will be 

established rapidly in monatomic gases where only translational modes are acces- 

sible. In polyatomic gases however, some of the energy is distributed among the 

available rotational and vibrational modes of motion. The transfer of energy from 

translation to rotation (T-R) and translation to vibration (T-V) termed thermal 

relaxation, requires a finite time and as gas collisions are necessary, thermal relax- 

ation depends on the gas densityM. Under conditions where thermal relaxation is 

important the pressure will decay with a time constant governed by the slowest 

process to its value at thermodynamic equilibrium. Thermal relaxation beýomes 

important when the time constants and 11w are comparable, at lower frequencies 

where 11w is much greater than the time constants then T-R and T-V transfers 

can occur and these effects are not important as a source of sound attenuation 

and dispersion. At high frequencies, in effect some or all of the internal degrees 

of freedom cease to participate in the acoustic cycle. 

When the sound is harmonic, the amplitude of the energy fluctuation within 

a given j-th degree of freedom will be reduced from ej to cjl (1 - iwrj), where 

ej is the energy fluctuation that would be observed if equilibrium were achieved 

instantaneously, and rj is the time constant or relaxation time for the j-th degree 

of freedom[71. It follows[31 that the j-th degree of freedom's contribution to the 

heat capacities Cp and Cv will also be modified by a factor of (1 - iwrj)-l - 

At the temperatures used in most acoustic experiments, many of the closely 

spaced rotational levels are populated and thus T-R transfer occurs at nearly 

every collision. The relaxation times are generally only a factor of ten greater 

than for translational motion and in consequence at audio frequencies, the effect 
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can usually be ignored[']. 

The situation for vibrational modes is very different as the levels are widely 

spaced and only a few are populated. The vibrational relaxation time Tvib is 

related to the probabilities PO--. j and Pjýo of transitions between the ground and 
first vibrational energy levels per molecular collision, and Z which is the number 

of collisions encountered by a molecule per second: 

Tvib '-- I (PI-0 - Po-. 1) Z} -1 . 
(2.24) 

The probability of activation PO--. jis related to the probability of deactivation 

Pl--, o via 
Po, l = Pjýo exp (-hvlkT), (2.25) 

where h is the Planck constant, v the vibrational frequency and k the Boltzmann 

constant. Using the last two equations an expression that gives the average num- 
ber of collisions necessary for a molecule in the first excited state to decay to the 

ground state may be written 

Zl--+O == [Z*Tvib 11 
- exp (-hvlkT)}]-' = P-' . 

(2.26) 1-+0 

Landau and Teller developed a simple theory of vibrational relaxation that pre- 

dicts P1,0 is proportional to exp (-Ti) [8) 
, and many non polar gases exhibit this 

behaviour over a wide temperature range[91. 
The effective ratio of heat capacities, -y for a gas where rotational relaxation 

may be ignored but vibrational relaxation is important is given by171 

(w, T, A- 
^f + Ej {iW7jl (1 - iWTj)} Cvibj (T) lCv (Tp) 

(2.27) [1 + Ej {iW'ri 1 (1 - iW7j) I cvibj (T) lCv (Tp)] 

when it is assumed that the degrees of freedom are independent. Here Cvibj 

denotes the contribution of the j-th vibrational mode to the heat capacity. If it 

is assumed that there is a single relaxation time, Tvib arising from one vibrational 

state or from a number of states coupling in series[81,191, equation (2.27) may be 

written as 
,y (w) 

+ 
wrib A JWTvib (1 - OYA) 0 

(2.28) 
711+ [WTvib (1 _ Y, &)]21 

where A= CviblCp is the fraction of the heat capacity that is relaxing. Most poly- 

atomic molecules show this kind of behaviourP]. For this work where W7*vib < ls 
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it is sufficient to employ a series expansion of equation (2.28) in powers Of WTvib 

giving 

2 i) 
(7 - 1) 

16ýWrvib+ 2 (2.29) 
A (WTvib)2 A (1 + 3, y) 

1] +0 (WT'vib )3 

The contribution of vibrational relaxation to the coefficient of absorption in terms 

of this expansion isM) 

arel 
(W/U) 

IM [{-Y M /-/} 2 
(2.30) 

1) AW2 Tvib 
+0 (wrib)3 

2u 

and the speed of sound isI111 

u,, =u- Re [{, y (w) /, y}i] 
(2.31) 

=U 1+ 
1 

1) A (W'Tvib)2 1 (1 + 3-t) +0 (W7vib)3 
I 

114 11 

where u is the zero frequency sound speed. Vibrational relaxation makes a contri- 

bution to the breadth of the resonance modes and causes a shift in the resonance 
frequencies. These will be discussed in a later section. The bulk viscosity rib is 

defined by 

N : -- ('j - 1) (Arvib) U2A? (2.32) 

and hence the total absorption coefficient can be written as 

C, = (W2 /2u3) [(4D. /3) + (-y - 1) Di, + (rlblp)] - 
(2.33) 

For a binary mixture JxA + (1 - x) B), the vibrational relaxation effects will 

depend on the relative efficiencies of energy transfer between A-A, B-B and A- 

B. For the case when only A can relax and A-13 energy exchange is efficient 

compared to A-A, addition of B will have a catalytic effect on the relaxation of 

A and consequently the relaxation time will decrease. When the efficiencies of 

energy exchange are reversed then addition of B will have an anti-catalytic effect. 

When B also relaxes, and both A and B exhibit only one relaxation time, then 

in the mixture one or two relaxation times will exist[I. Four types of T-V energy 

transfer may occur between A and B and one of V-V transfer. The mixture will 

exhibit two relaxation times if the V-V transfer does not occur. To explain this, 
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let A have a slow relax tion time rA and Ba fast characteristic time constant 
for vibrational relaxation -rB. If V-V transfer is efficient as is the case when the 

vibrational frequencies axe similar, then only one relaxation time characteristic 

of B will exist. In this case the situation is analogous to the series coupling of 

vibrational modes that most polyatomic molecules exhibit. If V-V transfer is 

slow then A and B relax independently and two characteristic time constants are 
observed. 

In binary gas mixtures diffilsion also causes an additional contribution to YI), 
due to the greater flow of lighter components in the presence of density gradients. 
This is given by[81 

72 x(l-x)pD12 MA-MBj+ I (-y - 1) DT 2 

7ib, diff ý-- 
f 

U2 

I If 

m -yDl2X (1 - X) 

1] 

1 
(2.34) 

where D12 is the binary diffusion coefficient and DT the thermal diffusion factor. 

In equation (2.34), M= xMA + (1 - x) MB is the mole fraction weighted average 

molax mass of the mixture, and MA and MB denote the molar masses of the 

individual components and thus the effect is small unless the masses are very 
different. 

2.6. Cavities 

2.6.1. Normal Modes 

The discussion of the acoustic model staxts with the time dependent wave equation 

which is given by 
[V2 

+ (klw)2 (82/&2)] IF (rt) =0 (2.35) 

in which T (r, t) is a velocity potential describing the acoustic field for the re- 

gion of the cavity R. IF (r, t) may be separated into the product T (r, t) = 

Mý (r) exp (iwt) assuming a simple haxmonic time dependenceN. The frequency 

f is given by wl2r, A is the amplitude of the wave field, and the spatial function 

4o (r) is a solution of the Helmholtz equation 

(V2 
+k2)e (r) = 0. (2.36) 

Enuation (2.35) is satisfied when V2,1, (r) = -k 2, D (r), and the propagation 

constant is given by k= (w1u) + ia, where u is the sound speed and a the 
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coefficient of absorption. The solutions of (2.36) are the normal modes which form 

an infinite set of functions that are orthogonal, finite and continuous within the 

cavity. The eigenfunctions of the normal modes are represented by 4ýN (r, w), and 
corresponding eigenvalues by KN (w), where N is a set of three indices n I, n2, n3 
required to specify the solution in three dimensions. The normal modes obey the 

orthogonality condition[31 

N 41ON dV =- VAN (W) 6NM- (2.37) 
R 

In equation (2.37) V is the volume of the cavity, AN (w) is a normalisation constant 

and bNm a Dirac delta f-ftnction. Assuming the surface S is of local reaction the 
boundary condition is[31. 

v,, (rs) = p. (rs) y (rs, w) /pu, (2.38) 

for all positions rs on S. In (2.38), v,, (rs) is the component of the fluid velocity 

normal to S, y is the specific acoustic admittance of the boundary, and p the 

fluid density. The boundary condition depends on the frequency w and hence the 

eigenfuctions 4W and eigenvalues KN are also functions of W. Since the acoustic 

pressure p. is related to 4P (r, w) by 

-iwp-(D (r, w) , 
(2.39) 

the waveftmctions 4, (r) must satisfy 

(O/On) 4, (r, W) 1, 
-=r. = -i (w1u) -lD (rs, w) y (r., w) . 

(2.40) 

It is the boundary condition that restricts the propagation constant k to the 

set of values KN (w). The natural frequencies of the systein are therefore given 

by 

FN = (fN + igN) = (u/27r) (KN + ia) (2.41) 

2.6.2. Forced Oscillations 

The normal modes define the form of the free osciHations allowed within a cavity, 

and may be used to derive the steady state response to a source of sound. Us- 

ing arguments based on a simple harmonic source of infinitesimal size it can be 
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shownM that the acoustic pressure is a complex quantity as the response of the 

driven cavity and the source are not necessarily in phase. The velocity potential 

for a cavity driven in the steady state by a source at FO is represented by the 

Green function G,, (r/Fo), which may be expanded as an infinite series of the 

normal modesM. When the normal modes are well resolved, a single component 
(or a set of degenerate components) predominates near resonance and hence a 

single mode may be studied in near isolation. In this case the background con- 

tribution of the other modes is expanded in a Taylor series about some frequency 

fo near the resonance of interest and the acoustic pressure p,, is given by[41,151 

AN 
. 
)+B+C(f 

-fo)+--- (2.42) pw (F N /f)2 _1 

where FN is defined by equation (2.41) and the coefficients AN9 A C... are 

complex constants. The complex natural frequency FN and other constants in 

(2.42) may be obtained by measurement of the amplitude and phase of the acoustic 

pressure over a small frequency band near to the resonance. The higher the quality 

factor QN = fNI29N of the mode, the more precise are the values obtained. In the 

limit of a sharp singlet without background a Lorentzian line-shape is obtained 
iaN 

pw =_ (2.43) 
9N +i (f - fN) 

The amplitude aN is reduced to 1/výr2- of its maximum at fN ± 9N and gN is 

referred to as the resonance half-width. In practice the resonance line-shape 

closely appro)dmates the Lorentzian function, the amplitude and phase of which 

are illustrated in figure (2.1). 

2.6.3. Boundary Conditions 

Eigenfunctions of the Helmholtz operator that satisfy the boundary conditions of 

the cavity in question must be found before the results obtained in the previous 

sections can be used. For simple geometries, an appropriate choice of coordinate 

system allows the wave functions that satisfy the boundary conditions for the 

ideal cavity to be separated into a product of three terms, each of which is a 

function of just one coordinate. The ideal case is taken to be a cavity of perfect 

geometry and zero surface admittance. For the ideal case, the eigenfunctions of 

the Helmholtz operator are denoted by ON (r), the corresponding eigenvalues by 

-k 2 and the normalisation constants by AO . Thus: NN 
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Figure 2.1: Amplitude and phase for a Lorentzian resonance. The phase is plotted 

relative to an arbitrary zero at the resonance frequency. 
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(V2 +k2) O(r) =0 (2.44) 

within &, the region of the ideal cavity and 

(0/09n) 0 (r) Ir-r. =0 (2.45) 

on So, the surface of the ideal cavity. The boundary conditions given in equations 

(2.44) and (2.45) are called the homogeneous Neumann conditionsM, and the 

propagation constant -kNI is real and independent of frequency. The real cavity 

will not have zero surface admittance or perfect geometry and these are dealt 

with as perturbations to the ideal system. To calculate these effects, solutions are 

found of the homogeneous wave equation 

V+k2) -t (r) =0 (2.46) 

within R subject to the inhomogeneous boundary conditions at the surface S of 

the real cavity 
(0/11n) -ID (r) = -i (w1u) 4P (r) y (r) . 

(2.47) 

4DN is the eigenfunction for the real cavity with corresponding eigenvalue KN. 
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The solutions are expressed in terms of those for the idealised cavity with 

surface So (not necessarily coincident with S) and the unperturbed wave functions 

ON form the basis set from which 41ýN is expanded. The method employed utilizes 

Green's fimctions and is described in references [1] and [3]. 

Non zero surface admittance and absorption in the bulk of the gas 

The resultM of this method for a cavity of perfect geometry but non zero specific 

surface acoustic admittance y (r)s is 

KN = kN +(0)(i) 
ff 

Y Hs 141)N (r)S12 dS. (2.48) ý-kN iV A-ON 
s 

In a first order approximation, -, P may be replaced by 0, wlukN by unity and 

VAN I ON 12 dV. (2.49) 0= 4ff 
This result will be used in the following sections to derive expressions for the 

resonance frequencies and half-widths, correct to first order, which are given by 

fN = (u/27r) kN + Af. + Afh + Afb (2.50) 

and 
9N ý-- go +A+ gb- 

where Af. and Afh are the frequency shifts and g. and gh are the contributions 

to the half-widths due to the surface admittance caused by the shear and thermal 

boundary layers. The term gb in (2.51) is the contribution to the half-width due 

to absorption and is given by[41 

9b (2.52) = C', 

where a is defined by equation (2.33). The much smaHer correction (as it depends 

on (Wrvib )2 < 1), to the resonance frequencies Afb due to absorption is given by[") 

Afb 1-4 
1 

(Y - 1)JA (WTvib)2 1- 
!A (1 + 3, y) (2.53) 

2141- 

Imperfect geometry 

This method can also be used to determine the effects of imperfect geometry, but, 

as for other geometries the perturbations are likely to have a magnitude negligible 

compared to other sources the results are not quoted here. The theory and some 

specific examples are given in reference [1]. 
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Figure 2.2: The cylindrical polar coordinates applicable to the annular geometry. 

2.7. The Cylindrical Annular Cavity 

Cylindrical polar coordinates shown in figure (2.2) are appropriate to this problem 

and are related to the Cartesian set by 

x= rcos0 
rsinO 

z= z. 

2.7.1. The Ideal Case 

(2.54) 

The wavefimctions for an anniflus inner radius a, outer radius b, concentric with 

the z axis extending from z=0 to z=L are given by the product[21 

ON (r, 0, z) = XN (r) YN (0) ZN (z). (2.55) 

When this is substituted into the wave equation, the problem separates into three 

ordinary differential equations 
2) + (llrX) (dXldr) +2 2) )2 =O (11X) (d2X1dr (kN -q- (m/r 

(d2y/dO2) + M2y =01 
(2.56) 

Z2) + k2Z =0 (d2Z1d 
Z 

in which -m 2 is the separation constant for Y and -k., 2 is the separation constant 
for Z. The substitution r= x1 (kN2 - k,. 2,, )i reveals that the first of the differential 

equations is Bessel's equation 

(d2X/d, 2) + (11X) (dXle) + [l 
_ (M/X)2 1=0, (2.57) 
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for which the solutions are linear combinations of J,,, (x), the cylindrical Bessel 

function of order m and N.. (x), the cylindrical Neumann function of order m. If 

C is the constant for the linear combination of the two solutions, then the radial 

solution may be written as 

0, = J,,, (kr) + ýN .. (kr) = R,,, (kr). (2.58) 

The derivative dR(r)/dr must vanish at both radial walls giving 

[J, ',, (kr) + (kr)] 1,. 
=. =01 (2.59) 

and 
[J, '. (kr) + ZN, 

�, 
(kr)]1,., --�2 0* (2.60) 

Using the two equations above, ý is given by 

Jm' (ka) 
= 

Jm' (kb) 
(2.61) 

Nml (k a) N,,,, (kb) 

Hence, the equation that needs to be solved is 

J, '� (ka) N, 
� 

(kb) - J,, 
ý 
(kb) N,. (ka) = 0. (2.62) 

This still has two variables (a and b) but one may be eliminated by use of the 

radius ratio C= a/b which is a constant for a given annulus, and equation (2-62) 

written in terms of Cb is 

J, '�. (k(b) N' (kb) - J,. (kb) N,. (k(b) = 0. (2.63) 

Equation (2.63) is solved to give Xn,,, the nth turning point for the m th order 

solution R, (kr) 

X��, = (2.64) 

This leads to the following expressions for X, Y and Z: 

XN (r) = R,,, (X,,,,, r/b) 
YN (0) = cos mO + sin mO (2.65) 
ZN (z) = cos (17rz/L) 

.I 

Hence the wave function for the ideal annular cavity is 

ION (r. 0, Z) = R, (X .... r/b) [cos m0 + sin mO] cos (lirzIL) , (2.66) 
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and the propagation constant kN is 

222 (17rz/L) + (X,,,,, /b) (2.67) 

where I=0,1,2,3, ---, arid IMI = 0,1,2 .... 1. Each value of Iml, other than 

zero corresponds to a pair of degenerate modes, one for + Iml and one for - Iml. 

The NII mode has (I + 1) plane nodal surfaces perpendicular to the axis, Iml 

radial nodal planes and n cylindrical nodal surfaces (except when m=0 and 
there are n-1 cylindrical nodes[51). Using appropriate properties of Bessel and 
trigonometric functions the orthogonality of the wavefunctions can be verifiedN. 
The volume integral Iv given by 

iv=No*-odv=N4, dv, (2.68) 

vv 

which can be written as the product of three integrals, 

IV = ilioi.. (2.69) 

Axial integral 

o 
COS 2 (17rzIL) dz 

L 

21o 
11 + cos I (217rz/L) } dz 

L (2.70) 
c 

where -=1 for I=0 and 2 otherwise. 

Angular integral 

Io 
121r 

(cos mO + sin MO)2 do 
0 

127r (COS 2MO + sin 
2MO +2 cos mO sin mO) dO 

0 
2r 

(1 +2 cos mO sin mO) dO 

1 2r [0 
+2X ým sin mO]o 

2r (2.71) 
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Radial integral 

This is Lommel's integral (a standard integral of Bessel functions) and using the 

result from the boundary conditions that 

R, '. (x��, r/b) = 0, (2.72) 

the radial integral can be shown to simplify to 

r4 (x,,,,, r/b) dr 

[r2 
(R, 2� (x��, r/b) - R,. 

-, 
(x��, r/b) R�, +i (X��, r/b)} 

b 
21a 

[L2 
R, 2,. (xm�r/b) - 1- 

(m )2 
2f1 X��, r/b 

= 
b2 

4 (XM�) 
- J_(M)2 

]1 

2f1 Xmn 

(eb)2 
R2 (Xmno J_( 

M )2]1 
(2.73) 

2fm Xmn( 

Normalisation constant 

The normalisation integral is therefore 

IV = I. Ioil (2.74) 

which as V= 7rL (b' - a2), the normalisation. constant AO as defined in (2.49) N 

can be shown to be 

AON =1 N4 (X-) 
Xmn 

21 

11 ( )l 1 

(2-75) 

1C C2 

IR 
2, (xnnC) 

- 

[i 

-(xMC 

The complex natural frequencies of the resonator are given in terms of the 

eigenvalues by equation (2.41). When the surface admittance is zero, the eigen- 

values are purely real, the complex resonance frequencies FN equal (u/27r) kN, 

and the only term contributing to the resonance half width gN is that due to bulk 

absorption gb given by equation (2.52). 
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2.7.2. Non Zero Surface Admittance 

Both the real and imaginary parts of the eigenvalues will be altered by the non 

zero surface admittance, and the effective surface admittance changes with the 

properties of the fluid that fills the cavity. For the annular geometry used in this 

work the first order theory given in equation (2.48) is sufficient. The expectation 

value of y is given by 

(y) ff O*yodS ff 02 ydS. (2.76) 

ss 
However y will not be the same for each wall of the cavity because the ori- 

entation of 0 at the surface determines whether thermal and/or viscous effects 

must be taken into account. Hence the surface integral in equation (2.48) must 
be expressed as a sum of integrals over the sides and two ends of the cylinder. 

For the end plates, the wave function reduces to 

= 0,00, (2.77) 

because 0.. = cos (1-xzlL) =1 at z=0 and z=L. The surface increment is 

dS = rdrdO on z=0 and z=L, and the surface admittance of each end plate is 

given by 
27r 

(Yend) ý-- Yend 
fo 02 dO 

' 
roldr 0 

fa 

= YendI0Ir 

= Yend7r b2R1 (xm. ) 1_(M 
)2] 

Xmn 

- 
«b)2 R2 1-( 

M )2]1. 
(2.78) 

nn 
(XmnO 

1 

x. ( 

The wave function on the cylindrical wall at r=b is 

0, oýý = 0, - (b) Ooo.., (2.79) 

where 0, (b) = R,,, (X,.,,,, b/b) = R,,, (x,,,,, ) is a constant. The surface increment is 

dS = bdOdz for r=b. The admittance of the side waH at r=b is therefore 
2m L 

(Yeideb) ý-- Yi; id,, bbo, 
2 (b) 10 Oe fo Odz 

2 (Xmn) JOIX = y. id�bbR; 1� 

= y. id�3bbRL (xm�) 21r 
L. (2.80) 
c 

54 



The wave fimction on the cylindrical wall at r=a is 

O, o,. = 0,. Ooo.., (2.81) 

where 0, (a) = R.. (X,.,, a/b) = R,. (X,.,, C) is a constant. The surface increment 
is dS = adOdz for r=a. The admittance of the side waU at r=a is therefore 

2w L 
(Ysidea) ..: Yi; id.. ao, 2 (a) fo' oo fo 0ý-dz 

' Ysid�. aR 
2 (X"", () Je j,. 

ý m 

Ysidý,. aRm2 (Xm�() 27r 
L (2.82) 
E 

The total surface admittance is hence given by a sum of the admittances of the 

sides and two identical ends: 

y >= 2 (Yend) + (Ysidea) + (Ysideb) 
- 

(2.83) 

Tenoring mechanical terms in the surface admittance and considering only 

those due to the boundary layers, the specific acoustic admittances are given by 

equations (2.19) and (2.20) if the effects of molecular slip and the temperature 

jump are ignored. Equations (2.19) and (2.20) are valid as long as &, bl, < b. 

Since the viscous damping at the waUs depends on the tangential component kt 

of the propagation constant the boundary admittance will depend on the mode 

of cavity resonance. In leading order, kt' is equal to (17r/L)2 + (m/b)2 along side 

b, (Ir/L)2 + (m/a)2 along side a and (Xm,, /b)2 at the ends so, using the results 

derived above, the specific acoustic admittances are given by 

(ir/L)2 + (m/bC) 2 

Ysidea ' (1 + i) 
(W ) [(t 

- 1) bh + 
)2 +9 

(2.84) 
2u (17r/L (X��, /b)" 

6-] 

Ysideb + i) 
(w) [(, 

y_ 1)6 h+ 
(17r/L)2 + (m/b)2 

(2.85) TU (17r/L)2 + (X,,,,, /b)2 
6'] 

9 

and 
(Imn/b)2 

6. 
] 

(2.86) Yend + 6h +) 2+ TU (17r/L (Xnn/b)l 
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Using the results derived previously this gives 

2 (gl, + g. ) VAON = 
(17r/L)2 + (in/bC)2 irL 2� (X C) f1 

IN 

- 1), 5h +f 
(lir/L)2 + (xmtl/b)2 15.1 -e R� mn 

+ (7-1)bh+ 
(17r/L)2 + (m/b) rL RI2 

1en 

(Xmn) 

(x��, /b)2 1) eh +f 
(17r/L)2 + (x��, /b)2 

7r 

22_(M 
)2] 1 [b 

Rin (Xmn) 
[l 

Xmn 

)2 2 (xmn C) -(Xm( 

)2] l] 1, 

- (Cb Rml 
li 

mn 
(2.87) 

or 
gh '- -Afh 

= 
(7 - 1) bOrf bL (CR' (X"�, e) + R, 2. (X��, » 

2VAON 

f[cm1 

+ 
(b2R2 

() 
[l 

_(M)2] 
(2.88) 

m 
xmn 

xmn 

- «b)2 R, 2�, (Xm�() 
[l 

_ 

(XMC)2]) 

M. 

and 

bL 
)2 + (M/bC)2 

)2+ E 

(J(lr/L 2 
[(lr/L (X��, /b ] 2VA' 

f[1 
CR; ' � 

(Xmn() 

+f (17r/L)2 + (m/b)214 (Xmn 

+ 
[(X��, 

/b)2 
(b2jg 

(Xmn) 
[l 

_(M) 

2] 

Xmn 

)2 R, 2 M 
- (Cb 'n 

(Xmn 0_(- 
7mn( 

(2.89) 

Molecular slip and the temperature jump 

The boundary layer theory while a good approximation is not exact. In gases 

at low pressure the finite length of the mean free path becomes important and 
hence the effects of molecular slip and the temperature jump need to be included. 
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Details of the theory are given in the literature[141, and the result is that the 

surface admittance should then be calculated from the equations below: 

1) (wl2u) [(l + i) bh - 2ilh] (2.90) 

y. = (kt/k)2 (wl2u) [(l + i) b. - 2il. ] (2.91) 

where 1. and 1h are the shear and thermal accommodation lengths respectively. 
The accommodation coefficients are given by the Mowing expressions; 

Ih : -- 
(r. ) ! ýMT [(2 - h)], (2.92) 

pI 2R 2h 

and 
I 

ýMT [ (2 - s) (2,93) 
P 

12R 

S 

1, 

where h and s represent the thermal and shear accommodation coefficients re- 

spectively. 

The half-widths remain unchanged by inclusion of these effects but the fre- 

quency is shifted slightly and hence Af. and Afh become 

-Afh ý gh(l - 21h/bh)? (2.94) 

and 

-Af. = g. (l - 21.1b. ). (2.95) 

However, there is no a priori way of calculating the sheax and thermal accommo- 

dation lengths. For the spherical geometry only Ih is important, the magnitude 

of which may be estimated as the value that gives the best agreement for the 

resonance modes measured. This is possible because bh is a frequency dependent 

quantity which therefore differs for each normal mode. This approach is not pos- 

sible for the annular geometry because both penetration lengths have the same 

frequency dependence and the contributions from molecular slip and the temper- 

ature jump effect cannot be resolved. At the pressures used in this work it is 

estimated that these effects are negligible when compared to the uncertainties in 

calculating the correction terms. This is discussed further in later chapters. 

2.7.3. Openings in the Resonator Wall 

If there is an opening in the wall of the resonator, then the specific acoustic 

admittance wiU differ from that given by equation (2.83) over the area S. of 
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that opening. In leading order, the shift Af. in the resonance frequency and 

contribution g. to the half width of a resonance mode will be 

iyo ff 02dSo 

, &f. + ig. = 1- (2.96) 
2VAO N 

where y. is the specific acoustic input admittance of the opening. The sound 

source and microphone used for the generation and detection of sound necessarily 

cause openings in the resonator wall as does the gas inlet tube. For narrow tubes 

such as these operated at frequencies below the cut off where only plane waves 

can propagate, the admittance is constant over any cross section of the tube. 

The value at the opening y., may be expressed in terms of the value yL at the 

termination of the tube of length L and the propagation constant for plane waves 

travelling through the tube. Losses at the wall of the tube may be allowed for by 

setting the propagation constant equal to the Kirchhoff-Helmholtz value 

kKH ý (w1u) + (1 - i) aKH, (2.97) 

where 
CtKH 

1) bh + ba 
7 (2.98) 

r. 

and r,, is the tube radius. 
If the tube is closed at the end remote from the resonator by a rigid termination 

then the specific acoustic admittance at the opening is 

i tan (kKH L) 
. 

(2.99) 

The sound source and microphone are closed tubes and the admittance of these 

may be approximated by equation (2.99). For the case of a tube open to free 

space such as the gas inlet pipe the specific acoustic admittance at the opening 

in the resonator is 

-i cot (kKHL) 
. 

(2.100) 

Modifications to these expressions to account for the comple. )iities of real tubes, 

such as a flanged open tube or tube ending in a terminal volume have been 

considered[l. These effects however, are small in comparison with the uncertainty 

in the calculated value of the perturbation due to geometric factors and need not 

be considered here. 

58 



At a resonance frequency of the gas ffiled cavity, (w1u) is kN for the normal 

mode, and under the conditions of the measurements, aKHL <1 and negligible 

compared to kNL. Thus kKII = kN, and the corrections to the resonance frequen- 

cies may be calculated if the geometry of the tube is known. The perturbation 

may be minimised through the length L of the tube or by minimising the sur- 
face integral in equation (2.96) through the choice of the position of the opening. 
These design considerations and the limitations on the accuracy of the calculated 

perturbation are discussed in later chapters. 

2.7.4. Shell Motion 

The contribution of the wall itself to the effective acoustic surface admittance is 

usually small but may not always be neglected. Unfortunately an exact solution 

for the modes of motion of an annular shell is not possible in closed form and 

as yet a detailed approximation has not been derived. From general considera- 

tions it may be inferred that the coupling of fluid and shell motion must cause a 

perturbation Afsh to the resonance frequencies that is linear in the fluid density. 

At frequencies small compared with that of the lowest resonance frequency of the 

wall, the mechanical admittance is given byll] 

Yoh = -i2rf pubC (2.101) 

where C is the static compliance of the tube with respect to variation of the 

internal pressure which also cannot be calculated exactly for an annular shell. By 

analogy with a simplification of the exact results for a sphere[51, at frequencies 

near to a sheH resonance, equation (2.101) is likely to become 

i27rf pubCx (2.102) Yah = [1 
- (flfsh)2 

In equation (2.102) fah is the frequency of the nearest shell resonance. x is a 

coupling constant that arises due to the differing symmetries of the wall and shell 

motion that is also unknown, and in addition is dependent on the mode of excita- 

tion of the fluid in the cavity. Note that iYah is purely real in this approximation 

and therefore contributes only a shift in the resonance frequencies of the fluid 

within the cavity, 
Afsh -fptpcx (2.103) 

- (flfsh)i] 
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without a corresponding contribution to the half width. Losses in the wall material 

itseW5I and the smaller losses due to radiation from the external surfaceN may 

be accounted for by the inclusion in series with the lossless impedance of the 

shell an additional term incorporating the quality factor Q. h for the damped shell 

resonance, 
fs h 

-fpucx (2.104) 
(f/fsh)2 +i (flfshQsh)] 

The frequencies of any shell resonances may be determined experimentallyI'M"], 

and the value of C estimated from'elastic theory but the values of x, and Qh 

can only be determined empirically by fitting these parameters for the affected 

modes. This is only possible if results are available over a wide range of frequencies 

and unperturbed modes are also available. As such data were not available the 

parameters in equation (2.104) could not be determined for the affected modes 

measured in this work. 
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3. EQUATIONS OF STATE 

3.1. Introduction 

According to the phase rule, a phase of fixed composition has two degrees of 
freedom. It Mows that a chosen intensive property, X, may be described in 
terms of two other independent intensive properties X2 and X3 by an equation of 

state: 
XI ý Xl (X27 X3) 

Using equation (3.1) any intensive property may be described in terms of X2 and 
X3 by using the appropriate thermodynamic relations. 

3.2. Equations of State 

ClassicaHy equations of state for a gaseous phase of fixed composition have re- 

lated the intensive properties of the system, pressure p, molar volume V. and 

temperature T by either: 

1) an infinite power series in one of the intensive properties, usually V. or p, 

or 
2) closed empirical expressions. 

The category of closed empirical equations falls into two types, those that are 

cubic in V. and closely resemble the van der Waals equation of state, and those 

that have a variety of functional forms. 

3.2.1. The Virial Equation of State 

The virial equation of state which may be rigorously derived from statistical 

mechanicsN, can be written in terms of the molar volume or in a pressure explicit 

form: 
z pv. 

-BC (3.2) M: - 7FT7": - 
1+ 7- + V'. 2 

+ 
mm 
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or 
pv. C2 

Z. = jiT-- 1+ NT-p + jiT-p +-, (3.3) 

where R is the gas constant, and B, C, --- are second, third, --- virial coefficients. 
The coefficients of the two equations axe functions of temperature only and axe 
related by 

B' B 
(C - B2) (3.4) 

RT 
The intermolecular energies of clusters of two, three, --- molecules are related to 

B, C, --- by a statistical mechanical derivation of equation (3.2). In particular, 
B is given lby 

00 
B= 27rL f [1 - exp J-U (r) IkT}] r 2dr, (3.5) 

0 
in which U (r) is the pair wise intermoleciflar energy fimction and r the intermolec- 

ular separation[2] . Expressions for the higher order coefficients are complicated 

by the non pairwise additivity of the intermolecular potential energies. 
The second virial coefficient of a gas mixture with components A, B, --- in 

mole fractions XA p XB i ... is given by 

BM XAY XB) ** *) = Ei Ej xjxjB (T)jj (3.6) 

where i, i=A, B, ---. For the binary gas mixture J(l - x) A+ xB}, equation 

(3.6) is written 

B(T, x)= (1 _ X)2 BAA +2 (1 - x) xBAB + X2 BBB (3.7) 

where BAA and BBn are virial coefficients arising from pure A and pure B respec- 

tively, and BAB, the cross virial coefficient, arises from interactions between A 

and B. 

Both equations (3.2) and (3-3) suffer from the disadvantage that they must be 

truncated to represent a given set of experimental data and criteria for determin- 

ing the number of coefficients that may be justified have been discussed in the 

literatUre[3]-151. The problem of finding accurate values for the coefficients is more 

subtle, for example to find reliable values of B, measurements must be extended 

to sufficiently low pressures that the definition[61,11 

]im (3.8) ! DT 
-11 V-' 

is realised. 
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3.2.2. Empirical Equations 

Many empirical equations of state are elaborations of the van der Waals equation. 

The simple cubic equations modify the attractive and repulsive terms indepen- 

dently, whereas in the non cubic expressions both axe modified simultaneously 

and, as a consequence they have a variety of functional forms and rapidly become 

complicated. 

Simple cubic equations 

The van der Waals equation of statel8l is given by 

P= 
RT /a (3.9) 

V,,, (1 - 4y) 

where y the fraction of the volume occupied by the molecules, is 

b 
4V. 

(3.10) 

and b is the volume excluded by the molecules. The first term of equation (3.9) 

approximates the pressure of a hard sphere gas and the second represents the 

influence of attractive interactions between molecules. This equation like all anaý 

lytic expressions for the equation of state breaks down at the critical point where 

it lacks an appropriate singularity and, in addition is limited in its usefulness 

because it generally gives only qualitative agreement with experimental data. 

If a pure fluid obeys the principle of corresponding states then the compression 

factor Zm may be written in the form 

Z. - 
pv. 

-0 (PIlf , T1r) , 
(3.11) 

RT 

in which P' is the critical pressure and Tc the critical temperature, and where 

ý is the same function for each fluid. Substances that do not obey the principle 

of corresponding states may be included by extending equation (3.11) to three 

variables. An important example is Pitzer's equation[91 

ZM = 
pvm 

= O. W. OCITITC, W), (3.12) 
RT 

in which the acentric factor w, defined by 

w= loglo Vlpý+g (T/7' = 0.7)] - 1, (3.13) 
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was chosen such that w ; -- 0 for Ar, Kr and Xe. When w=0, equation (3.12) 

reduces to equation (3-11) and substances such as Ar, Kr and Xe have the same 

compression factor at the same reduced temperatures and pressures. Other im- 

portant examples may be found in the literature, 1101-1121 that include molecular 

shape factors, however usually they are only useful over the limited ranges for 

which the additional parameter has been optimised. 

The simple cubic equations may be generalisedIIII to give 

RT a (T) 

m 
(3.14) TV-: 7-b-) V2 + V. cb - (C - 1) b2} 

in which c: is chosen empirically, and a (T) and b are parameters which have been 

adjusted using Tc, pl and w. When c=1 equation (3.14) becomes the Redlich- 

Kwong equation[14] for which 

(T) a (P) 
1 

(3.15) 
TJ2 

and Zr = 1/3. Soavel'51 extended the temperature dependence by modifying a (T) 

to 

(T) =a (T) a (TIT') =a (7) 11 + (e + fW + gUj2) 
11_ (T/7x) 11] 2. 

(3.16) 

Gibbons and Laughton[161 further modified a (T/Tc) to give 

2 
a(T)=a(T)ct(TI2')=a(7')11+X(TI7'-l)+YI(TI7')1-11] (3.17) 

in which X and Y are substance dependent parameters. The Peng-Robinson 

equationIll has c=2 and an a (T) of the same form as Soave. As a final example 

Haxmens et al[181,1191 developed equations with c=3 and c as an adjustable 

parameter. Values of the variables in each equation of state are discussed in the 

relevant papers and in general they predict compression factors for gases to within 

a few per cent. 
The equations discussed above retain the hard sphere term in the van der 

Waals equation, but modify the attractive term. The alternative is to elaborate 

the repulsive term. The virial expansion for a hard sphere fluid correct to sixth 

order in y iS[20] 

ZrpV. 23 Y5 + 57Y6 +..., H" -H -,: 1+ 4y + 10y + 18.365y + 28.26V4 + 39.5 (3.18) 
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in which y is defined as in equation (3-10). The van der Waals expansion 

ZH = 1+4y+ 16y2+64y+... (3.19) 

is only correct to first order in y by comparison. Carnham and Starling[2'1 devel- 

oped a closed form expression 

+y+Y, - Y') ZH 
(1 _ Y)3 (3.20) 

1+ 4y + lOy2 + 18y3 + 28y4 + 40y' + 54y6 + 

that is a much better approximation to equation (3.18). 

Non cubic empirical equations 

When the repulsive and attractive terms are modified simultaneously, expressions 

are generated that are no longer cubic in V,,,. The best known of such equations 

of state is due to Beattie and BridgemanIIII, and may be written 
RT (BoRT - Ao - RcIT2) 

P+ -V2 
m 

2) 
(3.21) 

+ 
(aAo - BobRT - RBoclT 

+ 
RBob 

V3 V4T2 
.mm 

where a, b, c, AO and BO are adjustable parameters. The expression only pro- 

vides a representation of fluids below the critical density. Benedict, Webb and 

Rubin(231 modified equation (3-21) to extend its applicability up to densities twice 

the critical value by use of two additional parameters a and -y: 
RT (BoRT - Ao - Q/T2) (bRT - a) p+ V2 1. vm 

M. 
V3 

1/V2 _-y/V2)] 

m (3.22) 

+ 
(aa) 

+ 
[c (, y m) exp 

V6 V3T2 
m -M 

More precise representations of volumetric results, and more recently other prop- 

erties have been adiieved using further modifications[211, I'll to give expressions 

with a variety of functional forms but all contain exponential terms. 

Equations of state derived solely from experimental results allow good agree- 

ment to experimental results by the revision of functional forms and optimisation 

of the parameters. Equations that are particularly successful when applied to 

mixtures are due to Schouten et al. [261-[291 and Starling et al. ['], but it must be 

remembered that they are only applicable to the components and composition 

ranges stated. 
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3.3. Experimental Techniques 

3.3-1. (P, VT) Methods 

Most equation of state information has been acquired using (p, Vm, T) methods. 
The molar volume Vm = V/n, which is an intensive property cannot be measured 
directly and therefore must be determined from the vessel volume V, and amount 
of substance n, which are both extensive properties. 

Boyle's tube is one of the most simple experimental designs, in which the 

pressure p is measured of a fixed amount of substance confined within a variable 
volume V at constant temperature T. The amount of substance is given by 
limp. 

-. o fpVIRT}. The apparatus may be calibrated using a gas with a known 

equation of state, or the experimental volumes may be determined by finding the 

mass of mercury required to fill each one. Mercury is also used to confine the fluid 

and to calculate the sample pressure and so such measurements are limited to the 

range over which mercury is a liquid with an acceptably low vapour pressure. 
Expansion methods such as that devised by Burnett (311 avoid the use of mer- 

cury. Successive expansions are performed until the pressure can no longer be 

determined accurately. The Burnett method gives the compression factor Z di- 

rectly, so such methods have been utilised at high pressures where the truncation 

of the virial expansion at the appropriate order may be a problem. 

Methods such as those described above may also be used to study gas mixtures 

and have been used to obtain BAB for binary mixtures[131 from measurements of 

B (T, x) arid BAA and BBB 
- More direct techniques are available based on the 

measurement of the interaction virial coefficients 

1 6AB (T) = BAB (T) -ý 
[BAA (T) + B, 3i3 (T)I, (3.23) 

from either the pressure change on mixing at constant volume [32] 
, or the volume 

change on mixing at constant pressure[331. 
So far, the effect of adsorption has been neglected but it severely limits the 

experimental accuracy at pressures approaching the vapour pressure. As adsorp. - 
tion depends on the surface area to volume ratio it varies from one experimental 

method to another. For example, in methods involving the use of mercury, mate- 

rial is lost by the advancing meniscus in compression methods and in expansion 
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methods degassed surfaces are exposed. Adsorption models have been used to cal- 

culate corrections terms[71, but if information is required under conditions when 

adsorption is significant then alternatives to (p, Vm, T) methods must be sought. 

3.3.2. Calorimetric Methods 

The equation of state in the form 

H. (p, T), (3.24) 

may be studied using a flow calorimeter consisting of a pipe containing a throttle 

and heater. The molar enthalpy change is given by 

H. (P2 
i TO - H. (pi, TI) -- 

p (3.25) 
On/&' 

when the calorimeter is adiabatic and the changes in the potential and kinetic 

energies of the gas are small. In equation (3.25), 1 and 2 denote the state of the 

gas on either side of the throttle, P is the steady state power dissipated in the 

heater, and On/& is the flow rate of fluid through the calorimeter. 

In the isothermal Joule-Thomson experiment, the power P is adjusted such 

that T2 = T1, and the isothermal Joule-Thomson coefficient 

OJT = 
m)p] IRT21 (9Z) 

op i9T p OT 
p (3.26) 

--T 
OV OH 

T= 

[V 

lim 
IH(Tp2)-H(Tpi)1 

PlýP2 

1 

P2 - Pl 

is useful for obtaining equation of state information where adsorption would be 

a problem in (p, Vm, T) methods["]. This method is complicated by the presence 

of heat leaks near the throttle that compromise the accuracy of experimental 

measurements. 

The isenthalpic Joule-Thomson coefficient 

AJT 
(OT)H 

= -fV. 
-T(OV .. lo9T)pl 

(3.27) TP CP, M 

may be determined when no power is supplied to the heater. Equation of state 

data may also be obtained from this relation provided that the heat capacity is 

known. 

69 



If the calorimeter contains no throttle and energy is dissipated in the heater, 
then the heat capacity may be obtained directly from the expression 

CP, ]im 
IH (T2, p) -H (T1, p)} (3.28) OT TI--bT2 -= 

(2 
L- T2 - Tl '-)p = 

A combination of isenthalpic and heat capacity calorimeters in the same flow 

system thus gives OJT from 

OJT 
--'ý -cp, mPJTi (3.29) 

and this method has been used successfiffly to obtain equation of state data for 
both pure gases["] and binary gas mixtures[361. 

3.3.3. Speed of Sound Measurements 

As an alternative to (p, V, T) relations, equations of state may be written in the 

form 

u2=u2 (T P), (3.30) 

and, as the speed of sound u is independent of the amount of substance, ex- 

perimental measurements of this quantity should be immune from the effects of 

adsorption suffered by other methods. However, anomalous results at pressures 

approaching the vapour pressure have been observed and interpreted by Mehl and 
Moldover in terms of a precondensation phenomenon [37] 

. They observed that the 

effect was greatest at low frequencies, depended on the surface finish of the res- 

onator, and resulted in an apparent decrease in the resonance frequencies and an 

accompanying increase in the resonance half-widths at pressures greater than 0.6 

of the vapour pressure. As described in chapter 1, the (p, V, T) virial coefficients 

are related to the acoustic virial coefficients and the method used in this work 

to obtain values for the second virial coefficient from acoustic measurements is 

discussed in greater detail in chapter 7. 

3.4. Sonic Nozzles 

Sonic nozzles[A consist of a tube of variable cross section through which a steady 

flow of gas occurs from a laxge vessel. The importance of sonic nozzles lies in 

their simplicity and lack of moving parts allowing them to be easily maintained 

and making them a likely candidate for flow metering standards within the gas 
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industry. In order to obtain reliable estimates of the speed of sound at the steady 

state conditions at the throat of the nozzle and thus calculate the mass flow 

rate, an equation of state and a method of prediction of the perfect gas heat 

capacities is required. Thus evaluation of equations of state by compaxison with 

speed of sound results are important for obtaining reliable estimates of flow rates. 
Boyes[391 has made comparisons between the calculated speeds of sound derived 

from the equations of state described earlier and his speed of sound results for 

the industrially important gases methane and a binary mixture of methane and 

ethane. He found that the agreement was better than 1% over the experimental 

range and generally better than 0.5 %. 
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4. APPARATUS 

4.1. Introduction 

The novel annular resonator constructed for this work is described in detail below. 

The design of the inlet tube and the transducers axe discussed with reference to 

. nimi ing the resultant perturbations to the resonance frequencies. The ther- 

mal environment of the resonator is discussed with particular attention to the 

methods used to reduce the heat leaks to the surroundings in order to obtain a 

uniform temperature distribution throughout the resonator. Finally the temper- 

ature control system developed for the apparatus is outlined. 

4.2. The Annular Resonator 

The cylindrical walls of the resonator were turned from aluminium alloy 6082. 

The outer cylinder had a nominal inner radius of 139.7 mm. and outer radius of 

152.4 mm. The inner cylinder had an outer radius of 74.5 mm. and inner radius 

of 61.8 mm before polishing. The cylindrical waUs had a final length of 59.0 

mm. In choosing the geometry of the resonator a balance was struck between the 

need for the modes to be resolved and the need for resonances with high quality 

factors. Increasing the radius ratio allows more azimuthal modes to be at lower 

frequencies than the radial, longitudinal or mixed modes but increases the surface 

area to volume ratio thus reducing the quality factors for the resonances. The 

radii of the cylinders and length of the resonator were chosen such that the first 

five azimuthal modes 1 (0, m, 1) m=1- 5} occurred at lower frequency than any 

other type. In the resonator described here for which the radius ratio C=0.532 

the quality factor Q= 172 for the (0,1,1) mode in Ar at 300 K and 100 kPa. 

Increasing the radius ratio to C=0.9 would allow the first seven azimuthal modes 

to occur before any other type of mode but the quality factor would be reduced 

to Q= 57 for the (0,1,1) mode in Ar at 300 K and 100 kPa. Decreasing the 
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Figure 4.1: The frequencies of the resonance modes up to 4.2 kHz in the resonator 
fiRed with Ar at 100 kPa and 300 K. 
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radius ratio to C=0.1 increases the quality factor to Q= 266 for the (0,1,1) 

mode in Ar at 300 K and 100 kPa but then only two azimuthal modes would 

occur at lower frequency than other types of mode. With such a low radius ratio 

the higher order azimuthal modes cannot be resolved due to overlap with radial 

and mixed modes. 

The frequencies of the resonance modes in Ar at 300 K and 100 kPa up to 4.2 

kHz are shown in figure (4.1). The (0,6,1) azimuthal mode cannot be resolved as 
it lies too close to the (0,2,2) mixed radial-azimuthal mode and the first (1,0,1) 

longitudinal mode. With this design the first radial (0,0,2) mode may be resolved. 
During the design phase of this work, it was thought that this radial mode would 
be measured. However initial measurements in He showed it was not possible to 

find a radius ratio that gave agreement between it and the azimuthal modes and 
it was hence rejected. The resonance modes finally measured were the (0, m, 1) 

azimuthal modes where m=1-5,7 - 9. The higher order modes were included 

in order to avoid the effects of the shell resonance. The first (0,1,1) azimuthal 

mode was not measured as it lay below the cut off frequency of the bandpass 

amplifier of 0.3 kHz for some of the gases under study. 
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The bottom plate of the resonator was 15.88 mm thick, calculated to safely 
withstand a pressure of 1 MPa by comparison with a circular plate of the same 
surface area. This method probably overestimates the thickness required, but 

the greater thickness helped to prevent the end plates from deforming when the 

resonator was pressurised. The top plate of the resonator was 19.05 mm thick 
to allow for the extra stresses caused where holes were machined to house the 
transducers and the gas inlet tube. 

The surfaces comprising the interior of the resonator were hand polished to 

remove tooling marks first with emery paper, then with silicon carbide papers 

of varying grit size and finally with aluminium oxide pastes with particle sizes 
decreasing from 5 pm down to 0.03 ym. The surface had a near mirror finish 

viewed with the naked eye. The transducer ports and hole for the inlet tube were 

then machined in the top plate, and the side cylindrical walls were turned down to 

their final length of 59.00 mm. As the resonator was constructed from aluminium, 

welding of the joins to give a pressure tight seal was not feasible, and an additional 

problem was that threads turned into aluminium are easily deformed. In order 

to safely withstand the maidmum working pressure of 1 MPa, 4 mm diameter 

stainless steel studding was passed through the full length of the walls and end 

plates and bolted at either end. The number of pieces of studding used was chosen 

to allow the full load at the maximum working pressure to be withstood by just 

one turn of the thread on the studding. Twenty equidistant pieces were bolted 

through the outer wall and ten through the inner wall. Nitrile O-rings, which 

may be used over the temperature range 218 K to 398 K, were employed to seal 

the resonator. The grooves cut into the cylindrical walls to house the O-rings 

were machined close to the upper size tolerance limit to prevent the O-rings from 

extruding into the body of the resonator. The interior of the assembled resonator 

was viewed through the transducer ports to check the four seals. The transducers 

and inlet pipe were screwed into place using indium wire to provide seals between 

the components and the resonator. After assembly all the seals were checked 

using a helium leak tester. 
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4.3. Inlet 'Dibe 

A length of stainless steel tubing (3.18 mm Ld. and 2.58 mm o. d. ) was embedded 
in the top plate of the resonator, which was drilled through with the appropriate 
diameters to form a gas inlet tube of length Li = 67.0 mm and diameter 2.58 mm. 
As described in equation (1.96) the correction for a hole in the resonator wall is 

proportional to the square of the wavefunction 02 N over the surface of the hole, so 
an obvious way to reduce the perturbation is to place the inlet tube at a minimum 
in the wave function. The tube was placed at r/b = 0.78 where the wavefunction 
for the (0,0,2) radial mode was at a minimum. The tube was positioned at 

an angle of 7r/2 from the two transducers where the wavefunctions for all the 

azimuthal modes with odd index m (i. e. (0, m, 1) modes where m=1,3,5,7,9 ... ) 

were also at minima. Unfortunately, the azimuthal modes with even index m have 

maxima at this angle to the transducers. The perturbation to these modes is 

minimised by using tubing of a small diameter, thus reducing the area over which 
02 is integrated. The correction can be further reduced the squared wavefunction N 

by varying the length Li of the tube because the correction is also proportional 
to the acoustic admittance, y. of the hole, which for an open tube is given by 

y. =i tan (kKHLj). The requirements for pumping the resonator down to vacuum 
to prevent the contamination of subsequent samples restricts the length of tubing 

which may be used for a given diameter. A length of 67 mm was chosen from 

a systematic search because it gave a reasonable values (-Af. If ; ýs 30 ppm) for 

the correction to all the measured modes with even index m (i. e. (0, m, 1) modes 

where m=2,4,6,8), and did not compromise the conductance of gas out of the 

resonator at low pressures. 

4.4. Mransducers 

Capacitance transducers are very sensitive wide band devices ideal for sound 

generation and detection in gases as their intrinsic noise level is very small[l). The 

parallel plate capacitance transducers employed in this work were machined from 

brass and took the form of a massive metal back plate, and light front plate of 

tensioned metallised polymer film. The polymer membrane moves in response to 

incident sound waves when operated as a detector, or in response to an a. c. signal 
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Figure 4.2: The squared waveffinction (p2 for the first radial mode and first five N 

azimuthal modes along the radial coordinate. 
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when operated as a sound source. In order to excite and detect the resonwice 

modes most efficiently the sound source and detector must be plaved where the 

square of the wavefunction is large as the acoustic pressure p. is proportional to 

(P2 N 

As can be seen in figure (4.2) which shows the square of the wavefunction 

along the r coordinate this occurs for all the modes of incerest, towards Ole outer 

side wall of the resonator. The transducers were placed as close to the wall at. 

r=b as possible in order to obtain the best signals despite the fact that. this 

necessarily maximises the perturbation to the resonance modes due to the holes 

caused in the resonator wall. The transducers were also placed at, an angle of 

7r apart where all the azimuthal modes have maxima in the wavefunction. The 

transducers form closed tubes in the resonator top plate for which the acouscic 

adm-ittance y. of the opening is given by y. = -i cot (kKH Lt). The only way to 

reduce this term and minimise the resultant correction to the resonance modes is 

to make the length Lt of the hole as small as possible. Both the position and size 

of the transducers are determined by other considerations. Even the length of 

the hole is restricted by the height of metal to which the front, of the transducer 
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Figure 4.3: Detector transducer; A metal coated plastic film; B brass backplate 

machined on face A with holes of diameter 0.5 mrn and depth I mm held III 
contact with the plastic film by a spring C. The tension on the spring may be 

adjusted using screw D, E brass body: F brass screw insulated with PTFE on the 
inner surface to hold PTFE insulating sleeve G in place; H PTFE cOver plate: 
I brass back plate with indium seal J. K hermetically sealed ceramic single pin 
lead-through: L resonator top plate. 

,, I mm--4 

A 

Brass Alwninium PTFE Steel 

housing may reliably be machined. The smallest length possible is L, = 0.5 inm 

which was wsed for the transducers in this work. 

Both electroacoustic capacitance transducers were of essentially the same de- 

sign, the detector is shown in figure (4-3). The thin dielectric membrane was 

clamped by a PTFE sleeve within the brass housing with the metallised outer 

surface in contact with the brass. The housings were carefully machined to fit 

snugly into the transducer ports in the resonator top plate, both in order to min- 
inuse the annular slots round the housings, and so that the front faves of the 

housings were flush with the interior surface when in place. A circular area of the 
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membrane was exposed to the gas in the resonator by a hole in the front of the 
housing. A brass electrode of the same cross sectional area as the exposed mem- 
brane was held against it by a spring which also served as an electrical connection. 
Small pressure equalisation vents allowed the small volumes in the transducers 

to be in equilibrium with the pressure in the resonator to prevent damage to the 

thin membranes. 

Similar transducers are described in references [2] to [5], but the following 

design modifications were implemented. Only one indium, seal was required in this 

design between the cover which screws into the resonator and the resonator top 

plate reducing the occurrence of pressure leaks in the system. In previous designs 

two seals were required, both between the cover and the transducer housing and 

another between the transducer housing and the resonator. A single hermetically 

sealed single pin lead-through hard soldered into the brass cover provides the 

electrical contact to the outside of the resonator and a spring contacts this with 

the lead-through into the transducer. In addition the position of the Iead-through 

which provides electrical contact through the PTFE transducer cover plate may 
be adjusted to vary the tension on the spring to the transducer back plate. It has 

been found that the force on this spring affects the performance of the transducer 

as it determines the tension on the membrane. With previous designs it was 

necessary to dismantle the transducer in order to physically shorten the spring or 

I replace it with a longer one to achieve the optimum tension. 

4.4.1. Source 

The centre of the source was positioned at r/b = 0.814 in the resonator top plate. 

The membrane of the source transducer was cut from 12 prn thick polyester film 

(Melinex, ICI p1c), coated with a 50 rum thick aluminium layer. The active element 
had an active area of diameter 20 mm in order to excite the large (; ze 3 dm3) 

volume of gas in the resonator. The transducer housing and metallised layer of 
the membrane with which it contacts were held at ground potential and the back 

plate was excited with an a. c. signal of up to 60 V superimposed on a d. c. bias 

of about 300 V. The resultant electrostatic force drives the membrane to produce 

sound at the excitation frequency under these conditions. The back plate of the 

transducer had a diameter the same as the active element and the front surface 
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had 19 blind holes of diameter 2 mm and depth 1 mm drilled into it to increase 

the volume of gas trapped between it and the membrane. These holes increase 

the compliance of the active element and prevent any natural resonances of the 

membrane from perturbing the resonance modes of the cavity by damping the 

motion of the membraneM. 
Due to the diameter of the source being a significant proportion of the diameter 

of the resonator it was not possible to approximate 02 over the whole of the N 

opening for the source by the value at the centre. This simplification was tolerable 
for the spherical resonators described in the literature but for the annulus it was 

necessary to carry out the integration explicitly. Once this was achieved for the 

source it was easy to extend the program to perform the same calculations for the 

inlet tube and detector but in these cases 02 N did not vary significantly over the 

opening 

4.4.2. Detector 

The centre of the detector was positioned at r/b = 0.886 in the resonator top plate. 
In the detector transducer, a6 pm thick polyvinylidene fluoride membrane coated 

with aluminium, on the outer surface was used. The material required no d. c. bias 

as it had a permanent dielectric polarisation 'frozen' in. The active area of the 

element had a diameter of only 3.5 mm as increasing the size does not increase 

the efficiency of sound detection, in contrast with the increased efficiency with 

which the source excites the sound field within the gas on increasing the size. 

This reduces the perturbation to the resonance modes caused by the detector 

transducer. As for the source, the back plate was the same diameter as the active 

element and had 4 equally spaced blind holes of diameter 0.5 mm and depth I mm. 

drilled into its front surface. These again increased the compliance of the active 

element thus increasing the sensitivity of the device. When the membrane is set in 

motion by audio frequency sound it acts as a very high impedance signal source 

due to its small capacitance of , zts 5 pF11J. To prevent loss of the signal which 

would occur in through coaxial cable a preamplifier is required very close to the 

transducerM. A simple JFET circuit shown in figure (4.4) was soldered directly 

to the electrical lead-through pin of the cover plate on the resonator. This device 

has a low power dissipation, a potential difference gain of sz: i 0.6, negligible phase 
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Figure 4.4: The MET circuit used as a preamplifier for the detector transducer. 

shift at audio frequencies, and a low output impedance[2]. 

4.5. Thermal Environment of the Resonator 

The thermal environment of the resonator is shown schematically in figure (4.5). 

The resonator was hung within a radiation shield covered with 48 layers of su- 

perinsulation. An outer stainless steel can, sealed with a nitrile O-ring served as 

a vacuum enclosure. With continual pumping the pressure inside the enclosure 

was less than 5 mPa. This arrangement eliminates the convective and most of 
the conductive heat losses to the surroundings. The remaining conductive losses 

occur through the inlet pipe, resonator support and wires which are necessarily 

connected to the surroundings. To reduce these heat leaks, all the wires were ther- 

mally anchored to copper posts on the top of the radiation shield and thin walled 

6.35 mm diameter stainless steel tubing was used for the inlet pipe and resonator 

support rod. Varnish was used to provide thermal contact between the wires and 

the copper posts round which they were wound. The vacuum can was too large 

to be suspended in a Dewar, so a bin insulated with polystyrene served to contain 

dry ice packed round the can for operation at temperatures below ambient. 

The resonator was suspended from a bar across the central access pipe. Thin 

walled 6.35 mm diameter stainless steel tubing connected this bar to a stainless 

steel central support plate of radius 76 mm and depth of 6.35 mm. The plate was 

machined to produce three radial arms, to reduce the thermal contact with the 

resonator, and holes were drilled through those anus to locate the support on the 

nuts for the studding on the resonator's inner wall. The stainless steel provided 

the strength necessary for the components as well as reducing the conductive heat 
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Figure 4.5: Diagram showing the thvrrnýd environment of the umular r(Nonator. 
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Figure 4.6: The thermal resistances for a pipe attached to the inner rim of the 

resonator top plate. 

? 200K 

Rt, 
pipe 

Rt, top 300K 

Rt, inner 
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losses from the resonator. 
For a pipe attached to the resonator at the inner wall as shown in figure 

the thermal resistance down the pipe Rt, pip. is split into 

111 

.t , t. p 
7ý, -pjp. 7 Ft'. -: + 

Rt, base + Rt, i., 

where Rt, t. p, Rt, baw and Rtj..., are the thermal resistances of the resonator top 

plate, base plate and inner side wall as shown in figure (4.6). The thermal resis- 

tance is defined as171 

RL (4.2) TA- 

where L is the length, A the cross sectional area through which heat loss is 

occuring via conduction and k is the thermal conductivity of the material. For 

the resonator top and base plates of inner radius a, outer radius b and depths dkp 

and db..., the thermal resistances are therefore 

1 
-: - 

27rdtpk 
(4.3) Tt-, 

t. p 
-' Tn--(b/-a) 

and 
1 21rdbk 

Rt, bme 
.- In (b/a) 

(4.4) 
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The thermal resistance of the inner wall of thidmess; w and height h is given by 

7r 
[(a + W)2 - a2 k 

h (4.5) 

The heat transfer rate q is defined by Fourier's lawl7l as 

MAT 
= 

AT 
(4.6) AL Rt 

The heat transfer rate qpip. along the pipe of length I inner radius p and outer 

radius o is therefore 

qpip. == 
7r [02 

- p2] kATpip. 
(4.7) 

1 

Matching the transfer rates at the base of the pipe and the inner wall of the 

resonator assuming that no other modes of heat transport axe occuring allows the 

resulting temperature drops across the resonator and down the inner wall to be 

calculated. The heat transfer rates qtp, qinn,, and qb.. are determined by the 

ratio's of the thermal resistances given in equations (4.3), (4.4) and (4.5). The 

thermal resistances may be calculated and hence the resulting temperature drops 

ATwp, ATb.,., and ATi. n,,, due to conductive heat losses may be determined for 

a given ATpip.. For a piece of thin walled stainless steel tubing 70 cm long when 
ATpip. = 100 K and using thermal conductivities taken from reference [71 the 

resultant temperature gradients across the resonator were calculated to be less 

than 1 mK. 
In order to reduce radiative heat losses from the resonator a 172 mm radius 

radiation shield of depth 203 mm constructed from 16 gauge aluminium sheet 

completely surrounded the resonator. Aluminium was chosen for the radiation 

shield for three reasons: 1) it has a high thermal conductivity allowing heat to be 

evenly distributed throughout the shield; 2) the surface does not tarnish giving a 

constant emissivity; and 3) it has a low density. The top plate of the shield was 

suspended from four 3.18 mm diameter stainless steel rods which were in turn 

attached to a 9.53 mm thick stainless steel collar hard soldered to the central 

access pipe. The top plate of the shield was connected to the side wall by brass 

screws passing through the aluminium into the top and sides of small brass blocks, 

and the bottom plate was permanently riveted to the side wall. Vacuum grease 

and aluminhim foil were employed to increase the thermal contact between the 

ends and side wall of the shield where the heaters were located. 
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The heaters were three 25.4 mm by 1016 mm Watlow flexible silicone rubber 
heaters with pressure sensitive adhesive. The heaters were connected in parallel 

and attached around the circumference of the shield at the top, middle and bottom 

of the side walls. The entire outer surface of the radiation shield was covered 

with 48 layers of superinsulation which dramatically reduced the radiative losses 

from the shield to the vacuum can. Modeling of the system indicated that the 

temperature gradients across the top and bottom of the radiation shield would 

be reduced by a factor 100. For the top plate, from which most of the heat leaks 

occur through the central access pipe and wires, the temperature drop across the 

radiation shield top plate was calculated to be reduced from -5K to szý 0.05 K 

when the temperature difference between the shield and the vacuum can was 

100 K. This enabled the temperature of the shield to be controlled to within 

0.1 K of the resonator temperature. Modeling of the radiative heat losses from 

the resonator to the radiation shield indicated that the temperature distribution 

across the resonator will vary by less than 1 mK when the radiation shield is 

controlled to within 0.1 K of the resonator temperature. The model for the heat 

flow within the resonator and its thermal environment is outlined in the next 

section of this chapter. 

The temperature difference between the radiation shield and the resonator was 

sensed using five copper-constantan thermocouples connected to the centre of the 

shield top plate, the top, middle and bottom of the shield side wall, and the centre 

of the shield bottom plate. This arrangement gave a measure of the temperature 

distribution over the whole of the shield. The thermocouples were all referenced to 

the aluminium thermometer block which was bolted to the centre of the resonator 

top plate. Vacuum grease was used to provide thermal contact between the block 

and the resonator, and between the block and the single capsule type platinum 

resistance measuring thermometer. A final thermocouple was connected across 

the top plate of the resonator to allow the measurement of any temperature drop 

across the resonator under the conditions of operation. 

The resonator itself was heated via two Watlow flexible silicone rubber heaters 

with pressure sensitive adhesive connected in parallel. One heater (50.8 mm X 

889 mm) covered most of the outer cylindrical wall of the resonator, and the other 

heater (25.4 mm x 356 nun) was attached to the inner wall of the resonator. These 
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Figure 4.7: The geometric parameters and notation used in the model of the 

T 

heaters were chosen such that the power per unit area supplied to the inner and 

outer walls of the resonator was equivalent preventing significant temperature 

gradients across the resonator. The modeling of the heat flow throughout the res- 

onator and its surroundings was of great importance in the design of the thermal 

environment of the resonator in order to achieve a temperature uniform to 1 mK 

across such a large apparatus. 

The outer wall of the resonator was also the control block, where the tem- 

perature was sensed using three S. D. L. 100 fl (at 273.15 K) ceramic encased 2 

wire platinum resistance thermometers connected in series. The thermometers 

were located in three equidistant wells machined into the resonator wall; vacuum 

grease provided thermal contact between them and the control block. 

4.5.1. Model for the Thermal Environment of the Resonator 

A model was developed for the thermostat to assist with the design because the 

apparatus was much larger than any that had been thermostatted previously in 

the laboratory using radiation shields in an evacuated chamber. The basic prob- 
lem was the temperature distribution over a cylinder that was losing or gaining 
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Figure 4.8: Heat balance for a cylindrical plate losing heat to another cylindrical 
plate. 

heat from an outer cylinder. The solution would be applied twice. First to the 

radiation shield within a vacuum jacket and then to the resonator within the 

radiation shield. In each case the temperature of the container was assumed to 

be uniform at T.,, and the temperature differences 0=T- T"'f were calculated 

relative to the temperature T,,, f at the outer rim of the lower plate of the inner 

vessel. The coordinate system and other notation is defined in figure (4.7) in 

terms of which the reference point is (r = a, x= -L) with temperature T,, f. The 

temperature distribution had to be determined for the cylindrical plates with a 

pipe at the centre (the top plate) and without a pipe (the bottom plate), and 

for the axial (cylindrical) wall. Temperature and temperature derivatives (pro- 

portional to the heat flow) must be continuous at the joins between the different 

parts of the cylinder and a variety of boundary and initial conditions were consid- 

ered. Angular variation was neglected so the required temperature distribution 

was reduced to T (r, x). 

Radial differential equation 

For a cylindrical plate of thickness t losing heat by radiation to another external 

cylindrical plate, heat balance relates the radial heat transfer rate q, (see figure 

(4.8)) to the axial heat transfer rate q, by 

q,. = q, +d, + dq.,,, (4.8) 
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and since 

q, 4-dr = q, + 
dq, 

r, (4.9) 
dr 

it follows that 

dr + dq., (4.10) dr 

The radial heat transfer rate is given by Fourier's law[71 

-2rtr 
dO 
dr' 

where k is the thermal conductivity of the plate material, 0=T-T,, and thus 

dq,. 
=_d 

(rdO). 
T 27rtky- 
rr r r r 

(4.12) 

Equations (4.10) and (4.12) then give 

d dO 
27rtk r dq.,, = o. (4.13) Tr Tr) - 

While the radial heat transfer is by conduction through the plate, the axial heat 

transfer is by radiation to the surrounding container at temperature T,,. In the 

simplest case without any layers of superinsulation, the total heat transfer rate 

q_. is given by['] 
or (T4 - Tý ex) (4.14) 

'6ex 
+ + 

Ee. Ae. AF 

in which a is the Stefan-Boltzmann constant, e and c.. are the emissivities of the 

plate and the external surface, A and A.. are the surface areas of the plate and 
the external surface and F is the view factor. When one layer of superinsulation 

of area A, and emissivity -, separates the shield plate from the external surface 

the axial heat transfer rate is given by 

(T4 - T4 

11 EI 1 -EI 11-C.. 
-7A- + 7Fi + _ZAI + 

eiAi 
+ TI-F2 + 

e�Aý. 

where F, is the view factor between the shield and superinsulation F2 is the view 
factor between the superinsiflation and the external vacuuzn can. When all the 

view factors are assumed to be unity, equation (4.15) simplifies to 

a (T4 - T. 4. ) 
(4.16) 211 

ý-A + TI -A, - T, + 
c.. 
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Extending equation (4.16) to N layers of superinsulation of average surface area 
A, gives 

Differentiation of equation (4.17) with respect to A gives 

ex) 
0 da, Cr (T4 - Tý 

dA 1 2N N1- cex +---+ý eA2 (T - Tx) ýA' -jA, A, e. xA,.. 

l' 

Expressing dq,, as 

and using equations (4.8), (4.9) and (4.12) leads to 

where h is given by 

(T4 - 
T4 

h ex) 
2 (4.21) 

1 2N N+1- Cex 
cA2 (T - T,,, ) B- 

+ ý-ArA-Ar cexAex NAN 
- ; IN 

Equation (4.20) becomes 

where A is defined by Al = h1kt. Making the substitution C= Ar and multiplying 

4_ T4 

q, or (T 
- 
ex) (4.17) 

+ 
2N N1- Cex 

ý-A ý, -Aj - T, + 
ce. Aex 

dq-ý = hOdA = h027rrdr, (4.19) 

d (r dO) 
= 

hrO 
(4.20) Tr Wr- -k-t' 

d dO) 
_ A2ro =0 (4.22) T. 

(Ir 
Tr 

through by r reveals that equation (4.22) is the modified Bessel equation of order 

zero 
ý2 

d2o 

+ý 
dO 

_ 620 =0 ýýi 76 (4.23) 

which has the hyperbolic Bessel functions 10 and Hankel functions KO as solutions. 
The general form of the solution is 

The shield base plate 

CIIO + C2Ko. (4.24) 

The shield base plate is at x= -L and has radius a. As the base plate contains 
the origin, the Hankel function must be rejected as a solution of equation (4.23) 

because it is infinite at r=0 and the solution is 

cIo (Ar). (4.25) 
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Table 4.1: The temperature difference at nine points across the radiation shield 
base plate. 

r/a T- Trf 

0.000 -0.0001 
0.125 -0.0001 
0.250 -0.0001 
0.375 -0.0001 
0.500 -0.0001 
0.625 0.0000 

0.750 0.0000 

0.875 0.0000 

1.000 0.0000 

At the outer edge of the plate where r=a, the temperature is fixed at 0,, f and 
thus 

c -- 
O". f (4.26) Io (Aa)' 

Rom equation (4.25) and using the properties of Bessel functions 
dO, 

cAII (Aa) (4.27) dr 

lr=a, 

x=-L 
= 

Equations (4.25), and (4.26) allow the temperature to be calculated at any point 
across the shield base plate. The calculated resulting temperature differences 

T-T,,, f at nine points across the base plate are given in table (4.1). Values for 

the thermal conductivities and emissivities were taken from reference [7) and the 

radiation shield base plate was covered by N= 48 layers of superinsulation. T,, f 
was taken as 300 K and T,. as 200 K. The temPerature can be seen to vary by 

less than 0.1 mK across the shield base plate. 

Axial differential equation 

For a cylindrical shell of outer radius a, inner radius b and length 2L losing heat 

by radiation to another external cylindrical shell heat balance requires that the 

radial heat transfer rate q, (see figure (4.9)) is given by 

q-, = q, +dý + dq,, (4.28) 
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Figure 4.9: Heat balance for a cylindrical shell losing heat to another cylindrical 
shell. 

where dq., is the axial heat transfer, 

q.. ý+dx = q., + 
d% 

xv (4.29) 
dx 

giving 

0= 
±q 1 dx + dq,. (4.30) dx 

The axial heat transfer rate is again given by Fourier's lawl7l 

-k7r b2-a 2) dO, 
(4.31) wx 

where k is the thermal conductivity of the cylindrical shell and thus 

dq,, d2o 

dx 
kr (b 2_a 2) 

dX2 (4.32) 

The radiative heat transfer rate is again given by 

(714 dq,. 
ex) 

02 
(4.33) 

dA 
_ýN 

N Cex 
- T+ cA2 (T - T.. ) 

eA eIA, I eý. Aý. 
1 

in which a is the Stefan-Boltzmann constant, -, -, and c.. are the emissivities 

of the cylindrical shell, the N layers of superinsulation and the external surface 

respectively, and A, A, and A,,,, are the surface areas of the cylindrical shell, the 

average surface area of the N layers of superinsulation and the external surface. 
Expressing dq, as 

dq, = hOdA = h02iradx, (4.34) 
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and using (4.32) equation (4.30) becomes 

which may be written as 

where 

The shield side wall 

22 
d2o 

0= -k7r 
(b 

-a) ýi-2dx + h027radx, (4.35) 

d 20 
20 

= 0, ýX-2 -M (4.36) 

2ha (4.37) 
k (b2 - a2)' 

For the radiation shield side wall, using the notation shown in figure (4.7) equation 
(4.36) has the solution 

(a, x) = cle' + c-le-'. (4.38) 

Differentiation of equation (4.38) gives 

dOý, (a, x) = mcle' + mc-le-'. (4.39) 
dx 

Matching the temperatures and heat fluxes (which is equivalent to matclling the 

derivatives[81) at the bottom of the shield side wall (r = a, x L) to those in 

the shield base plate using equations (4.26) and (4.27) gives 

do (Aa) cle-, L + c-le, L 
(4.40) 

cly-, + C-ly, 

and 

cAI, (Aa) = mcly-1 - mc-ly? (4.41) 

where y= e" and c is defined by equation (4.26). Solving (4.40) and (4.41) for 

c, and c-, gives 
cl = 

cy [mIo (Aa) + AI, (Aa)] 
2m 

and 

(4.42) 

C-1 = 
cy-I [mlo (Aa) - AI, (Aa)]. (4.43) 
2m 

Using the shorthand notation Io (Aa) = Io and I, (Aa) I,, equations (4.42) and 

(4.43) may be written in matrix vector form[91 as 

C, 
)=c(y0)(M 10 

(4.44) 
C-1 2m 0 Y-1 M -A I, 
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Table 4.2: The temperature difference at nine points down the radiation -shield 
side wall. 

x/2L 
I : T: 

7-7 7Tf 

0.000 0.0000 

0.125 0.0021 

0.250 0.0042 

0.375 0.0063 

0.500 0.0084 

0.625 0.0105 

0.750 0.0126 

0.875 0.0148 

1.000 0.0169 

At the top of the shield side wall where (r = a, x= L), the temperature is given 
by 

0-. (a, L) Cle, L + C_le-, L 
(4.45) 

cly + C-ly- 11 

which may be rewritten as 

0-. (a, L) = 
(Y 

y 
Cl (4.46) 

C-1 

) 

Using equation (4.44), equation (4.46) becomes 

0., (a, L) =C( y2 y-2 
mX (4.47) 

2m 
). 

(M 

-A il 
)( io ) 

The calculated resulting temperature differences T-T,. f at nine points up the 

side wall are given in table (4.2), again for the radiation shield side wall covered 

by N= 48 layers of superinsulation, and T,, f = 300 K and T.. = 200 K. 

The shield top plate 

The heater is positioned at the rim of the shield top plate at (r = a, x= L) so there 

is no longer continuity of heat flow there due to the heat source. Consequently 

the problem now becomes a boundary value problem rather than an initial value 
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problem. Because the shield top plate does not contain the origin due to the pipe 

of radius p (see figure (4.7)), the solution of equation (4.23) has the form 

0, (r, L) = d, IO (Ar) + d2Ko (Ar), (4.48) 

and differentiating (4.48) gives 

dO, 
T r 

(r, L) = djAI, (Ar) - d2AKI (Ar). (4.49) 

Continuity of temperature at (r = a, x= L) leads to 

djo (Aa) + d2KO (Aa) = 0,. (a, L) = 0.,, (a, L) (4.50) 

where 0,, (a, L) is given by equation (4.47). In order to obtain both d, and d2 it 

is necessary to specify the heat flux down the pipe. For the pipe of radius p and 

height H, the heat transfer rate qp is again given by Fourier's law which may be 

written as 
qp -kpipeO (p, L) 

sH 
(4.51) 

where kpip. is the thermal conductivity of the pipe material and S the cross 

sectional area of the pipe. Using continuity of heat flow at the rim of the pipe 

and the inner rim of the shield top plateN (r = p, x= L) and Fourier's law for 

the heat flow across the plate gives 

qp do' 
(p, L) (4.52) y dr 

From the ratio of (4.51) and (4.52) 

kpipe 1 dO, (p, L) (4.53) 
(p, L) Wkpi. 

t. r 

If the heat transfer rate qp is estimated from equation (4.51) using 0= O"f this is 

a boundary value problem with 0 (p, L) and 0 (a, L) given. At (p, L) 

(p, L) = d, Io (Ap) + d2K0 (AP) = 0, (p, L) . 

Equations (4.50) and (4.54) may be written as 

djo + d2KO = 0. - (a, L) 

and 
d, Io + d2K0 = 0, (p, L), 

(4.54) 

(4.55) 

(4.56) 
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using the shorthand notation Io = 10 Ap) and KO = KO (Ap). Solving (4.55) and 
(4.56) givesM 

d, [koO-- 
- KoO,. ] (4.57) 

AOO 

and 

where 

d2 -,,, 2 -' [loO. 
- 1.0,. ] (4.58) ZO-0 

Aoo = Ioko - IoKo. (4.59) 

Equations (4.57) and (4.58) may be written in matrix vector form as 

di )= 
__L 

( ko -Ko 
) (2, ) 

. (4.60) 
( 

d2 2100 10 Io 01. 

Equation (4.60) was used to calculate the constants required to evaluate the 

temperature distribution across both the shield top plate containing the pipe 

and across the resonator inside the raAfiation shield. The temperature difference 

T-T,. f at eight points across the shield top plate are given in table (4-3) for 

T,, f = 300 K and T.. = 200 K. Values for the thermal conductivities and emi&- 

sivities were again taken from reference [7] and the radiation shield top plate was 

again covered by N= 48 layers of superinsulation. T(p, L) was taken as equal 

to T,, f = 300 K in the calculation of qp and T (a, L) is the resulting temperature 

at the top of the shield side wall from the calculation of the axial temperature 

distribution. The temperature drop across the shield top plate is seen to be two 

orders of magnitude greater than the temperature drop across the shield bottom 

plate due to the pipe. The temperature across the resonator was found to vary 

by less than 1 mK when Orf = 0.1 K at the outer and inner radii of the resonator 

and the shield temperature T.., = 300 K. 

It must be noted that as the radiation shield side wall was heated by three 

heaters at the top middle and bottom, the model described above is a worst case 

scenario and the actual temperature distribution will vary by less than the values 

estimated in tables (4.1) (4.2) and (4.3). 

4.5.2. Temperature Control System 

A typical temperature controller would contain several operational amplifiers act- 

ing as analogue computers to deliver proportional control and integration. For this 
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Table 4.3: The temperature difference at eight points across the radiation shield 
top plate. 

r/a 
IT- Trf 

0.125 0.0576 

0.250 0.0440 

0.375 0.0361 

0.500 0.0304 

0.625 0.0261 

0.750 0.0225 

0.875 0.0195 

1.000 1 0.0169 

experiment the control has been achieved using a digital computer in conjunction 

with a programmable power supply and appropriate temperature measurement. 

A Kiethley model 1992 digital multimeter/scanner (d. v. m. ) was used to measure 

the temperature of the thermometers embedded in the outer wall of the resonator 

and the thermocouples located on the radiation shield and a Thurlby model PI, 

GP-IEEE-488 programmable power supply capable of delivering up to 25 V on 

two channels was used to supply power to the heaters on the resonator and the 

radiation shield. The single program developed to control the temperature of both 

the shield and resonator was written in QuickBasic to facilitate receiving strings of 

information from, and sending command strings to the control eqtýipment within 

a time referenced environment. 

The d. v. m. measured the resistance of the control thermometers every three 

seconds and both proportional and integral control algorithms were utilized to 

compute the voltage sent to the heaters on the resonator. Integral control was 

necessary to remove the temperature droop between the steady state and set- 

point temperature that develops using proportional control alone. Three seconds 

was chosen as the cycle time between measurements because it is the same order 

of magnitude as the smallest time constant characterising heat flow through the 

resonator. The span for the proportional control (i. e. the temperature differences 

between the control block and the set-point temperature corresponding to full 
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power and no power to the heaters) could be varied, as could the number of cy- 
cles over which the integral control was important. It was found that a span of 
0.6 K and an integration time of 24 cycles was robust to varying power require- 
ments and could be used over the whole temperature range. Longer integration 

times prevented the system from responding quickly to perturbations to the sys- 
tem, for example when gas is being removed from the resonator, and shorter times 

sometimes amplified small temperature fluctuations. Under steady state condi- 
tions the power sent to the heaters was determined mostly by the integral control, 

and the system provided a temperature on the resonator stable to a few mK over 

a twenty four hour period. 
The e. m. f 's of the five thermocouples located on the radiation shield -were 

measured every 10 cycles and the average, combined with the span for the pro- 

portional control, was used to compute the voltage sent to the shield heaters. 

Here, integral control was not useful as some temperature droop between the 

shield and resonator was necessary to prevent the resonator temperature being 

influenced too greatly by the shield thus reducing the control on the resonator. It 

was, however important to have the temperature of the shield close to that of the 

resonator to reduce the radiative heat losses to the shield. A span of 0.3 K for 

the proportional control of the shield gave an average shield temperature within 

0.1 K of the resonator under steady state conditions. Modeling this situation 

indicated that the resultant temperature drop across the resonator from radiative 

heat losses would be of the order of 1 mK. No temperature drop could be de- 

tected using the thermocouple across the resonator, which is capable of detecting 

temperature differences of 1 mK or more. 
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5. EXPERIMENTAL TECHNIQUES 

5.1. Introduction 

The thermophysical and transport properties of the gas under study were deter- 

mined from the speed and absorption of sound in the gas. The speed of sound 

was calculated from the resonance frequencies and the absorption from the res- 

onance half-widths. The resonance frequencies and half-widths were determined 

from comparative measurements, made with a network analyzer, of the amplitude 

and phase of the signal received from the detector relative to those of the signal 
transmitted from the source. 

The temperature of the sample gas was calculated from the resistance, mea- 

sured on an a. c. bridge, of a platinum resistance thermometer calibrated on the 

International Temperature scale of 1968. 

Below 115 kPa the pressure of the gas within the resonant cavity was measured 

using a quartz spiral gauge and at higher pressures a direct reading differential 

capacitance manometer was used. 

5.2. Measurement of Resonance Frequencies 

The apparatus used to measure the resonance frequencies and half-widths is shown 

schematically in figure (5.1). The sine-wave signals used for the acoustic mea- 

surements were synthesized by a network analyzer (Hewlet-Packard HP4192A 

impedance analyzer, serial number 820031), controlled by a microcomputer over 

an IEEE interface. The HP4192A was phase locked to the 10 MHz time-base 

of a frequency counter (Hewlet-Packaxd HP5315B option 004 with thermostatted 

quartz crystal) ensuring that the fractional accuracy of the signals was better than 

10-7. The output from the impedance analyzer, which was variable between 0.005 

and 1.1 V r. m. s. and 5 to 13 x 10' Hz in increments of 0.001 V r. m. s. and 0.001 

to 1 Hz, was amplified to 60 V r. m. s. and mixed with a d. c. bias which could 
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Figure 5.1: Schematic diagram of the apparatus used to measure the resonance 
frequencies and half-widths. 
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be varied over the range 0 to 300 V, typically operating at 20OV, before passing 

to the source transducer. A resistive-potential divider placed in parallel with the 

output of the power amplifier supplied a reference signal to the impedance an- 

alyzer. The detector output signal was fed to a low noise differential amplifier, 

based on three operational amplifiersIll giving a forward potential difference gain 

of 1000. The signal was further amplified and filtered to remove low and high 

frequency noise by a 0.3 to 100 kHz band-pass active filter with a potential differ- 

ence gain variable between 10 and 30, in steps of 10 (usually operated at 10). The 

signal was then passed to the test input channel of the impedance analyzer where 
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it typically had a magnitude of 0.1 to 1Vr. m. s. near an acoustic resonance. The 

amplitude U and phase 0 relative to the reference signal were measured with a 
time constant of 1s by the impedance analyzer with a resolution of 0.01 % and 
0.0002 rad respectively. 

The procedure by which Fo,,,,, = fo,,,,, + igo,,,, 1 is determined by fitting the data 

to equation (5.2) is described in the literature[21-[5]. Once thermal and hydrostatic 

equilibrium were reached, estimates of fo,,,,, and igo,,,,, were obtained from manual 

scans of the appropriate frequency ranges. The impedance analyzer was then 

stepped from a frequency near f0, 
n, 1-i90, n, I to f0, 

n, 1+i90, n, j in ten equal increments 

Of 90^1/5. At each discrete frequency a time t was allowed for the acoustic 

pressure to stabilise such that the fractional systematic error, given approximately 

by (g1f) exp (-27rtg) in the resonance frequency, was less than 10-1 before 7! and 
0 were recorded. The sign of the frequency increment was then reversed and the 

two sets of measurements were averaged to take account of any small drifts in 

temperature and pressure. The measurements of 7! and 0 were then expressed as 

the real and imaginary parts of the complex potential difference ratio 

w =iicos(0)+iasin(0) =u+iv, (5.1) 

of the received and reference signals. FO, n, l, AO, n, l, B and, if significant, C in 

the theoretical form of the resonance 

Ao,,,, lf 
_+B+ Cf, (5.2) 2 f2 (FO, 

n, l -) 

were evaluated using the 11 frequencies and 22 complex potential differences using 

a non linear fitting procedure similar to that developed by Mehl[41,151. As described 

in chapter 2, Ao,,,,, is a complex amplitude proportional to the source strength 

(and any phase shifts between the source and detector), and B and C are the first 

two terms in a complex Taylor series expansion that can account for any back- 

ground, due for example, to contributions from other resonance modes. C was 

not significant except at low pressure where the modes have lower quality factors 

Q. Using the apparatus and procedure described above, a fractional precision of 

10-6fo, ",, or better is possible. 
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Table 5.1: Coefficients for the measurement of temperature on IPTS-68 from the 

resistances of the PRT. 

F--7] B2251 

R, o/f? 25.31496 
103Ci/oC-1 3.925129 

6/"C-l 1.4967 
106 e4/K 2.824283 

10lb4/K -83.78 

5.3. Temperature Measurement 

The temperature of the resonator and sample gas was measured using a platinum 

resistance thermometer (PRT) calibrated on the International Practical Temper- 

ature Scale of 1968 (IPTS-68)161,1'1 by the National Physical Laboratory (NPL). 

The PRT was a Tinsley capsule type thermometer (identification number B225) 

and the constants determined by NPL for the calculation of temperatures in the 

range 13.81 to 373.15 K are given in table (5.1). The resistance in a triple point 

of water cell[) was checked prior to this work. The resistance of the PRT was 

measured to a precision and resolution of 10 pQ using an a. c. bridge (Tinsley 

type 5840, serial number 830037) operating at 375 Hz and a current of 1 mA. A 

standard Wilkins Resistor (Wilkins type 5685A, serial number 236201) was used 

to monitor any drifts in the bridge. 

5.4. Pressure Measurement 

The pressure of the sample gas at pressures above 115 kPa was measured using an 

MKS Baratron differential capacitance manometer (Baratron), and below 115 kPa 

Ruska nulling spiral quartz gauge (Ruska) was used. Both gauges were connected 

in the external pipe work and the reference port of the Baratron was continually 

evacuated by a mechanical pump. 

Both instruments were carefully calibrated using a gas lubricated pressure 

balance (Ruska, type 2465-751-00, serial number 18510), using the low (0.2 to 

15 p. s. i. ) or high (2 to 600 p. s. i. ) range piston-cylinder combination as appropri- 
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ate. 

5.4.1. Low Pressure 

The calibration data for the Ruska gauge (Ruska DDR 6000 type spiral quartz 
gauge, full scale 115 kPa) could not easily be fitted to a single equation. In order 
to do this, a four term fit including V' and ý04 terms was required where (V110) 

is the output reading in volts of the gauge on the digital volt meter (Keithley 

1992 digital multimeter). These high'order terms had not been necessary for 

previous calibrations(101, and the fit left systematic deviations although no other 
terms in V were significant at the 99.5 % level. Systematic regression analysis on 
truncated sets of the calibration data indicated that it could be split at 91.3 kPa 

into two regions. The higher and lower sets of pressures could both be fitted to 
linear equations with lower standard deviations than the global fit. The observed 

change in slope of the calibration data was probably due to the middle and top 

pressures not being adjusted to their true values after the gauge was moved in a 

rearrangement of laboratory equipment. Regression analysis of the low pressure 

points gave 

p/kPa =- (1.134 ± 0.205) x 10-3+ (0.999494 ± 0.000004) (5.3) 

with a standard deviation of 0.5 Pa, and the high pressure data gave 

p/kPa =- (5.447 ± 0.217) x 10-2+ (1.00008 ± 0.00002) V (5.4) 

with a standard deviation of 0.4 Pa. The calibration data consists of three sets of 

measurements, some with increasing pressures, some with decreasing pressures, 

and some additional high pressure points which overlapped the other measure- 

ments shown in figure (5.2). The gauge was found to be repeatable to better 

than 1 Pa and the standard deviations of the fits compare favorably with the 

manufacturers estimate of 3 Pa accuracy for the instrument. 

5.4.2. High Pressure 

Calibration of the Baratron (MKS type 310CD, 1.3 MPa full scale) was com- 
plicated by the gauge showing hysteresis. This effect was observed in previous 
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Figure 5.2: Deviation plot of the calibration measurements for the Ruska pm,, sure 

gauge taken with ascending and descending pressure from equations (5.3) and 
(5.4). 

21 0 ascending p 
* descending p 
* high p points 

I 

. . 
"U 

0 . 
.U 

-1 

point omitted 

. . 

""" U 

. U 

AL 
. 

AA 
A 

m 

-2 11 
0 10 20 30 40 50 60 70 80 90 100 110 120 

p/kPa 

wor0Q, and during this work the extent of hysteresis was found to depend not 

only on the initial pressure, but also on the length of fitne that the gauge had 

been pressurised. Initially, calibration data were taken with ascending pr(-., siir(-. i 

up to 980 kPa and the results could be represent(xi 1ýy 

P/mV = 999.59 + 7.705p - 3.01 X 1()-. 5p2 + 2.05 x 1()-24 P8, (5.5) 

with a standard deviation of 0.06 inV (equivalent. co 8 Pa). P is the output 

potential difference of the Baratron on the digital volt ineter, and p is the pressure 

in Pa calculated from the piston and weight, combination Oil the presslire balance. 

Deviation of the calibration points from this equation are shown in figure (5.3). 

Calibration dat, a taken with descending pressures from 980 kPa with the gauge 

pressurised for 0 hours and 12 hours, are shown in figure (5.4) as deviations from 

equation (5.5). This shows the relation between the extent of liyst, (-r(Nis and the 

time the gauge is pressurised, and that, at, worst, the hysteresis has; a magnittide 

of about 5 torr which neexis to be accounted for. The hysterc. Nis is likely to have 
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Figure 5.3: Deviation plot. of the calibration inewurenients for the Baratron pres- 

sure gauge taken with ascending pressure from (n. uatiori (5.5) 
. 
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been (aused by the gauge being overfilled to a pressure exceexiing its dwstic limit 

about 7 years previously. 

In the first instance it was nmessary to determine at what, initial filling pre. ssilre 

negligible hysteresis was observed. Figme (5.5) shows the calibration data (all 

with the gange pressurised for 0 hours) taken with descending pressiii-es from 

980 kPa, 773 kPa, 497 kPa and 359 kPa as deviations from equation (5.5), the fit, 

of ascending pressures tip to 980 kPa. This shows the dependency of the observed 

hysteresis on initial filling pressure and that, negligible hysten-sis is observed with 

initial filling pressures of below 497 kPa. It, was dso check(xI that, for dat. a colle-ted 

below 497 kPa, the time the gauge wws pressurised had no measiii-able effivt. 

Regression anadysis of all the data showing tiegligible hysteresis below 497 k1la 

gave 

P(DVM)/mV = 999-78 + 7.704p - 2.95 x 10 -5P2, (5.6) 

with a standard deviation of 0.2,4 mV (equivalent. to 37 Pa). The standard devia- 

tion is about 5 times that, for equation (5.5), but, the data set, combines nwýtsure- 

ments made over many (lays and probably gives a more reliable (-. 4imate of the 

error in the pressure determination which reflects the repeatability of the d-v. m. 
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Figure 5A Deviation plot, of the calibratimi measurements from equation (5.5) 

for the Baratron pressure gauge taken with d(-. -; (! (! tiding pmsure when the gauge 
had been pressurised for 0 and 12 hows. 
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of approximately ±0.2 mV. Eyiation (5.6) was msed to calculate thesample pres- 

sure for all Baratron measurements where the initial filling pressim, wws below 

497 kPa. 

For Baratron measurements where the initial filling 1)r(-. ssiir(! was; above 497 kPa, 

calibration data were collected for every experimental point. on the isotherm with 

the same time lags between the pressure nwasurements m during the acolistic 

experiment. This removed any systematic errors due to the unquantified effect. of 

the time for which the gauge is under pressure, which will have an ever decreasing 

magnitude as the pressure is reduced. This data was then used to corr(vt pres- 

sure vaJuus calculated from the d. c.. potential difference output of the gauge and 

equation (5.5). 
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Figure 5.5: Deviation plot of the calibration ineusurements from equation (5.5) for 

the Baratron pressure gauge. taken with descending pressure with varied maxinillill 

filling pressure-s. 
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5.5. Samples 

The. gas saniple-s used in this work all had stat. ed of at. lewst. 0.995. The 

samples of propene, argon, sulfur hexafluoride, tsifluoronjeffiane and t. he binary 

mixt, ure of met, hane and ethane were used without fijrdler purification. The 

(I'H4+C2H6 mixture was supplied by Electrochein Ltd. and prepanxi graviniet-ri- 

cally. They eCrtified that the C2H6 (ýOntent in the mixture had a mole frw-tioii 

of 0.1500, with the remainder being pure CH, 11". The ma: ssvs used in t. he sample 

preparation were trax-eable t, o the National Physical LaboratorY. 
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6. CHARACTERISATION OF THE 

RESONATOR GEOMETRY 

6.1. Introduction 

The geometry of the annular resonator is required to calculate the speed of sound 
in the gases used in this work. The ratio of the inner to outer radii, C= a/b 

allows the determination of the eigenvalue X,,,,, which is a solution of 

11 Jý, (k(b) Ný. (kb) -X (kb) N, 
� 

(k(b) = 0. 

For modes such as azimuthal modes which depend only on the radial solution the 

propagation constant kN is given by 

kN, ",, 2 
Xmn 

b 
(6.2) 

The outer radius, b of the resonator is needed to calculate an absolute value of 
the speed of sound u from the resonance frequency fN as 

U2 
fN 

kN 
(6.3) 

Values for C and b were required as functions of temperature and pressure over 

the whole of the ranges used in this work. 

6.1.1. Choice of Calibration gas 

The geometry of the annular cavity may be calculated from calibration measure- 

ments in a gas for which the speed of sound and density are known to a sufficient 

accuracy. This is often done using argon, a gas which is very well characterised. 

However, in this case argon was not the best choice for two reasons. Firstly, 

the relatively large coefficients of thermal conductivity and viscosity do not al- 

low the resonance frequencies to be determined with sufficient accuracy. A gas 

with snmUer transport coefficients gives resonances with higher quality factors, 
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Q= fl2g allowing more accurate determinations of the resonance frequencies. 
Propene was chosen as the calibration gas in this work because a fun set of re- 
sults, covering the whole of the experimental temperature and pressure ranges 
was available. The speed of sound in propene was determined using a 40 mm. 
radius spherical resonatorM. At 310 K and 10 kPa the quality factor for the 
(0,5,1) azimuthal mode in the annular resonator is 293 for propene and just 117 
for argon allowing the resonance frequency to be determined with an accuracy 2.5 

times greater in propene than in argon. 

6.2. Calibration Measurements in the Annular Resonator 

Isotherms were studied in propene using the annular resonator at temperatures 

close to 230,253,282 and 317 K. In each case the initial pressure p, was limited 

to the highest experimental pressure that would be used for the test gases, or 0.6 

of the vapour pressure to avoid the effects of precondensation[l). The resonance 
frequencies and half-widths were measured for the seven modes (0,2,1) to (0,5,1) 

and (0,7,1) to (0,9,1) at eleven pressures along the isotherm; p, /n where n 
1,2,3... 10 and n= 20. 

The measured resonance frequencies and half-widtlLs may be represented by 

the following equation 

fN + igN ý-- 
(-! ) kN+ Ej (Af + ig)j (6.4) 27r 

in which the sum represents the contributions of the various corrections to the res- 

onance frequencies and the loss mechanisms described in chapter 2. For propene 

the largest corrections are those arising from the boundary layers, and there axe 

smaller corrections due to dissipation in the bulk of the fluid and holes in the 

resonator wall. In addition there is the unknown effect of the coupling of fluid 

and shell motion. Modes that were adversely affbcted by the shell motion have 

been removed from the analysis. 

It is important to know the magnitude of the effect of any inaccuracies in 

the calculated corrections to the resonance frequencies that have been used to 

calibrate the geometry of the annular cavity. It is also important to know the 
level of uncertainty that errors in the calculation of the known loss mechanisms 

112 



place on the calciflation of the excess half-width Ag, which is given by 

Ag "' 9- (gh + ga + 9b) - 
(6.5) 

If all loss mechanisms had been accounted for accurately, Ag would be exactly zero 
for all the resonance modes. However, the contribution due to the shell resonance 
is not known, therefore the experimental Ag is, to a first approximation, a measure 

of the magnitude of this effect on the resonance half-widths, with associated errors 

determined by the accuracy of the calculations of the other contributions. The 

effect of the coupling of gas and shell motion on the resonance half-widths is not 

as large as the error it will cause to the resonance frequencies, but if a given 

resonance mode has an excess half-width greater than the expected level of error, 

it is likely that the mode has been adversely affected by the shell resonance and 

therefore should be rejected from the analysis. 

Some proportion of the resonance half-widths may also be due to the effects 

of imperfect geometry, because this lifts the degeneracy of the components of the 

resonance, leading to increased experimental half-widths. Unfortunately, time 

did not permit the calculation of such effects and an accurate estimation of the 

magnitude of the splitting of the components. However, by comparison with 

cylindrical resonators fabricated to the same tolerance as the annular resonator, 

the contribution is expected to be less than 1 ppm of the resonance frequencies 

and hence unimportant in limiting the accuracy of the determined experimental 

excess half-widths. 

6.2.1. Sources of Error 

The thermal conductivity and viscosity of propene were calculated from values 

given in reference [3]. This not only gave the most complete set of results that 

covered the whole of the experimental temperature range, but also seemed to 

represent an average when compared to other sources of data[41-161. In addition, the 

paper gave values for both coefficients at pressures of 0.1 and 1.0 MPa allowing 

linear extrapolation to the limiting values as p -+ 0 and determination of the 

density dependencies. Non linear regression analysis was used to obtain equations 

for r. and q at the two pressures quoted. For the thermal conductivity of propene 
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this gave 

r-/MW - M-1-K-1 = 2.10342 + 163.03t2 + 128.1 t4 - 379t6 (6.6) 

at p=0.1 MPa and 

n/mW - m-l-K-1 = 21.5193 - 136.90t + 528.7t2 - 318t3 (6.7) 

at p=1.0 MPa. The viscosity data for propene were described by 

77/pPa -s= 27.774t + 7.313t2 _ 12.3t3 (6.8) 

at p=0.1 MPa and 

77/pPa -s= 23.919t + 39.08t2 -58 gt3 (6.9) 

at p=1.0 MPa. In equations (6.6) to (6.9), t=0.001(TIK) and from these it 

was possible to calculate the limiting values of r. and 77 as p --+ 0 using 

tc(p - 0) = r-(p = 0.1 MPa) -1 [tc(p = 1.0 MPa) - ic(p = 0.1 MPa)], (6.10) 
9 

and 

1 
0) = «p = 0.1 MPa) -U[, q(p = 1.0 MPa) - «p = 0.1 MPa)]. (6.11) 

The density dependence of r. and 77 was calculated using 

and 

er. RT 
7p = [n(p = 1.0 MPa) - r., (p --+ 0)] 

106m, 

017 RT 
jp- = 177(P =1 -0 MPa) - I7(P --+ 0)1 

106m , 
(6.13) 

Assuming this linear dependence introduces an error of approximately 0.5 % in r. 

and 77 and by comparison with the data from other sources it was estimated that 

the calculated thermal conductivities and viscosities for propene are accurate to 

about 1 %. The corrections to the measured resonance frequencies due to the 

thermal and viscous boundary layers are largest at low pressures. For the lowest 

, pressure of 4.032 kPa used in the calibration measurements, an error of 1% in both 

transport properties could result in an error of 20 ppm in the corrected resonance 
frequencies if the errors are additive. At the highest pressure of 739.228 kPa, the 
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error introduced is less than 3 ppm. As the calculated boundary layer contribu- 

tions to the resonance half-widths axe of equal magnitude to the corrections to 

the resonance frequencies, uncertainties of the order of 1% in the viscosity and 

thermal conductivity lead to errors again of up to 20 ppm in the calculated excess 

half-width Ag. 

It is not possible to calculate the effects due to moleculax slip and the tem- 

perature jump which are characterised by the thermal and shear accommodation 

coefficients h and s in equations (2.92) and (2.93). The accommodation lengths Ih 

and 1. are of the order of the mean free path when the accommodation coefficients 

are unity. As the penetration lengths 6h and 6. axe proportional to 1/p2 while 

the mean free path is proportional to 11p, the effects are more significant at low 

density. Thermal and shear accommodation coefficients of 0.9 result in errors of 

less than 0.3 % in the calculated boundary layer corrections at the lowest pres- 

sure of 4.032 kPa, corresponding to errors of less than 1 ppm in the corrected 

resonance frequencies. A value of 0.9 was used to estimate the size of the cor- 

rections as the value of h has been found to be close to this for many gases in 

experiments using the 40 rmn radius aluminium spherical resonator[71. The mag- 

nitude of the accommodation coefficients depend on the interior surface of the 

resonator, they are close to unity except for perfectly smooth surfaces which have 

been completely degassed under high vacuum prior to experimental work[]. Since 

the interior surface of the annular resonator was treated in exactly the same way 

as the 40 mm sphere, it is reasonable to suppose the accommodation coefficients 

will be comparable. Therefore compared to the limitations on the experimental 

accuracy due to likely errors in the transport properties, molecular slip and the 

temperature jump are not important under the experimental conditions. 

The transport properties r. and 77 axe also used to calculate the correction to the 

resonance frequencies and half-widths due to holes in the resonator walls. These 

corrections were never greater than 30 ppm and hence conceivable uncertainties 

both in the transport properties and the geometry of the holes of around 1% 

result in errors in the calculated corrections of less than 1 ppm. 

Values for the vibrational relaxation time rp and its density dependence 

0 (-rp) 10p for propene were taken from reference [1]. Rom the standard devi- 

ations of the quoted values, it is estimated that rp is known to an accuracy of 
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3 %. The corrections to the resonance frequencies due to absorption in the bulk 

of the fluid never exceeded 0.2 ppm, and although they were calculated they are 

not important at the level of accuracy of the experiment. The correction term 

depends on (wr)2 and in these measurements (wr) < 1. The contribution 9b to 

the resonance half-width is in comparison much greater as it depends on (wr) and 

so is largest at high frequencies. The contribution is again largest at low density 

because it contains a term in p-'. At the lowest pressure of 4.032 kPa for the high- 

est frequency (0,9,1) mode, the contribution to the resonance half-width (9b1f) 

is 35 ppm. Thus a3% error in the vibrational relaxation time never results in 

an uncertainty in the reduced calculated excess half-width (Ag1f) of more than 

1 ppm, and again is not significant at the level of accuracy of the experiment. 

In most acoustic measurements, the purity of the working gas is a significant 
factor in limiting the accuracy of the results. For calibration purposes because 

the same grade of propene was used for both the measurements on which the 

calibration was based and the calibration measurements, such errors do not exist. 

In conclusion, the calculated corrected resonance frequencies and hence the 

associated error in the calculated geometric parameters is limited to 20 ppm for 

modes not affected by the shell resonance, and modes showing an excess half- 

width significantly greater than 20 ppm (particularly at high pressures) should be 

rejected from the analysis. Unfortunately, until the geometric parameters, a/b, b, 

and Llb are known, the corrections to the resonance frequencies, and contributions 

to the resonance half-widths cannot be calculated accurately and thus the modes 

which were significantly affected by the shell resonance was not known in the first 

instance. 

6.3. Determination of the radius ratio C= a/b 

As only azimuthal modes were used, the radius ratio for a given temperature and 

pressure should be the value that gives the best agreement between the values 

of u/b calculated for each mode. However, it was known that there was a shell 

resonance at about 500 Hz with a half-width of around 150 Hz that perturbed 

the lower order modes with which it overlapped. The amplitude Re(W) and 

phase Im(W) of the acoustic signal W received when the resonator was evacuated 
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Figure 6.1: The shell resonance; the amplitude all(I plime of the acoustic signid 

rcivived when the r(N. onator is evacuated. 
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are shown in figure (6.1). The ext, ent. t. o which it, pertairbed Che lower order 

modc-, and exactly which modes it infliienced wýLs not, known. Initially, oniv the 

(0,2,1), (0,3,1) wid (0,4,1) modes were rejected from theanalysis. This decision 

w&s based on the fact, Chat when these modes were removed, the values of ulb 

determined for the other modes, (0,5,1), (0,7,1), (0,8,1), and (0,9,1), could be 

made to agree to the expected level (of arotind 20 ppin) by varying the radius 

ratio (= a/b. The results are given in table (6.1). 

The resulting values of ( were fitted using weighted non linear regression anal- 

ysis where the most significant, terms were selected from a bank of terms whicli 

included p" and Tn where n= -2, -1,0,1,2,3 and the all of the cross terms 

p"'Tq where m, q= -2, - 1,1 and 2. Alt, hoiigh only terins significant at. a prob- 

ability of 0.99 were selected many different functional forms described the data 

equally well and showed different behaviour when 1)lott, (Xl. l"Yoni table (6.1) it, 

(-an be. seen that ( first, cl"-reases with pressure and then increases and that the 

turning point varie-s with temperature. This behaviour wws be. -A by a 

five terni fit 

«T, p) = (0.534403± 0.000006) - (2.0± 0.1) x 10- 7 p2 - (3.4 ± 0.4) x 10- 121): ' 

+ (7.8 ± 0.5) X 1()-lIT p2_ (8 ± 1) x 1()-12T2p, 
(6.14) 
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Table 6.1: Values of the radius ratio C determined from the agreement of the 

(0,5,1), (0,7,1), (0,8,1) and (0,9,1) modes. 

T= 317 K T 282 K T=253K T=230K 

p/kPa C p/kPa C p/kPa c p/kPa 
Ic 

739.228 0.53501 388.029 0.53429 180.441 0.53429 73.292 0.53431 

666-917 0.53488 347.612 0.53425 162.156 0.53431 65.649 0.53435 

592.655 0.53484 309.926 0.53427 144.354 0.53431 58.555 0.53436 

518.779 0.53477 271.458 0.53427 126.228 0.53433 51.303 0.53437 

443.390 0.53472 232.117 0.53429 108.230 0.53434 44.085 0.53439 

370.508 0.53462 193.295 0.53431 90.146 0.53436 36.745 0.53441 

296.936 0.53454 154.809 0.53433 72.192 0.53437 29.493 0.53441 

222.789 0.53443 116.101 0.53435 54.114 0.53437 22.203 0.53441 

148.554 0.53435 76.142 0.53438 36.122 0.53439 14.871 0.53441 

74.030 0.53436 38.572 0.53439 18.093 0.53440 7.600 0.53439 

39.210 0.53439 22.241 0.53442 11.055 0.53437 4.032 0.53439 

which had a standard deviation of 2x 10-5 which is about 40 ppm in C, so the fit 

could not accommodate the calculated values to within the estimated accuracy. 

The fit C (T, p) and the calculated values of C given in table (6.1) are shown in 

figure (6.2). The differing pressure dependence of C at the different temperatures 

and the increase in C at high pressures were unexpected. The observed trend could 

possibly have been due to the end plates having an effect at the higher pressures. 

The cylindrical walls of the resonator have approximately the same thickness so 

the upwaxds force exerted on the end plates under pressure would have a greater 

effect on the larger outer cylinder preventing it from expanding as much as the 

inner cylinder is compressed resulting in an increase in C. The fact that the turning 

point in p decreases with increasing temperature could possibly have been due to 

the Young's modulus for aluminium decreasing at higher temperature. There is 

no way of checking this hypothesis however as the behaviour of an annular shell 

has not been determined in the literature. It is unlikely that effects of this nature 

would become important over the moderate range of temperatures and pressures 

used in this work, a more likely explanation is that the shell resonance at 500 Hz 

118 



Figure 6.2: The experimenWly determined nulius ratio's ( and the fit, given by 

equation (6.13). 

. t3 0 

0 

is still affix-ting the measurements despite the removal of the (0,2,1), (0,3,1) and 

(0,4,1) modes. The magnitude of the shell correction incr(iLsus with pressurvand 

could easily be large enough to cause the observed trends in (. Sinjilar levels of 

agreement in u/b were observed over the whole of the experimental T and p ranges 

whereas better agreement would be expected at, high pressures if the shell inotion 

had no effect bmause the corrections due to the transport properties becoine 

smaller. ThiLs a method of testing which of dic (0,5,1) and (0,7,1) to (0,9,1) 

modes were affected by the motion of the was was ne(xi(xi and, in widition, the 

fact that the calculated values of ( could not be fitted using non linear regression 

analysis to within the experimental accuracv also needed to be r(-solved. 

119 



Available in the literaturel9l are expressions &-ticribing the change-s in inner 

and outer radii of a cylindrical shell subject to pressure. If Hic outer (. ylindrical 

wall of the resonator lim inner radius b and outer radius c, Hic inner cYlindrival 

wall of the resonator has inner radius d and outer radius a an(] p is Hic internal 

pressure, the change A in b is given by 

b2b2 
C2 - 

b2 P=yp, 2ft 2KI, 

) 

and the change ba in a is given by 

ba - 
ad 2 (2-(7) 

p= -xp. (6.16) 
[(a2 

- d2) Ej 

Here, a, E, KT, and p describe the m(, -(-. Iiaiii(-aJ properti(-. i of the metal comprising 
the cylindrical shells. Poisson's ratio is denoted by (T, E denotes Yoi ing's mod i il i is, 

p is the torsional modulus defined by 

E 
2(l + 

and Ky, is the reciprocal of the bulk modulus detined by 

E 
K7, =3 

(1 - 2u) 
(6.18) 

Poisson's ratio was taken as (7 = 0.345 from reference [10] quoted at, 20 'C for 

altiminium, it, is unlikely to vary miich with temperature bmause it, is the ratio of 

the lateral contraction per unit, breadth divided by the longitudinal extension per 

tinit, length. Values of Young's modulus, E were calculated by fitting the values 

at different temperatures for almninium given in reference [11), ruinifing in the 

expression 

E/GPa = 68.237 + 6.729 x 10-2 (T/K) - 1.94 x 10 4 (T/K)2. (6.19) 

At, a given pressure, (= a/b is given fýv 

a ao - Xp (ao - Xp) ypi-I 
b bo + Yp bo bo (6.20) 

; ýý ! 
jo 

_+ 
Yao 

p+ 01), +- bo ý bo b(2) 

) 

where ao/bo = (() indicates the limiting wdue ms p, 0, wid the terin in p' is less 

than a part in 107 of ( at the maximurn experimental pressure of 800 kPa. At 800 

kPa the term in p is only 167 ppin of (0. This change is important at the level 
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Figure 6.3: All experimentally determin(xi values of the radius ratio ( 111) to 400 

kPa. 
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of the accin-acy of the experimental results, but as it is small, any errors in the 

nominal radii of the cylindrical walls or in the elastic constants used for ahn-ninium 

will result in negligible errors in calculating the slope of ( with pressiucat, a given 

temperature. It. must, be noted at, this point, that, the limiting value, of ý() was 'lot, 

yet known, but, the values of a/b at a. ll temperahm-, sholild converge as p --* 0 

because the inner and outer walls are made of the same aluminitim alloy and tIms 

have the same expailsivity. 

The values of ( at, die four experiment. al t. emperat, ures up t, o 400 kPa are 

all plotted in figure (6.3) which shows that the values of ( determined from the 

initial analysis do converge as exp(x-ted at low pressure. At. low the 

effects clue to the coupling of gas and shell motion become insignificant. Since 

the. theory predicts that ( Jim a linear dependence on pressure, linvar fit. s to 

the experimental values were calculated as the pressure range was systeniaticany 

truncated. The results are shown in figure (6.4). The linear fit, representing the 

results below 200 kPa was chosen because it, had the sinallest, standard deviation 

and from figure (6.3) it, can be smn that, no curvature in ( is observed below this 

pres, sure. Additionally, figure (6.4) shows that. further truncat, ion of dic Pm. isure 
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Figure 6.4: Average values of (0 together with standard deviations determined 
from the linear fits of C over progressively truncated pressure ranges. 
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range caused no significant change in Co. The limiting value CO as p --+ 0 is therefore 

given by 

(0 = 
ao 

= 0.5344054 ± 0-0000053) 
bo 

(6.21) 

where the standard deviation of the coefficient corresponds to an uncertainty 

of 10 ppm. of Co. This limits the accuracy to which the eigenvalues, X,,,,, and 

subsequently the speeds of sound, u may be calculated to a level of 10 ppm. 

It was still necessary to decide whether the calculated values of C using the 

intercept of the determined values and the pressure dependence as calculated from 

elastic theory represented the behaviour of the annular shell under pressure to an 

accuracy sufficient for the experiment. In addition, the resonance modes affected 

by the shell resonance still needed to be identified as values for u/b were required 

to calculate the value of the outer radius b given the 'known' speed of sound in 

propene. Figures (6.5) to (6.8) show the deviations of the calculated values 

of u/b from the average value (u/b) determined from the (0,7,1), (0,8,1) and 

(0,9,1) modes for the four isotherms. The fractional deviations from (u/b) of all 

the modes are shown so that agreement to the expected level of accuracy of 20 

ppm determined by the error in C and calculation of the known correction terms 
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Figure 6.5: Fractional deviations, of the (-. alctilatecl valti(-� of u/b frorn the average 

valtie (u/b) determined for the (0,7,1), (0,8,1) and (0,9,1) modes for the isotherrn 

at, 230 K in propene. 
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Figure 6.7: Fractional deviations of the calculauxi valm-ti of u/b from the average 

value (u/b) determined for the (0,7,1), (0,8,1) and (0,9,1) modes for the isotherm 

at 282 K in propene. 
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may easily be detected. The (0,2,1) mode has been omitted as the deviations are 
an order of magnitude larger and will be discussed separately. Figure (6.8) clearly 
shows the deviations from (u/b) for the (0,4,1) and (0,5,1) modes increasing as 
expected as the pressure increases for the isotherm at 317 K. The (0,3,1) mode 
however, unexpectedly seems to agree with the higher order modes although the 
deviations appear to have a significant slope with pressure. These effects axe 

probably due to the different symmetry of the resonance modes. The symmetry 

of the shell resonance is not known but it is likely it will couple more effectively to 

some of the gas resonances which have a similar symmetry. At 253 and 282 K the 

slope of the deviations for the (0,5,1) modes has changed sign but the deviations 

for the (0,4,1) mode behave as expected. Again a definite explanation cannot be 

given but it may hypothesised that the change in behaviour is due to the shell 

resonance being made up of more than one feature. The main feature of the shell 

resonance at 500 Hz could be picked up using the impedance analyser when the 

resonator was evacuated, but even the measured response to this was small. An 

additional feature could be seen at around 750 Hz but could not be measured with 

any accuracy. Other small features at higher frequencies may have been present 

and may have caused different resonance modes to be pulled in different directions 

as the temperature was changed. This occurs because the gas resonances move 

relative to the shell resonance components because the change in frequency with 

temperature is governed by different effects. At 230 K the pressure range is limited 

to 80 kPa and now the (0,4,1) and (0,5,1) modes show negligible deviations 

from (u/b) of the three higher order modes. The (0,3,1) is still perturbed and 

it may be that it has now moved closer to a small high frequency component of 

the shell resonance. The poor agreement of the three high order modes at the 

lowest pressure is probably due to it no longer being possible to reliably make 

the boundary layer correction to the resonance frequencies at such a low pressure. 

Along all four of the calibration isotherms the (0,7,1), (0,8,1) and (0,9,1) modes 

agree to the expected level of accuracy of 20 ppm and hence are deemed to be 

unaffected by the shell resonance. In general, gas resonances need to be separated 

by at least ten times their half-widths to have contributions to one another which 

may be described by the first two terms of the Taylor series for the background. 

It is probably no coincidence that the 'unaffected' modes are separated from the 
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Figure 6.9: Variation of the fractional deviations with frequency of the calculated 
values of u/b for the (0,2,1) mode from the average value (u/b) determined for 

the (0,7,1), (0,8,1) and (0,9,1) modes. 
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shell resonance by at least ten times its half-width of 150 Hz. More importantly 

the agreement of the (0,7,1), (0,8,1) and (0,9,1) modes indicates that the model 

of the response of the resonator under pressure (at least with respect to the radius 

ratio C) based on the elastic theory of two concentric cylinders is adequate and 

may be used to calculate values of C for isotherms carried out on test gases. 

The deviations of the (0,2,1) mode from (u/b) of the three high order modes 
for all the isotherms have been plotted against frequency in figure (6-9). For 

each isotherm the deviations pass through a minimum at a particular frequency 

that represents the maximum deviation. As mentioned above, the shell resonance 

investigated at 300 K appeared to have a second feature at around 750 Hz. A 

possible explanation for the behaviour of the (0,2,1) mode is that by chance it 

passes through this feature at every temperature. The maximum deviation would 

then be a measure of the position of this component of the shell resonance. Each 

isotherm may probe a different portion of it as the shell and gas resonances move 
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Figure 6.10: Variation of the fractional deviations with pressure of the calculated 
values of u/b for the (0,2,1) mode from the average value (u/b) determined for 

the (0,7,1), (0,8,1) and (0,9,1) modes. 
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relative to one another. Ile speed of sound in any medium is given by 

800 

(6.22) 
PKS PKT 

where rýT is the reciprocal of the bulk modulus defined by equation (6.18). The 

speed of sound in the aluminium shell was calculated using the value of the density 

and heat capacity of Al from reference [10], the elastic properties as described 

previously and the linear expansivity taken from reference [12]. The speed of 

sound was found to decrease with temperature so the effect seen with the (0,2,1) 

mode is not due to a component of the shell resonance. 
Another possibility is that the (0,2,1) mode is adversely affected by a geo- 

metric imperfection in the resonator. When the deviation of this mode from the 

mean of the higher order modes is plotted against pressure in figure (6.10) it is 

very striking that the deviations at all temperatures agree and are a function of 

pressure. It may be that there is a geometric perturbation to the resonator that 

affects the (0,2,1) mode most severely due to the number of turning points of the 

wavefunction. All azimuthal modes are two fold degenerate, where the two com- 
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ponents correspond to + Iml and - Iml, and have m turning points as 0 is swept 
from 0 through to 27r. Eccentricity in the radii of both cylinders for example may 
cause one component to be shifted to a different extent to the other for the (0,2,1) 

mode resulting in a shift in the resonance frequency. For the higher order modes 
that have a greater number of turning points the shifts may tend to average out 
for the two components of the resonance, or the geometric perturbation may have 

a functional form such that it does not perturb these modes. If the perturbation 
to the resonator geometry changes with pressure, it could cause the (0,2,1) mode 
to be shifted in a way indicated by figure (6.10). For example one side of the 

resonator may be more firmly bolted than the other so that the changes in the 

radii with pressure are asymmetric. If the (0,2,1) mode is affected in this way 
for all the test gases where the frequencies are very different, then the observed 
form of the deviations for this mode is probably due to geometric changes. 

6.4. Determination of the outer radius b. 

The eigenvalues X,,,,, were calculated for each mode at each state point along 
the isotherms using the accepted values of the radius ratio C= a/b described 

above. These combined with the corrected resonance frequency values fN gave 

values of u(Tp)1b(Tp). An outer radius of 140 mm was used for the calculation 

of the boundary layer correction terms. This assumption lead to errors in the 

corrected resonance frequencies and thus the calculated values of u/b that were 

always smaller than 10 ppm. Values for the speed of sound, u in propene were 

needed to calculate the outer radius b of the resonator. 

6.4.1. Determination of the speed of sound in propene 

The propene data that was used to analyse the calibration measurements in the 

annular resonator is of the form of series expansions in the pressure p describing 

the speed of sound u(Tp)/a(Tp --+ 0) at eight different temperatures from 220 

to 350 K. The limiting value of the radius, a (T, p --ý 0) of the spherical resonator 
in which the measurements were carried out is known to better than 2 ppm[III. 
As the temperatures of the two sets of measurements are different, the coefficients 

were fitted using non linear regression analysis to allow them to be evaluated at 
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Figure 6.11: Coefficient Ao in equation (6.22) as function of temperature for 

propene. 
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the experimental temperatures used with the annular resonator. In order to do 

this the speed of sound data for propene from the spherical resonator was forced 

to four term polynomial fits 

u2= Ao + Alp + A2p2 + A3P3s (6.23) 

at every temperature despite the very different pressure ranges. In equation (6.23) 

the speed of sound u is in m-s-1 and the pressure p in Pa. The coefficients 

and their standard deviations where applicable, are shown in figures (6.11) to 

(6.14). The values of the first two coefficients could all be fitted to within their 

standard deviations and different functional forms gave essentially identical values 

for the calculated speed of sound. The third and fourth coefficients could not be 

adequately fitted due to the large standard deviations at the lower temperatures. 

The large standard deviations were due to forcing the data from small pressure 

ranges to four term fits where they were not justified. Above 250 K four term 

fits were necessary to fit the data (with the exception of 270 K) and it was 

possible to fit the values of the third and fourth coefficients at 250,290,310,330 

and 350 K to within their standard deviations. The data at 270 K was omitted 
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Figure 6.12: Coefficient A, in equation (6.22) as function of temperature for 

propene. 
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Figure 6.13: Coefficient A2 in equation (6.22) as function of temperature for 

propene. 
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Figure 6.14: Coefficient A3 in equation (6.22) as function of temperature for 

propene. 
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from the analysis because the set of measurements taken in the sphere at this 

temp erature had a much reduced pressure range due to a leak in the system. This 

procedure allowed the speed of sound in propene to be calculated at pressures up 

to 800 kPa over the temperature range 250 to 350 K with an accuracy of better 

than 15 ppm. The average value of (b) was extracted from the frequencies of 

the (0,7,1), (0,8,1) and (0,9,1) modes at each pressure along the isotherms at 

253,282 and 317 K. Combining all the errors from the correction terms, the 

assumption about the geometry, and the error in the calculated value of u leads 

to an estimated accuracy of the values of (b) of better than 30 ppm. The speed of 

sound at 230 K was calculated using values for the first two coefficients as used for 

the higher temperature isotherms. At 230 K, there were isotherms carried out in 

the sphere and annulus in propene at almost identical temperatures. The isotherm 

in the sphere had an average temperature of 230.094 K and that in the annulus 

of 229.895 K and hence the values for the third and fourth coefficients could be 

used without modification. Worst case extrapolation of these two coefficients to 

account for the temperature difference of 0.199 K resulted in a sound speed that 

was different by 12 ppm at the maximum pressure of 70 kPa. The magnitude of 
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the error introduced is probably only of the order of 2 ppm. 

Values of (u(Tp)lb(Tp)) for the (0,7,1) to (0,9,1) azimuthal modes of the 

annular resonator were used to calculate (b) at each state point. Global fitting 

of these data to a function of both temperature and pressure using weighted non 
linear regression analysis as described for the fitting of C was attempted. The 

temperature dependence was accurately described but the small residual pressure 

variation could not be fitted unambiguously leading to significantly different es- 

timates of b. For the isotherm at 317 K the calculated shift in b calculated over 

the same pressure range as the isotherm is 108 ppm in b and the observed shift 

was 72 ppm. The agreement between the values is encouraging given that the 

estimated accuracy of b is of the order of 30 ppm. The shift in b with temperature 

over the experimental range is approximately 3000 ppm so it is unsurprising that 

the pressure dependence could not be resolved. 

Two different methods for solving this problem were attempted. Firstly, the 

values of the average speed of sound (u(Tp)1b(Tp)) along each isotherm were 

fitted to extract (u (T, p --+ 0) lb(T, p --+ 0)) at each of the four calibration temper- 

atures and the limiting values of b determined. This method does not solve the 

problem of determining the pressure dependence of the outer radius, and addi- 

tionally, due to the small number of data points the four values of b(Tp --+ 0) 

could not be fitted unambiguously to a function of temperature. Three different 

functional forms gave similar standard deviations for the fit but resulted in values 

of b that differed by up to 100 ppm at the maximum temperature of 339 K, which 

is outside the estimation of the accuracy of the experimental values. 

In the second method, the value of (u(Tp)1b(Tp)) at each state point was 

corrected back to (u(T, p)lb(T, p --+ 0)) using the compliance, (11b) (Obli9p) calcu- 

lated using the model for the change in geometry of the resonator based on elastic 

theory. This gave eleven estimates of b(T, p --ý 0) at each calibration temperature 

increasing the degrees of freedom in the fitting procedure. The level of agreement 

between the values also gives a measure of how well the elastic model describes 

the data. If the deviations were within the expected bounds of around 30 ppm, 

then the elastic theory model could be used with confidence for the remainder of 
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Figure 6.15: The deviations bbo from equation (6.23) of tlie linfifing vahi(, I),, cac- 

ulat, ed from fitling b at, each I)r(-, siir(- and t, hose ca , Iculat. ed using dic compliance. 
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this work. Weighted non linear regression analysis gave 

(46826 ± 172) 
b(T, p, 0)/nim = bojit = (140.5598 ± 0.0027) 

(TIK )2 
(6.24) 

with a standard deviatimi of b equal to 0.0034 mm. This corresponds to 25 pplll 

iii b. The deviations hbo = (bo - b0p) /bo, fit, from this equation are showii iii figure 

(6.15), where the excellent agreement of the four values of b (T, 1) - 0) deterniiiied 

previously with this fit of better than 10 ppm may be seell. The deviatiolls from 

equation (6.24) are generally of the order of the estimated m-curacy of ±30 ppm. 

The fact, that the spread of the dat, a does not, vary particularly with temperature, 

where very different, pressure ranges were used, indicat(--, that the elmtic model 

iLsexl to determine the pressure dependence of the geoinctry represents the data 

adequately. Hence (xination (6.24) wws used in the mialysis of dic experimental 

data discmsscxI ill tile following chapters. 
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7. ANALYSIS OF ACOUSTIC 

MEASUREMENTS 

7.1. Introduction 

This chapter describes the self consistent method of analysis developed to allow 
the determination of not only the heat capacity and the second virial coefficient 
for the gas or gas mixture under investigation, but which also provides estimates 

of the transport properties from an analysis of the half-widths of the resonance 

modes. The shear and bulk viscosities and the thermal conductivity of a gas 

are often not available in the literature, or the data do not cover the relevant 

temperature or pressure ranges. This problem is particularly acute if a gas mixture 
is under study because the transport properties of the pure components are not 

strictly additive and the number of systems studied is small. 

7.2. Measurements 

Eight isotherms were studied in each of the test gases. The same temperatures 

namely 220,241,253,267,282,299,317 and 339 K were used in every case. 

The second virial coefficient B varies as an approximate function of (11T), so the 

temperatures were chosen to be equally spaced in this variable, in order to weight 

the data to the lower temperatures where greater variation occurred. 

The pressures chosen along each isotherm did not follow the standard pattern 

used for the calibration measurements. At each temperature, eleven low pressure 

measurements were taken at 10 kPa intervals from 110 kPa down to 10 kPa and 

a final measurement was taken at around 5 kPa. However, as the second acoustic 

virial coefficient fl. varies with temperature these results do not represent inves- 

tigation of the same extent of the speed of sound variation at every temperature. 

An additional four equally spaced measurements at higher pressures were added. 
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At the maximum temperature of 339 K the maximum pressure was chosen as the 
limiting pressure of the apparatus of I MPa or 0.6 times the vapour pressure. 
The maximum pressure for each of the other 7 temperatures was chosen such 
that for every isotherm 8,, (T) pmAx gave a constant value. The value of 0. at 
each temperature was estimated from fits of literature values of B to the square 

well potential, using equation (1.15), and values for -yP9 determined also from 

published data. 

The decision to weight the measurements in favour of the low pressure mea- 
surements was based on the unknown size of the perturbation due to motion of 
the shell walls. As the perturbation is greatest at high pressures it was decided 

to take enough low pressure data to enable a full analysis even if all the high 

pressure data had to be rejected. The data at every temperature represents the 

same fractional change in u2, so that the same order of polynomial fit should be 

expected in every case. If higher order terms are required at some temperatures, 

this fact will immediately point out a source of unknown variation in the results. 
The resonance frequencies f and half-widths g were measured for the four 

azimuthal modes (0,2,1) to (0,5,1), and the three azimuthal modes (0,7,1) to 
(0,9,1) for the three test gases SF6, CHF3 and 10.85CH4 + 0-15C2H6}. The lowest 

order (0,1,1) azimuthal mode was not measured because in some of the test gases 

used it fell below the cut off frequency of the band pass amplifier of 300 Hz. The 

6th order (0,6,1) azimuthal mode was also omitted from the measurements as 
it lay too close to the (0,2,1) mixed mode for the resonance fitting algorithm 
described in chapter 5 to extract f and g accurately. 

7.3. Calculation of the Corrected Speed of Sound 

(u/b) is proportional to the ratio of the corrected resonance frequencies to the 

eigenvalue X .... which depends on the cavity geometry. The relevant geometric 

parameters were discussed in chapter 6. The fractional error in the eigenvalue is of 

the order of 1x 10-5. The resonance frequencies have to be corrected to account for 

the shear and thermal boundary perturbations, the effects of holes in the resonator 

wall, and absorption in the bulk of the gas. As for the calibration measurements 

the effects of imperfect accommodation at the wall is neglected because the two 
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effects cannot be resolved and are small compared to the errors introduced due 
to uncertainties in the transport properties. Modes that axe adversely affected by 

motion of the shell wall also need to be removed from the analysis. Estimation of 
the perturbations require values for -yP9 and B for the calculation of -Y, and of p 
and cý that are used to calculate the shear b., and thermal bt, penetration lengths 

which in turn require values of the shear viscosity 77 and thermal conductivity 
K. These are needed to determine the magnitude of the corrections due to the 
boundary layers and the holes in the wall as well as the classical contribution to 
the bulk perturbation. In addition, the bulk viscosity % is required to calculate 
the contribution of thermal relaxation to the bulk effects. The equations for the 

perturbations due to the boundary layers and due to absorption in the bulk of 
the gas are given in chapter 2 and for the holes in the shell wall in chapter 4. 

Initial estimates of -yP9, B, 77 and r,. (which may be estimated from 77 and -jP9) 

were obtained from the literature and were used to calculate the contribution g,, 
to the resonance half-widths due to holes in the wall of the resonator. The ex- 

perimental half-widths g were corrected to account for the holes in the wall and 
the remainder (g - g. ) were used to provide estimates for the transport proper- 
ties xo, qo, and %, o as well as their density dependencies (Onl(9p), (0771,9p) and 
(0%/Op). This procedure is explained in greater detail in a later section of this 

chapter. The resonance frequencies f were then corrected for holes in the res- 

onator wall, boundary layer perturbations and bulk effects. The values of (u/b) 

at each of the experimental pressures along the isotherm were analysed to obtain 
better estimates for yP9 and B as described later in the chapter. The analysis was 

then repeated using the improved estimates for the transport properties extracted 

from the half-width analysis and the new yP9 and B to provide better estimates 

of the contribution to the resonance half-width due to the effect of holes, and the 

remainder re-analsyed to provide more accurate estimates for the transport prop- 

erties. These were then used in combination with the new yP9 and B to obtain 
better estimates of the corrections to the resonance frequencies. The resonance 
frequencies corrected in the second iteration of the analysis routine are used to 

provide the final estimates of yP9 and B, further iterations were shown to change 

the estimates by less than their standard deviations. The transport properties 

obtained from the second iteration were also taken as the final estimates because 
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the correction due to the holes in the wall is small compared to full width of the 

resonance and the values do not even change significantly on the second iteration. 

The values were updated more for completeness than accuracy. 

It has been mentioned above that literature values for some of the gas prop- 

erties were utilised in the initial iteration of the analytical method. Use of the 

estimates speeds up the analysis procedure as it reduces the number of iterations 

required. Usually when no literature results are available only one more iteration 
is required to readi a self consistent solution for the transport properties and 

-yP§: and B. A very important part of the analysis technique not yet discussed 

is the removal of data that may cause systematic errors in the results. Inclusion 

of modes with half-widths which have been perturbed by the shell resonance or 

other unknown loss mechanisms will lead to systematically large estimates of the 

transport properties, which in turn will lead to erroneous corrections to the reso- 

nance frequencies. The corrections are not linear in temperature thus leading to 

errors in the limiting slope of the results from which the second acoustic virial 

coefficient 8. is determined. Consequently in the analysis of the resonance half- 

widths, modes that showed a pressure dependence different to the majority were 

removed. The identification of such modes is relatively easy as the analysis pro- 

gram plots the reduced excess half-widths AgIf for each mode at every pressure. 

The excess half-width Ag is the experimental half-width minus all the calculated 

contributions to it based on the values of the transport properties extracted from 

the regression analysis. Pressures for which the excess half-widths showed greater 

scatter than the majority of the results were also removed from the analysis. This 

tended to occur at the lowest pressure where the half-width is greatest and thus 

the excess half-width is more sensitive to the transport properties. In addition at 

low pressures the experimental half-widths axe more likely to be in error due to 

the influence of nearby modes. 

Once a satisfactory half-width analysis had been achieved, the calculated cor- 

rected resonance frequencies were used to determine the sound speed at each of 

the pressures along the isotherm and, as no correction could be applied for the 

effect of the shell resonance, affected modes had to be removed. Thus modes 

which did not agree to the expected level (determined by the errors associated 

with the estimates of the transport properties) were removed from the analysis. 
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In general the same level of agreement could achieved for the full pressure range. 
It would be expected that the agreement at the higher pressures would be better 
due to the smaller bulk and boundaxy layer corrections, but it is at high pressure 
that the modes are most severely affected by the shell correction. Due to the 
frequency of the shell resonance, it was possible that it was perturbing all the 

modes in the high pressure regime for some of the test gases but, as the extent of 
the perturbation was unknown, the high pressure results were initially left in the 

analysis and modes that did not agree were discaxded. For a set of data the modes 
in error were not always easy to identify as the results were scattered. However, 

as the shell resonance was expected to perturb the lower order modes with which 
it overlaps to a larger degree, higher order modes that agreed were preferentially 

retained in the analysis where a coincident agreement between some lower order 

modes also occurred. However, as all the modes may be affected, it was also nec- 

essary to scrutinise the remaining data carefully when the regression to extract 

, yP9 and & was performed. The methodology used to remove pressures still in 

error at this stage is discussed in a later section of this chapter. The decision to 

remove data is to some extent subjective, but it was attempted to perform the 

analysis in a rigorous manner designed at each stage to weed out data that would 

cause systematic errors in the final results. Obviously however, despite all efforts, 

the results may in some way be affected by systematic errors that would not exist 
for a system in which an unknown loss mechanism such as the shell resonance 
does not exist. 

7.4. Analysis of the Half-widths to Determine the Trans- 

port Properties 

The half-widths were fitted using a regression routine in which the different density 

dependence of the contributions due to the thermal and shear boundaxy layers and 
the bulk to the half-widths allows the loss mechanisms to be resolved. Originally, 

a least-squares type of analysis was attempted in which the thermal conductivity 

tc, the shear viscosity 77 and the bulk viscosity r/b were all free variables. This 

method, however, did not always reach a stable solution. Unfortunately, the 

thermal and shear boundary layer contributions to the half-width have the same 
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density dependence so the approach relied on the small difference in the ratios of 
the thermal to shear effects for each resonance mode to separate the variables. 
The differences were obviously not significant enough to support this type of 

analysis, but the situation could have been improved by the choice of a different 

set of modes for study in which the ratios of the thermal to shear effects differ 

to a greater extent. For example, radial modes have far greater thermal losses 

compared to azimuthal modes which suffer large shear losses. Extraction of the 

transport properties of the gas tmder study was not the primary objective of this 

work and the choice of modes was determined by those that were still resolved at 

low pressures where the bulk contribution is very large. Due to the specific design 

of the resonator these were the low order low frequency azimuthal modes that 

inimise the bulk term. The ratio of the thermal to shear losses for these modes 

varies less than 10 % for the set of modes (0,2,1) to (0,9,1). When the thermal 

conductivity is taken to be a fLmction of the viscosity, the half-widths may be 

analysed unambiguously to extract coefficients related to the shear viscosity and 

its density dependence (from which the thermal conductivity may be estimated), 

and the bulk viscosity and its density dependence. Three different expressions 

were used to connect the shear viscosity to the thermal conductivity, they were the 

Euken relation, the modified Euken expression and the Stiel-Thodos relationN. 

It was expected that the expression that most accurately describes the relation 

between the shear viscosity and the thermal conductivity would give a half-width 

fit with a lower standard deviation than the others. However, all three gave very 

similar results and resulted in heat capacities and second virial coefficients that 

agreed to well within their standard deviations. For the azimuthal modes used, 

the ratio of the thermal to shear effects does not vary much between the modes. 

Consequently the partitioning of the thermal and shear effects is not critical at the 

level to which empirical relations such as those used can describe the transport 

properties. This issue is specifically investigated for CHF3. For the other two test 

gases the Steil-Thodos relation was used because for other polyatomic gases this 

has been found to describe the dependency of the thermal conductivity on the 

shear viscosity most accurately. The Steil-Thodos expression has in general been 

found to describe thermal conductivities to within 2% when reliable values of the 

shear viscosity and specific heat capacity are usedM - Obviously, use of a relation 
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which does not describe the dependency of the thermal conductivity on the shear 

viscosity to within a few per cent would result in systematic errors in the heat 

capacities and second virial coefficients extracted from the sound speeds. 

If the thermal conductivity r. is written as 

r., = D77, 

then the sum of the contributions to the half-width G may be written as 

G=g-g. = gh+gs+gb 

71 H+ 
6S) 

(7.2) 

+ 
firf2 [41? 

+D 
77 + l7b] 

U2 
5p CP pp 

by summing equations (2.88), (2.89) and equation (2.52) in which the absorption 

coefficient a is given by equation (2.33). Equation (7.2) may not be fitted using 

a regression routine because many of the terms have the same density depen- 

dence. In equation (7.2), H and S are the integral parts of the expression for the 

contributions to the resonance half-widths given by 
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which depend on the geometry of the annular cavity. In equations (7.3) and (7.4) 

A' is given by equation (2-75). In the analysis the shear 77 and bulk i7b viscosities 
N 
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were described by 

77 ---,: 710 + I? IPI (7.5) 

and 

rth = %, 0 + rlb, IP (7.6) 

where i7o is limiting value of the shear viscosity as the density p tends to zero 

and t7l describes a linear density dependence 77, = 077o/Op, i7bo is the limiting 

value of the bulk viscosity as the density tends to zero and 77b, j = Olqb, oli9p again 
describes a linear density dependence. The assumption was made that the shear 

and bulk viscosities could be described adequately by these linear equations over 

the experimental density range. This was important in the calculation of (77/p) 

which becomes 
02 77o + 771 

P) P 
(20-) , (1 

+ (7.7) 
P 77o 

(jo) '+ 
17, (P 

P7 77o 

using the binomial approximation correct to the second term. In order to fit the 

quantity G, equation (7.2) was written as 

xw Iz 771 Zpj, G= 
p+ 

Yw + 776 72 +1 (7.8) 
2770 

using equations (7.5) to (7.7) . W, X, Y and Z in equation (7.8) are given by 

7rf 2 

U2 
(7.9) 

4D 
X 5770 +- (Y 770 + 77b, Oi (7.10) 

CP 

y ?h+ (Y 711 + l7b, l i 3 CP 

and 
z 

(f FD 
= 

F7rf 
ý; (, Y - 14 H+ S). (7.12) 

In equations (7.9) and (7.12), f is the corrected resonance frequency and u is 

the sound speed correct to the second acoustic virial coefficient. Because the 

corrected resonance frequencies depend on the transport properties which in turn 

depend on the values of B, 13., and CPP9, via the calculation of u and f, and y and 
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C in equations (7.10) to (7.12), the importance of the iterative procedure for the 

analysis of the results is highlighted. 

The value of D in equations (7.1) to (7.12) depends on which relation is being 

used to relate the thermal conductivity to the shear viscosity. The limiting value 
of the thermal conductivity as the density p tends to zero ro is simply given by 

r. 0 = D770, and its associated linear density dependence by r., = D711. For the 
Steil-Thodos relation DIII is given by 

D= 1 (1-15Cv+2.03R), (7.13) m 

for the Euken relation by 

D 1. OOCv + 2.25R) (7.14) m 

and for the modified Euken relation by 

D=11.32Cv + 1.77R), (7.15) m 

where M is the molar mass of the gas, Cv is the molar isochoric heat capacity 
and R is the gas constant. 

Using equations (2.32) and (7.6), estimates of the limiting value of the vibra- 
tional time constants as the density tends to zero 7*vib, OP, at a density of 1 kg M-3 

were obtained from 

'rvib, OP " 
nb, O (7.16) 

(, y - 1) U2A I 

and the associated density dependence 49 (7vib, OP) 149P from 

19 (Tvib, OP) 149P 
- 

77b, l (7.17) 
(, y - 1) U22j 

In the two equations above y, u and A ý-- Cvib/Cp are calculated for a density of 
1 kg-M-3 using the values of B determined from the sound speed analysis. 

A check on the completeness of the acoustic model is possible by comparing 

the experimental and calculated half-widths. If the model were complete and the 

transport properties exact, then the excess half-widths Ag would be zero. The 

analysis method described here results in excess half-widths scattered around 

zero but some unknown loss mechanisms may have been absorbed by some of 

the coefficients or their density dependencies. This may result in the estimated 

corrections to the resonance frequencies that are erroneously large. However, 
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unknown loss mechanisms generally result in a perturbation to the resonance 
frequency, which to a first approximation would be expected to be of the same 

order of magnitude as the contribution to the resonance half-width. Consequently, 

such effects are likely to be partially self compensating and unfortunately cannot 
be quantified. 

7.5. Extracting, 8,, and CPP9 from the Experimental Data 

The experimental quantity extracted from the data is (u/b)2, so the results were 
fitted using either 

(U)2 
= 

AO 
+ 

(ýI)P+ (ý2)ý2+... 
T b2 b2 

or its density explicit equivalent 

(U)2 
= 

AO f1+, a&pn + ^t&pn2 T -IT , +... I 

where yP9 and the relationship between the coefficients of equations (7.18) and 
(7.19) are given in chapter 1. The (p, V., T) virial coefficients B and C are re- 
lated to the acoustic virial coefficients through second order differential equations. 

These equations were also given in chapter 1. For most of the experimental data 

only two term fits were statistically significant so that a full set of results for the 

third acoustic virial coefficient was not obtained. It is a disadvantage that either 

equation must be truncated to represent the experimental results as this leads 

to systematic errors in the values of the coefficients depending on the order of 

the final equation. These systematic differences may be estimated however, and, 

if the differences between the coefficients determined with a truncated pressure 

range and fewer terms in the equation differ significantly from those determined 

using the full pressure range it is likely that part of the set of data is in error. The 

product fl. (T) pmAx was chosen to be a constant for all the isotherms so that all 

the estimates of & and Ao suffer from comparable systematic errors because the 

same order of polynomial should be used at each experimental temperature. 

For absolute measurements of the speed of sound u, the radius b of the cavity 

is required. The method by which this was determined from calibration measure- 

ments was described in chapter 6. Once the radius has been determined, perfect 
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gas heat capacities can be determined from A0. Rom the second and third acous- 
tic virial coefficients, estimates of the of the second and third (p, V,,,,, T) virial 
coefficients can be made. 

The accuracy of the acoustic virial coefficients are determined primarily by 

errors in U2 and p. Although the uncertainty in CPP91R includes contributions 
from T and b in addition to those from (Ao/V), these only contribute about 
0.001 fractionally which may be small compared with those arising from the pres- 

ence of impurities. For example, with measurements on propene an impurity 

x (H20) ý1X 10-4 would contribute iLbout 0.02 fractionally to CP91R while P 
x (air) =1x 10-4 would contribute about 0.01 fractionally. The perfect gas heat 

capacities determined for each substance were used to obtain smoothing equa, 
tions constructed from a combination of negative and positive powers in T using 
an adaptive regression algorithm. All the terms selected had a statistical signifi- 
cance greater than 0.99 and the data were weighted by the normalised inverse of 
their variance. 

7.6. Determination of the Virial coefficient, B 

In order to determine the second virial coefficient B from the experimental data, 

it is necessary to solve the differential equation (1.15). Bruch[21 demonstrated a 

numerical method of integration of this equation with specified boundary condi- 
tions for "He, and Mehl and Moldover[31 also analysed their precise measurements 
in ethene in this way. This method however favours the use of at least one initial 

condition at the lowest experimental temperature[21,131. It is at the lowest temper- 

atures that conventional measurements are least reliable, and the requirement for 

literature data defeats the purpose of exploiting acoustic measurements indepen- 

dently. If 6. were known accurately over a wide temperature range, the results 

may be inverted[] to provide both B and a spherically symmetric intermolecular 

pair potential energy function U, without recourse to (p, V,, T) measurements. 
Reliable estimates of the second virial coefficient may be obtained using semi 

empirical methods[51-11 for solving equation (1.15) based on explicit assumptions 

about the functional form of the intermolecular potential energy function. In this 

method, no explicit account is taken of the integration constants required for the 
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Figure 7.1: The square well potential as a function of intermolecular separation 
r. 

U(r 

0 

general solution. However, Boyd and MountainN argue that it does implicitly ac- 

count for the homogeneous solution. In the absence of reliable initial conditions 

or results of sufficient accuracy over a wide temperature range, this approach was 

used. Many functional forms for the potential energy function U may be used but 

as it is known that B is relatively insensitive to the detailed shape of the function, 

simple models which may only be crude approximations to the true function are 

sufficient to accurately represent B and its derivatives. Since B is related to the 

intermolecular potential, U by the integral equation (1.13), the assumption of a 
functional form for U implicitly imposes a functional form on B providing a route 

to the solution of the differential equation. 

If the simplest square-well intermolecular potential energy function 

U (r) = oo, (r < u), 
U (r) = ec, (u < r: 5 da), (7.20) 

U (r) = 0, (r > du), 

where r is the intermolecular separation, and the parameters c, a, and d are shown 
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in figure (7.1) is assumed, then B may be shown to be given by 

B (T) 
27rLa3) [d3 

- (d3 - 1) exp 
( '6 )] 

3 TT- 
(7.21) 

a+ bexp c) (T 

where L is the Avogadro constant and k is the Boltzmann constant. Combination 

of equations (1.15) and (7.21) yields 

2a+2b I' 
- 

(7,; ) (, Ypg - 1) 

ccc + (y ) 12 + 
(y ) 11 

exp 
(y 

(7.22) 

27P9 7; 7; 7; 

for which a self consistent solution of the parameters a, b, and c can be determined 

by non-lineax regression analysis with experimental values of P. and CPP9. The 

errors introduced by imposing a functional form on B are difficult to assess, but 

in previous work the values determined from different functional forms have been 

shown to agree to within their standard deviations. 

A similar approach may be adopted for the estimation of the third virial 

coefficient C if a full set of -y. values is available. However there are additional 

uncertainties because the reliability of representing third virial coefficients by this 

method is less well understood. The third virial coefficient depends on three body 

interactions and the intermoleculax potential energy function is a pair potential. 
This procedure was not attempted in this work as many of the data sets could 

be described by two term fits once high pressure data perturbed by the shell 

resonance had been removed hence a full set of third acoustic virial coefficients 

was not available. 
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8. EXPERIMENTAL RESULTS 

8.1. Introduction 

The results obtained for the three experimental systems are presented here. Mean 

sound speeds calculated from the experimental resonance frequencies are docu- 

mented for each gas as well as the acoustic virial coefficients determined from 

their analysis. The perfect gas heat capacities and second virial coefficients, ex- 

tracted as described in chapter 7, are reported here and compared with literature 

sources. The transport properties determined from the analysis of the resonance 
half-widths are also discussed and compared with available literature values. 

SF6 is the experimental system that is most severely affected by the shell 

resonance as the measured resonance modes in this gas axe at low frequencies. This 

leads to a substantial degree of overlap between them and the shell resonance. In 

the discussion of the analysis of SF6 particular attention is paid to the procedure 

by which affected modes were identified and removed. The effect of fitting the 

data to a pressure or density series is also considered. The density series often 

converges fasterl'i J41 
, so any systematic errors arising from truncating the series 

may be investigated. 

For the binary mixture of methane and ethane, which is expected to be the 

least affected by the shell resonance, the experimental second virial coefficients 

are used to estimate the cross virial coefficients and interaction virial coefficients 

which are compared with published results. The possibility of fractionation oc- 

curring as the pressure is reduced along an isotherm and the resulting change in 

composition affecting the results is commented on with respect to other workN. 

The vibrational relaxation times determined from this work are compared to those 

for the pure components and with published data. 

In the analysis of CHF3 the effect of analysing the half-widths using the Eu- 

ken, modified Euken and Stiel-Thodos relations is examined. The systematic 
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differences in the values of the thermal conductivity and shear viscosity obtained 
are discussed with reference to literature data. An important conclusion from 
this study was that the method of analysis did not cause significant systematic 
changes in the vibrational relaxation times or in the acoustic virial coefficients 
that were extracted from sound speeds corrected using the transport properties 
calculated in the half-width analysis. 

8.2. Sulfur Hexafluoride 

Eight isotherms were studied for SF6 at temperatures between 230 and 340 K. 

Firstly the experimental half-widths were analysed to provide estimates for the 

thermal conductivity, shear viscosity and vibrational relaxation time using liter- 

ature data for the heat capacity, second virial coefficient, second acoustic virial 

coefficient and transport properties. Shear viscosities were taken from accurate 

measurements by Wakeham et aL [2] while values for the thermal conductivities 

were estimated using the Stiel-Thodos, expression because this approach has been 

shown to give good agreement with experimentally determined values[31. The ac. - 
curacy of these initial data was not of particular importance as the self consistent 
iterative procedure described in chapter 7 was used to analyse the results and the 
literature values merely speed up the analysis by reducing the number of iterations 

required to two. The heat capacity was estimated using a correlation based on 

experimental results[31, and the second virial coefficients were those recommended 
in reference [17]. The resonance frequencies were then analysed to provide better 

estimates of the heat capacity and virial coefficients. The half-width fitting was 

then repeated and the final values for the shear viscosity, thermal conductivity 

and vibrational relaxation time obtained. These values were used in the final 

analysis of the resonance frequencies to give the perfect gas heat capacity and 

second acoustic virial coefficient. The experimental values over the whole of the 

temperature range were fitted to a square-well potential to provide the final es- 
timate of the second virial coefficient. In the analysis of the half-width data for 

SF6, the Stiel-Thodos expression was used to relate the thermal conductivity and 

shear viscosity. As mentioned above it has been observed to give good agreement 

with experimental data and the effects of using alternative expressions is discussed 
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Table 8.1: Resonance modes rejected at each experimental temperature in the 
half-width analysis for SFr,. 

1 T/K 1 Modes Rejecte 

230 (0,2,1) (0,3,1) (0,4,1) 

241 (0,2,1) (0,3,1) (0,4,1) (0,8,1) 

253 (0,2,1) (0,3,1) (0,4,1) (0,9,1) 

267 (0,2,1) (0,3,1) (0,4,1) (0,8,1) 

282 (0,2,1) (0,3,1) (0,4,1) (0,8,1) 

299 (0,2,1) (0,4,1) (0,7,1) (0,8,1) 

317 (0,2,1) (0,4,1) (0,7,1) 

339 (0,2,1) (0,4,1) (0,8,1) 

with reference to CHF3- 

At each pressure along the isotherm the resonance frequencies of the seven 
azimuthal modes (0,2,1), (0,3,1), (0,4,1), (0,5,1), (0,7,1), (0,8,1) and (0,9,1) 

were measured. The expected level of ageement of the sound speeds and half- 

widths is limited by the accuracy with which the geometry of the cavity is known. 

As discussed in chapter 6 this limits the accuracy to about the level of 20 ppm. 
Resonance modes that were discrepant by significantly more than 20 ppm in 

both the analysis of the half-widths and the sound speeds were rejected from the 

analysis. 

8.2.1. Half-width Fitting 

Table (8.1) shows the resonance modes rejected from the seven measured modes 
for the half-width analysis. The shell resonance is at around 500 Hz with a half- 

width g of around 150 Hz (see chapter 6). At lOg from the centre frequency the 

shell resonance will be reduced to 10 % of its majdmum, amplitude assuming it 

has a Lorentzian lineshape. At this wnplitude it is still likely to affect the results 

implying that all the measurements in SF6 will be perturbed to some degree as 

all the experimental frequencies lie in the range 0 to 2000 Hz. The (0,2,1) mode 

at approximately 400 Hz and the (0,3,1) mode at approximately 600 Hz will be 

affected most severely as they are closest to the shell resonance. The effect on the 
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resonance half-widths will not be as great as on the resonance frequencies but may 

still cause systematic errors in the derived transport properties if affected modes 

are not identified and removed. As expected in general it is the low order modes 

which were removed from the analysis. The (0,2,1) and (0,4,1) modes were dis- 

carded at all eight temperatures and the (0,3,1) mode was rejected from the five 

isotherms at lower temperatures. At any given temperature is was also necessary 

to remove one of the higher-order modes. The reason for this is not known but a 

variety of effects may be significant. As explained in chapter 6 the exact shape 

of the shell resonance was not probed so the perturbation may not follow the 

expected trend in frequency described by the expression (2.104) given in chapter 

2 and, consequently shell motion may also affect the higher-order modes. In ad- 

dition the effect of imperfect geometry is unknown. This may be complicated by 

the different filling pressures used for each isotherm and the thermal cycling of the 

resonator which may have given rise to distortions in its shape that were unique 

for each isotherm causing different resonance modes to be perturbed at each tem- 

perature. Perturbations due to the shell resonance will become less important at 

low pressures whereas the effect of geometric perturbations on the half-widths is 

unknown. Combinations of these effects may give rise to complicated trends in the 

excess half-widths which cannot be resolved; particularly in view of the changes 

that may occur in the geometric perturbation as the pressure is reduced along 

an isotherm. For every isotherm the data at the lowest pressure was discarded 

because under these conditions the accuracy of the large half-widths were limited 

not by the geometry of the resonator but by the fitting procedure, described in 

chapter 5, to extract them from the primary acoustic response. Figures (8.1), 

(8.2) and (8.3) show the fractional excess half-widths AgIf (Ag = g,. p -g,. I,, ) for 

the low temperature isotherm at 230 K, at an intermediate temperature of 282 K, 

and at the highest experimental temperature of 339 K. The large symbols repre- 

sent data selected for the analysis and the small symbols represent data rejected 

from the analysis. At every temperature, the (0,2,1) mode shows fractional ex- 

cess half-widths of up to 1000 ppm which is an order of magnitude greater than 

for the other modes and is plotted separately; obviously the (0,2,1) mode must be 

removed from the analysis. From figures (8.1), (8.2) and (8.3) it may be seen that 

the agreement between the fractional excess half-widths of the selected modes is 
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Figure 8.1: 
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Figure 8.3: Fýractional excess half-widths Aglf for the isotherm at, 339 K in SF6- 
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nearly always within the proclicted limiting agreement, of 20 ppin. Nlode. s werc 

discarded when the fraA-Iional excess half-widths calculated after the fitting proý- 

cedure were systematically large and outside the expected level of agreement, of 

20 ppm. At 230 K (see figure (8.1)) the (0,3,1) and (0,4,1) mod(-., werc removed 

for this reason having fractional excess half-widths aromid 40 ppin. At. 282 K (see 

figiire (8.2)) it was n(x! essary to reject the (0,3,1), (0,4,1) and (0,8,1) 111odes b(- 

canse they consistently gave large fractional excess half-widths; this would ](, ad to 

erroneously large est, imat(-., of the transport, properties which in turn woii](I lead 

to errors in the sound speeds. At, 339 K (see figure (8.3)) the (0,3,1) inode was 

retained because, although the fractional excess half-width is somet, itnes greater 

than 20 ppm, it, was not systematically high mý. ross the whole pressure range and 

its inchision altered the values of the transport properties by much less than their 

standard deviations. The (0,4,1) and (0,8,1) mod(-. i were rcj(x-t, (Kl as they again 

gave consistently high fractional excess half-widths. The other five isotherms werc 

analysed in a similar manner and the transport propertiets derived from Ow data 

are discussed in a later section of this chapter. 

The fraA-tional excess half-widths calctilat-ed for the (0,2,1) mode appear to be 

following the sanic trend over the whole of the experimental temperature range. 
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Figiire 8.4: Frm-tional (! x(ic-., s lialf-widdis AgIf for the (0,2,1) mode for the 

isotherms at 230 K, 282 K and 3: 39 K in SF, ý. 
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The data 1*()r the three isotherms is plotted in figure (8.4) which showsa maximum 

around 50 kPa and a minirntim amind 100 kPa. This will be disciiss(xi in inore 
detail in the next section. 

8.2.2. Mode Selection for the Sound Speed Analysis 

The ratio of the angular freuency t. o Che eigenvalue for ew! h mode gives ulb where 

u is t, he speed of sound and b the radius of t, he resonat, or. It, is Olis experiment, al 

quant, ity Oiat, should agree for t, he different. modes at, each pressure to nearly Ole 

limifing value of 20 ppm. The agreement for SF(j will be less good than for propene 

b(x-ause it, is known that the shell resonance will be affecting the modes measured 

in SF(j. The shell resonance has a greater effect, on die mode frequencies Ulan 

the hidf-widt, lLs and t, he difficulties are expected to increase at, higher pressures. 

Figures (8.5), (8.6) and (8.7) show die frw-tional deviat, ions of the 71, /b values 

for em4i mode from Che average (u/b) calculat, ed for che mode. -, select, (xl. Data 

is presented for Hic lowest, t, eniperat, iirc isot. herin at, 230 K, at, an int-erniediate 

temperature of 282 K, and flic higim. it, experiniencal t, emperature of 339 K. The 

large symbols represent data sehx-ted for the analysis and small symbols data 
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Figure 8.5: Fractional deviations of the cak-ulated values of u1b frorn the average 

value (u/b) determined for the selected mod(-N for the isotherm at. 2: 30 K in SF(j. 
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Figure 8.6: Fractional deviations of the calculat, ed vaiii(ti of ulb from Che average 

value ýu/b) det, erinin(xi for the selected mod(-., for Ow isoffierm at, 282 K in SF6- 
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Figure 8.7: Frwfional deviations of die calciflat, ed valimi, of ulb from dic average 

value ýu/b) determined for the selected mod(-.; for the isotherm at, 339 K in SF'(,. 
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from Ole alldysis. From figives (8.5), (8.6) and (8.7) it, may be swn t1lat 

agreement between the speeds of somid for the modes retained in the analvsis 

is generally about Oic level of 50 ppin. At, every t, emperature, the (0,2,1) inode 

shows perturbatioms t, o u/b of dic order of 1000 ppin and is plotled separately. 

This is an order of niagnittide greater than for the other modes ineLsured WId 

again intist, obviously be rerriov(xl from the analysis. Other modes were removed 

when die deviations were systemat, ically large MId lkV SignifiCiLlIt-ly OIIt, SidC OIC 

s(! I(x-t(-d set of modes. At, 230 K (see figure (8.5)) die (0,3,1) and (0,9,1) modes 

were removed as the (0,3,1) showed fractiomd deviat, ioms diat, increas(xi t, o 100 

ppin al, high pm., sures. This type of behaviotir is expected for a mode affmted 

by the shell resonance. The (0,9,1) inode gave fractional deviahow; of dic order 

of 40 ppm across the whole isotherm, t, he rewson for which is not, known. At 230 

K only a smO pressure range wLs used SO Shell C&OS Will be STIMlIV. St, id, ChiS 

t, eniperat, ure. After the removal of perturbed data the remainder agreed t, o flic 

expected level of 20 ppin. At, 282 K (seC figure (8.6)) it, was only nmessary N) 

discard the (0,7,1) inode for the top four pmNsures and the remainder agreed 

to the level of 50 ppin over the whole pressure range. The data can be smil 

157 



Figure 8.8: Fractional deviations of the calculated values of ulb for the (0,2,1) 

mode from the average value (u/b) determined for the selected inodes for the 

isotherms at 230 K, 282 K and 339 K in SF(j. 
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to converge at low pressure-s as the influence of the shell re-sonance is reduced. 

There may be a case for removing the (0,3,1) mode bmause at. low pressur(-. " it 

is systematically lower than the others but, it, wws included because removing it 

made little difference to the transport, properti(. N obtained, which agreed to within 

their standard deviations. It is this type of subjective dcvision diat, (-an lead to 

smal-l systematic, errors in the mialysis. At 339 K (see figure (8.7)) the (0,8,1) and 

(0,9,1) modes were rejected for the top four prusures where they significantly 

diverge from the majority of the clata. The agreement, of the remaining rnodu-i 

for the four high pressure measurements above I 10 kPa is only 60 ppin due to 

the increased influence of the shell resonance. The limiting level of agreement, of 

20 ppm may be seen to be too stringent, a test, for the agreement, of the speed 

of sound data for SF6 where the shell resonance perturbs the modes. The other 

five isotherrrLs were analysed in a similar manner and the spe., ed analysis iised to 

extract the acoustic virial coefficients is discussed in the next scx-tion. 

The deviatiows of u/b for the (0,2,1) niode are 1)lot, t, (vi in figiire (8.8) mid, 

as for the hatf-widths, there is agreement, over t, ll(, whole of the experimental 
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temperature range. The deviations have a unninium at, around 50 kPa and a 

maximum at arou-nd 100 kPa. This is the opposite of the effect on the half-widths 

but the extrema occur at tile same pressures providing evidence that, the saine 

perturbation is giving rise to these observations. The behaviour also agrees in 

some ways with the observations in propene in which the (0,2,1) mode also gave 

a minimum in the deviations of u/b at, around 50 kPa but, no obvions maximuin 

at 100 kPa. As the behaviour is similax for two gases, and the changes with 

pressure are so dramatic, this is important evidence that the (0,2,1) mode is 

perturbed by an effect that changes with pressure. It, is not, a frequency dependent 

perturbation because the frequency of the (0,2,1) mode is around 400 Hz in SF(j 

and around 700 Hz in propene. It n-nist be noted that, there also appears to be 

some dependency on temperature. As the temperattire is increused, the curves for 

the u/b deviations in propene and SF6 and the excess half-widdis in SF(j appear to 

be shifted to higher pressures. This suggests that, the (0,2,1) inode is perturbed 

by a geometric deformation of t, he rusonator that, is sensitive to the pressure, and 

that the shift with temperature may be due to changes in the properties of the 

shell. 

8.2.3. Sound Speed Analysis 

The sound speeds along each isotherm were fitled to polynomials in pressure and 

density as described in chapter 7 to obtain C7,1,4, ' and [I,,. The relation between 

the coefficients of the two series is given in chapter 1. As discussed in chapter 

7, the data was weighted to low pressures where the shell r(. Nonan(-(, has only a 

sinall effect mid only four high pressure points were taken for each temperature 

so that the fractional change in the sound speed is constant for cach isotherm 

over the whole of the experimental temperature range. This is clearly seen in 

figure (8.9) which shows average sound speeds (u) along the isotherms at 230, 

282 and 339 K. The shell pertin-bation is directly relakxl to the density and, 

for the largest pressure at 339 K, the density is 3 tirn(--N greater than at, thv 

highest pressure at, 230 K. Thus for the higher-teniperati ire isotherms, the high 

pressure data has to be carefully examined to check that it is not, affected by 

the shell resonance. The number of terms required in the fit for the fiill pr(N. sure 

range should be constant at each temperature because the fractional chmige in 
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Figure 8.9: Average sound speeds (u) determined for the modes for the 

isotherms at 230 K, 282 K and 339 K in SF(j. 
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the sound speeds is approximately the same. If a greater number of terms than 

expected is required to fit the data along an isotherm, then the shell resonance 

may be causing additional curvature in the daut. Such a discontinuity in the 

slope of the results above the pressure at which shell motion becomes important 

may be det, (vted by a sharp change in slope of a deviation plot, from the fit with 

the expected number of terms. The fit at the lowest temperature of 230 K where 

it is likely that the shell is having only a small (! ff(x-t over the whole pr(--isure. 

range of tip to 150 kPa gives the number of ternis that should be expected at, 

the higher temperatures. Table (8.2) gives the winiber of terins r(x1ifired for both 

the pressure series and the density series at, each temperature an(] also indicates 

wWch pressures along each isotherm were removed to avoid systematic errors due 

to the shell resonance. An additional terni was included in the fit, only when 

it, was significant. at a probability of 0.99. Figure (8.10) depicts the fru, t, ioiid 

deviations of the average speed of sound (u) from the valm--i ucalc calctilated from 

the two term density series mid three term. I)r(-.,, stire series at. 230 K. There are 

no discontinuities or curvature in the deviation plot, which demonstrates that, no 

additional terms in the series are nec(--isary, that, the data is iinaffectcxI by the wafl 
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Table 8.2: Number of terms required for the density and pressure serie-s fit, s to 

the speed of sound in SF6 and the data rejected from vac. h isotherm. 

Number of Terms Required 

T/K Density Series I Pressur -51 Pressures 

230 2 3 15 

241 2 3 L 2,3,4,15 

253 2 3 1,4,15 

267 2 3 1,2,3,15 

282 2 2 1,2,3,4,15 

299 2 2 1,2,3,4 

317 2 2 1,2,3,4,15 

339 2 2 1,2,3,4,15 

Fignre 8.10: Fractional deviations of the average sound spcxAs (u) determined for 

the selected modes from the calculated values for the isotherm at 230 K in SF(;. 
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motion, and that all pressures should be retained in the analysis. The three term 

pressure fit, in this case may be seen to model the data slightly better than the two 

term density series but the difference is not, significant. The standard deviations 

of the calculated sound speeds were estimated from the agreement, between the 

modes, and along the isotherm are of the order of 20 ppm. It is encouraging 

to see that all the data could be accommodated in the fit to within this level, 

indeed if a point cannot be fitted to within about, three standard deviations, this 

is again evidence that the data is perturbed. The data at, the lowest pr(-ssure was 

removed for every isotherm because the accuracy of the resonance fre(Inencies was 

limited by the Lorentzian algorithm used to extract them from modes with such 

large half-widths. It has been found in previous workllj, 14) t, hat, t, he density C'Xplicit, 

series tends to converge faster and this was fonnd to be the case for the isotherms 

at, 230,241,253, and 267 K where, after removal of pressun-s' affeted bY the 

shell resonance, the density series required only two terms to represent, the sound 

speeds adequately whereas the pressure series required three terins. 'fýruncation 

of the series causes systematic errors in the coefficients and, since these may be 

estimated, this provides another tttit that, additional ternis are not, hiding the 

effects of the shell resonance. For the pressure series in which the coefficients are 

AO, A, and A2 the fractional systematic error in J3,, caused by truncation of the 

series from three to two terms may be estimat(xl by 

A2 (P) 

A, 

where ýp) is the average pressure for the isotherm. At, 282 K analysis of the 

fiill pressure range gave ý3,, = -519-40 c110-mol ' for the two terril fit, and JI, 
' = 

-504.78 (-in 3. mol-' for the three t. erm fit, a change of about, 15 ciný'-rnol-'. Equa- 

tion (8.1) limits the expected change to 5 crri: f-mol 1 indicating that, the data 

is affected by the shell motion. When the top four pressures are removed the 

regression gives 0,, = -502.29 cmý"-mol-' for the two terin fit, and 0,, = -507.13 

Cm 3. itiol- ' for the three term fit, a change of about. the exp(x-ted 5 

showing that the perturbed data had been successfi illy removed. Figure (8.11) 

shows the fractional deviations of the average specA of sound (u) from the values 

u,, d, calculated from the two term pressure and density fit. s finally sel(xled in 

which the highest four pressures were removed. The rei(xited high-pressure points 
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Figure 8.11: Fýractioiial deviations of the average sound speeds ýu) deterillilled for 

the selected modes from the calculated value. s for the isotherin at 282 K in SF(j. 
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can be seen t, o deviate significanfly from t. h(! fit. and could not, be fit, t, ed co wit. hin 

a few standard deviations wich the expected number of terms,; two terins for the 

den, sity series and t, hree for flie pressure series. Figiirv (8.12) displays the frac. - 

tional sound speed deviations at, 339 K for flic finally selwt, ed two4erin 1)r(-, siir(, 

and density series in which the four highest, pr(tisures were discarded. Similarly 

to 282 K these rejected data show large deviations from the fit whereas the r(-'t 

of the data may easily be fitted within flie typical standard deviations of 20 ppm. 

The other five isoffierms were analysed using t, he saine procedtire and dic restiks 

are listed in t, al)l(-. i (8.3) t, o (8.10) which give Ow nwan quant, ity (u) 
, 

t, oget, her wit, 11 

t, h(! standard deviation e7 of flic mean at, a given st. at-e point, and ffie deviat, ion 

6=u, 
al, - (u) of the nican from Hie vqiiat, ion of best, fit, for both flic density and 

pressure series. In tablets (8.3) t, o (8.10) (a) indicat, es a st, at. c point, removed from 

t, he analysis. 

8.2.4. Mransport Properties 

The transport properties deriwxI from the analysis of the resonance half-widdis 

in SF6 are presented in this section and compared with published data. The 
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Table 8.3: Memi wdues of u with standard deviations (Tand deviations b froin the 

density and pressure series at 230 K for SF(;. 

1066 (--] U) /U 

T/K I 
p/kPa (u)/M. s-' 10'o, (u) /u_ p series p series 

229.840 149.125 117.0471 11.7 4.8 3.0 

138.865 117.3226 11.4 0.9 0.2 

128.320 117.6036 1 (). 11 -3.0 3.1 

117.561 117.8880 9.1 -8.6 5.9 

107.119 118.1633 7.7 2.7 3.9 

97.075 118.4249 7.4 1.3 2.2 

86.997 118.6852 7.7 -1.7 -0.8 
77.027 118.9412 3.9 -0.3 -0.1 
66.966 119.1974 3.1 0.7 -0.3 
56.986 119.4497 6.3 0.4 -0.8 
45.512 119.7378 10.8 3.2 1.8 

36.930 119.9515 15.1 3.3 2.5 

26.989 120.1969 10.0 -0.6 -0.8 
16.989 120.4417 21.0 -5.5 -4.8 
7.008 120.6848 14.3 (a) (a) 
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Table 8.4: Mean values of u with standard deviations (Tand deviations 6 from the 

density and pressure series at 241 K for SF(;. 

10`6 (U) /U 

T/K p/kPa (u)/m-s-' IWO, (U) /U p series p series 

240.449 176.568 119.3800 22.6 (a) (a) 

159.623 119.7962 21.0 (a) (a) 

142.132 120.2147 16.1 (a) 

124.327 120.6305 7.7 (a) 

105.446 121.0218 14.3 5.1 0.3 

95.887 121.2405 12.4 1.8 0.5 

85.903 121.4674 10.0 -3.0 -1.9 

76.452 121.6816 9.8 -1.1 1.11 

66.752 121.8996 9.3 -3.1 0.0 

55.670 122.1473 9.9 -2.8 0.2 

46.854 122.3430 8.3 -3.9 -1.8 

37.075 122.5593 8.2 -0.1 0.1 

27.980 122.7596 15.8 5.3 3.2 

18.966 122.9559 16.3 2.2 -2.5 

10.027 123.1467 78.0 (a) (a) 

165 



Table 8.5: Mean values of u with standard deviations a and deviations 6 from the 

density and pressure series at 253 K for SF6- 

lolýb (U) -/u -ý 
T/K I 

p/kPa (u)/m-s-' 10'o, (u) /u p series p serie-s] 

253.157 198.713 122.3675 1 (a) 

175.355 122.8508 7.0 10.9 3.9 

153.028 123.3076 9.0 -9.2 -9.7 

130.459 123.7638 5.1 (a) (a) 

99.414 124.3889 14.7 1.4 8.5 

89.911 124.5764 14.1 (). 1 4.2 

79.960 124.7721 13.2 -0.9 2.0 

69.972 124.9671 12.0 -5.4 -3.2 

60.011 125.1611 11.0 -4.9 -3.5 
49.991 125.3552 8.4 -4.2 -4.3 

40.009 125.5475 9.7 -3.7 -4.8 

30.016 125.7395 9.9 1.1 -1.6 

20.008 125.9314 21.9 10.3 6.1 

10.022 126.1229 14.4 (a) (a) 
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Table 8.6: Memi values of u with standard deviations (7and deviations 6 from the 

density and pressure series at 267 K for SF(;. 

16 0'6 (U) /U 

T/K p/kPa ýu)/m-s-' 10a (u) /u p series 

266-626 256.672 124.9563 27.5 

220.182 125.6164 27.8 0.4 

183.469 126.2717 29.1 (a) -0.1 

147.001 126.9131 24.4 13.1 -1.9 

110.344 127.5495 18.6 0.5 2.7 

100.352 127.7210 16.9 -3.9 0.5 

90.369 127.8918 17.1 -5.7 0.0 

80.360 128.0622 13.9 -8.6 -2.0 
70.377 128.2320 11.4 -6.6 -0.4 

60.364 128.4014 11.8 -4.6 0.0 

50.389 128.5694 9.9 -3.4 -1.2 

39.082 128.7594 7.7 1.9 0.4 

30.084 128.9103 10.2 9.3 4.3 

20.308 129.0720 16.9 5.6 -4.0 

10.476 129.2337 61.7 (a) (a) 
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Table 8.7: Mean values of u with standard deviations (Tand deviations 6 from the 

density and pressure series at 282 K for SF(;. 

10`6 (U) /U 

T/K p/kPa (u)/m. s-' 10'a (u) /u p series 

281.913 314.920 127.9859 68.5 (a) (a) 

263.821 128.7835 54.0 (a) (a) 

212.651 129.5689 45.0 (a) 

161.619 130.3404 36.6 (a) 

110.263 131.1045 28.9 8.7 -9.6 
100.248 131.2522 27.7 3.2 -2.9 
90.332 131.3979 25.8 -1.9 1.1 

80.325 131.5452 23.9 -1.2 7.9 

70.296 131.6914 24.1 -6.5 5.7 

60.319 131.8369 22.1 -6.8 5.2 

50.307 131.9827 22.5 -5.1 3.8 

40.347 132.1271 21.8 -4.1 -1.2 

30.355 132.2718 20.9 0.4 -5.7 

20.364 132.4171 21.5 13.4 -4.5 

10.338 132.5624 98.4 (a) (a) 
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Table 8.8: Mean values of u. with standard deviations (T and deviations 6 froin the 

density and pressure series at 299 K for SFc,. 

1066 (U) /U-l 
T/K p/kPa (u)/m. s-' lWo, (u) /u p series 

298.474 353.658 131.8209 80.1 (a) (a) 

292.800 132.6227 68.2 (a) (a) 

231.776 133.4153 56.5 (a) (a) 

170.716 134.1981 33.2 (a) (a) 

110.299 134.9630 26.2 12.4 -2.3 
100.404 135.0869 25.5 6.1 0.6 

90.375 135.2121 24.1 0.3 1.6 

80.413 135.3365 22.8 -2.8 3.4 

70.342 135.4617 21.8 -6.5 2.5 

60.405 135-5850 19.5 -9.8 0.0 

50.417 135.7086 17.4 -11.6 -3.3 

40.419 135.8327 17.3 -8.3 -3.4 

30.438 135.9564 19.0 -3.8 -4.3 

20.442 136.0805 24.0 5.8 -2.2 

10.453 136.2006 172.3 (a) (a) 
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Table 8.9: Mean value. 9 of u with standard deviations a and deviations 6 from the 

density and pressure series at 317 K for SF6. 

10,6 (U) /U 

T/K p/kPa (u)/m-s-' 10'a (U) /U p eries 

317.347 396-321 136.0401 100.5 (a) (a) 

324.590 136.8320 51.6 (a) (a) 

252.274 137.6175 51.0 (a) (a) 

181.494 138.3756 42.1 (a) (a) 

110-050 139.1317 24.0 6.6 -1.7 
100.065 139.2369 22.5 2.5 -0.3 
89.981 139.3432 22.1 1.0 2.5 

80.044 139.4475 20.8 -2.5 1.6 

70.068 139.5520 16.3 -4.9 0.6 

60.150 139.6556 15.3 -7.6 -2.1 

50.202 139.7601 15.2 -4.1 0.0 

40.307 139.8653 15.1 -2.8 -1.4 

30.255 139.9687 17.2 1.5 -1.2 

20.284 140.0734 27.6 10.3 2.1 

10.352 140.1799 99.1 (a) (a) 
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Table 8.10: Mean values of u with standard deviations o, and deviations 6 from 

the density and pressure series at 339 K for SF6- 

1066 (U) /U 

T/K p/kPa 
ýU)/M. S-I- 106or (U) /U p series p series 

338.987 560.806 139.7202 127.8 (a) (a) 

447.522 140.7475 102.0 (a) (a) 

336.004 141.7479 78.1 (a) (a) 

223.120 142.7477 73.1 (a) (a) 

110.220 143.7382 25.8 7.5 2.3 

100.248 143.8252 25.4 4.7 3.0 

90.230 143-9121 25.5 -1.2 -0.3 
80.373 143.9981 28.8 -2.1 0.6 

70.240 144.0855 20.5 -8.3 -4.8 
60.252 144.1727 23.4 -6.1 -2.5 

50.298 144.2593 22.8 -4.6 -2.0 

40.268 144.3467 17.8 -1.1 -0.2 

30.155 144.4347 11.8 2.8 1.0 

20.343 144.5203 26.4 9.7 4.4 

10.373 144.6004 144.2 (a) (a) 
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Figure 8.12: Fý-actional deviations of the average sound speeds ýu) determined for 

the selected modes from the calculated values for the isotherm at 339 K in SFfj. 
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transport properties are the limiting value-S as the density tends to zero but the 

subscripts have been dropped for clarity. 

Thermal Conductivity Results 

The thermal conductivity and its density dependence were determined at each 

experimental temperature. Both quantities were fitted using weighted non-linear 

regression analysis in which the most significant terms were selected from a bank 

of tern-is 7, where n= -4, -3,.. - + 4. For the thermal conductivity, K this gave 

K/MW - m-1 - K-1 = 0.16947 x 10-3 T2-0.277 x 10-9T4, (8.2) 

with a standard deviation of 0.24 mW. m-'. K-'. The density dependence of the 

. 
(, 9KIap) 

was not found to have a significant temperature thermal conductivitv 
dependence over the experimental range and the weighted mean value is 

(OK 
ýla, 0) /MW. m2 - K-' - kg-' = 0.32 (8.3) 

which has a standard deviation of 0.04 mW. m'-K-'-kg-'. Table (8.11) gives the 

experimentally determined values of the thermal conduCtiVity Kalong with their 
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Table 8.11: Values of the thermal conductivity r,, its standard deviation (T and 
deviation 6 from the smoothing equation at each experimental temperature in 
SF6- 

T/K o, /mW. m-'. K-' I 6/mW-m-' 

229.840 7.84 ±0.11 -0.34 
240.449 9.06 ± 0.06 0.19 

253.157 9.48 ± 0.12 -0.24 
266.625 10-35 ± 0.09 -0.30 
281.613 11.84 ± 0.07 0.14 

299.477 13.05 ± 0.08 0.08 

317.346 14.13 ± 0.10 -0.13 
338.987 15.83 ± 0.11 0.01 

standard deviations a that were estimated from the regression analyses of the 

half-widths. Table (8.11) also gives the deviations 6ý Kexp - K,. i, of these values 

from equation (8.2). Table (8.12) gives the experimentally determined values of 

the initial density dependence of the thermal conductivity (NI, 9p) along with 

their standard deviations or as well as the deviations 6=(, 9r. 1(9p),,. 
p - 

((9K/o9p)c.,, 

of these values from equation (8.3). Figures (8.13) and (8.14) show the deviations 

6 from equations (8.2) and (8.3), and it is encouraging that all the data may be 

fitted to within three standard deviations. 

Figure (8.15) shows the nearly linear dependence of the thermal conductivity 

with temperature over the experimental range and the agreement with literature 

results. Reference [5] gives a corresponding states analysis based on experimen- 

tal data. This experimental data is limited to temperatures above 298 K and it 

can be seen that above this temperature the results from this work show good 

agreement. Below 298 K the experimental results deviate systematically from the 

extrapolation of the corresponding states correlation of Uribe et al. N. The result 

of Hermans and co-workersA and Plank (71 are significantly high compared to this 

work but there is excellent agreement with the most recent literature determi- 

nation of Tanaka et al. ['] of better than I% over the overlapping temperature 

range. 
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Table 8.12: Values of the initial density dependence of the thermal conductivity 
(N/Op), its standard deviation (7 and deviation 6 from the smoothing equation 

at each experimental temperature in SF6- 

I T/K 1((9r. /ap)±o, /mW-m'. K-'. kg-' Ib/mW-m' 

229.840 0.33 ± 0.02 0.01 

240.449 0.28 ± 0.01 -0.04 
253.157 0.36 ± 0.02 0.04 

266.625 0.36 ± 0.02 0.04 

281.613 0.31 ± 0.01 -0.01 
299.477 0.33 ± 0.02 0.01 

317.346 0.38 ± 0.02 0.06 

0.38 ± 0.02 0.06 

Figure 8.13: Deviations 6 of the thermal conductivity K of SF6 from equation 

(8.2). 
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Figure 8.14: Deviations 6 of the initial density dependence of the thermal con- 

ductivity (OKlap) of SF6 from equation (8.3). 
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Figure 8.15: Comparison of the thermal conductivity K of SF6 determined in this 

work with published values. 
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Table 8.13: Values of the shear viscosity 77, its standard deviation (7 and deviation 

6 from the smoothing equation at each experimental temperature in SF6- 

T/K 1 
17 ± a/IAPa-s 

I 6/pPa-s 

229.840 11.55 ± 0.16 -0.63 
240.449 12.93 ± 0.08 0.19 

253.157 13.04 ± 0.16 -0.38 

266.625 13.81 ± 0.12 -0.32 

281.613 15.18 ± 0.09 0.25 

299.477 16.04 ± 0.09 0.17 

317.346 16.64 ± 0.12 -0.18 

338-987 17.85 ± 0.12 -0.12 

Shear Viscosity Results 

Regression analysis was performed on the viscosity data in the same way as for the 

thermal conductivity. The shear viscosity 77 was found to have a linear dependence 

on temperature over the experimental range and may be represented by 

77/pPa -s=0.053T (8.4) 

with a standard deviation of 0.34 MPa - s. The density dependence of the viscosity 

was the same for all temperatures over the experimental range and the weighted 

mean value is 

(o"ýqld9p) /pPa -s. M3 - kg-' = 0.42 (8.5) 

which has a standard deviation of 0.05 pPa. s. rn 3 -kg-'. Table (8.13) gives the 

experimentafly determined values of the shear viscosity 77 together with their 

standard deviations (T estimated from the half-width analyses. Table (8.13) also 

gives the deviations 6ý 77exp - 77calc of these values from equation (8.4). Table 

(8.14) gives the experimentally determined values of the initial density dependence 

of the shear viscosity (o'Iq1,9p), their standard deviations (7, and the deviations 

'ýIlMcalc of these values from equation (8.5). Figure (8.16) 6ý (OllMexp - (0 

shows the deviations from equation (8.4) and again all the data may be fitted 

to within three standard deviations indicating that no values fall outside the 99 
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Table 8.14: Values of the initial density dependence of the shear viscosity (49, qlo9p) 1 
its standard deviation (T and deviation 6 from the smoothing equation at each 

experimental temperature in SF6- 

1 T/K 1 (ai7/ap)±c7/1iPa. s. M3. kg-1 ý, 6/tiPa. s. n, 3. kg-' 1 

229.840 0.48 ± 0.03 0.06 

240.449 0.40 ± 0.02 -0.02 
253.157 0.50 ± 0.03 0.08 

266.625 0.48 ± 0.02 0.06 

281.613 0.40 ± 0.01 -0.02 
299.477 0.40 ± 0.02 -0.02 
317.346 0.45 ± 0.02 0.03 

338.987 1 0.43 ± 0. ( 

Figure 8.16: Deviations 6 of the shear viscosity q of SF6 from equation (8.4). 
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Figure 8.17: Comparison of the shear viscosity 71 of SF6 determined in this work 

with published values. 

19 

18 

17 0 this work 
------- equation (8.4) 
-------- ref. 2 16 ref. 9 

ref. 10 
0, 15 ref. 11 

14 
Ar- 

13 

12 

4 

11 

ý, * 

220 230 240 250 260 270 280 290 300 310 320 330 340 
T/K 

confidence interval for the linear equation describing the viscosity over the 

experimental temperature range. 

Figure (8.17) shows the agreement between the results obtained in this work 

and that of other workers. It can be seen that the agreement is not as close 

as for the thermal conductivity. The results from this work deviate from the 

published data increasingly at the higher temperatures with a maximum deviation 

of approximately 5% at 340 K which corresponds to two times the standard 

deviation of the fit. This level of agreement is favorable considering the very 
different systematic errors inherent in an analysis of this kind. The importance 

of the transport properties derived in this work lies in the ability to analyse the 

speed of sound data without recourse to published data and not in their absolute 

accuracy. The results from this work are larger and this may be partly due to 

the Stiel-Thodos relation used to correlate the values of the thermal conductivity 

and viscosity. In addition, any imidentified loss mechanisms in the resonator 

or the incliLsion of modes affected even slightly by the shell resonance will give. 

rise to overestimates of the transport properties and the resiflts from this work 

should be treated with caution. The literature results all agree to better than 
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Figure 8.18: Deviations 6 of the initial deiLsity dependence of che shear viscosit, v 
(07110p) of SF6 from equation (8.5). 
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2 'A over the rmige 230 to 340 K. References [2] and [9] represent corresponding 

states correlations of experimental data by Wakeharn ct a/. wid Mason ct al. 

respectively. Both sets of authors used die same primary data and give essentially 
identical resillts above 300 K. The experimental data of floogjand ct al., ... I lising 

a capillary-flow viscometer and that of Vogel et al. 1111 iising an oscillating disk 

viscometer show remarkable agreement for measurements prodiwed using different 

experimental techniques leading to the conclusion that the presented here 

are in error by up to 5 %. 

Figure (8.18) shows the initial density dependence of the viscosity determined 

in this work and that of other workersI101,1111. The results from this work arC an 

order of magnitude greater than the publislied restilts and this is probably due 

to the density dependent term ahsorbing the effix-t of the sliell resonance which 

increase.,, with density. The density dependence of Clie thernial conductivity given 

in the previons s(x-tion is also likely to be in error by an order of magnitlide and 

no importance should be attributed to Ole initial density dependencies of t'lle 

transport properties. 
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Table 8.15: Vahies of Hie vibrational relaxation finic -rp at, a density of I kg. iii: ', 

its standard deviation (-; - and deviation 6 from the smoothing equation kit, each 

experimental temperature in SF6. 

T/K 1 
-rp ± or/ps-kg. M-3 /tzs-kg-m--" 

229.840 6.55 ± 0.06 -0.09 
240.449 5.97 ± 0.03 -0.06 
253.157 5.68 ± 0.06 0.12 

266.625 5.16 ± 0.04 0.011 

281.613 4.65 ± 0.03 -(MM 
299.477 4.24 ± 0.03 0.00 

317.346 3.90 ± 0.03 0.06 

338.987 3.36 ± 0.04 - 08 

Vibrational Relaxation Times 

Vibrational relaxation makes ail important contribution to the I(xsses in sulfin- 
hexafluoride. In order to account. for this and to correct the observed fre(piencies 

for dispersion, estimates of the vibrational relaxation times at, ewh experimental 

temperature were required. The estimatu-ý presented here were determiti(xi Iýv 

separating out the different. density dependencies of the known loss nimbanisins 

that contribute to the resonance half-widths. Value. s Of Tpat a density of I kg-ni: ' 

and their associated standard deviations (T are given in table (8.15). 'Flic valim,, 

may be represented by 

0.508 x lO(ý 0.384 x 10' 
kg - ni-3 =-- -- (8.6) 

T2 

over the experimental temperature range with a standard deviation of 0.08 /is-kg-ni--' 

Table (8.15) also gives the deviations 6= (7-p), 
ý. p - 

(7-p),,,, 
(, of the experimental 

results from equation (8.6) and it may be seen from figure (8.19) that dl the 

experimental data could be fitted to within two standard deviations. The olll. v 

literature vallell2j for the vibration relaxation time is shown hi figure (8.20) in 

which the vibrational rehuxation time at a density of I kg-in: ' is ws a 

function of temperature. The literatim! result determined using interferrometric 

techniques is of the saine magnitude ýLs the data presented here and the agr(4- 
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Figure 8.19: Deviations 6 of the vibrational relaxation tinies -rp of SF(j at a dellsItY 

of I kg-m' from etiation (8.6). 
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Figure 8.20: Comparison of the vibrational relaxation times -rp of SFtj at a density 

of I kg-m 3 determined in this work with published vidues. 
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ment is not bad considering the very different experimental methods. The result's 

show the expected temperature dcpendencel`ý which depends on the ratio of the 

number of collisions Zio = P101 required for a niolecule in the I" ýI state to d(- 

activate. and the gas kinetic colfision rate Z. -, = ZI(, /Z and as Z increases with 

temperature this leads to a decrease in the value of the vibrational re], Lxation t inic 

a. s the temperature is increased. The probability P, 0' depends oij tlj(, Boltzinaim 

distribution of the molecules between the vibrational states as it is the 1111111ber 

of collisions between molecules in the v=I state and the v=0 state. This will 
lead to a decrease in -rp at. low temperatures. The two conijwting inechanislihs 

result in a maximum in the vibrational relaxatioij time. In SF(; this occliFs' below 

the lowest, experimental temperature of 230 K. Such asiniple model is caj)ahle of 

explaining the trends in 7- but a more complex 1110del illchiding effects such as t he 

energy change AE between the translations and vibrations woifld he requinxi iii 

aij attenij)t to analyse the data further. 

8.2.5. Results Derived from the Speed of Sound 

Values of the perfect gas heat capacity and secolld acomstic virial coefficiew were 

determined by analysis of the speed of sound data along each isodicrill ill terllLs 

of a density or pressure series. Combination of these results with a ý, quare-well 

potential allows (-, -stimates of the (p. V. T) second virial coefliciviit h) be madc. The 

results are. of high accuracy and the ability of the square-well poteiitial to model 

1he (p. V T) second virial coefficient to well outside dic experimeiital temperat urc 

range is shown. 

Heat Capacity Results 

The perfect-gas heat capacities were determined from Ao/b 2. and the ri-sults from 

both the density series and the pressure seri(-. i are given in lable (8.16). Values of 

b2 were calculated from the measurements in propenc and the values of werc 
fit to a finictioii detcrniined using the adaptive regression alporithin which gave 

CP91R = 0.0541T - 0.583 x 10-'lT2 + 0.85 x 10 (8.7) p 
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Table 8.16: Perfect-gas heat capacities C, ýý derived fron, the density and pn-ssilre 

series, estimated standard deviations (T, and deviatiorLs A from the smoothing 

equations for SF6- 

Density series Pressure series 

CP9/R ± cr p A I Cll, 'g/R +a 
- 

A 

229.840 9.5980 ± 0.0009 -0.0056 9.5987 + 0.0014 
- 
-0-0032 

240.449 9.9413 ± 0.0014 0.0071 9.9392 ± 0.0029 0.0073 

253.157 10.3450 ± 0.0013 0.0232 10.3436 + 0.0024 0.0267 

266.625 10.6828 ± 0.0020 -0.0408 10.6786 0.003,1 -0.0375 
281.613 11.1504 ± 0.0033 -0.0110 11 -1389 0-0033 -0-0136 
299.477 11.6581 ± 0.0039 -0.0149 11.6508±0.0037 -0.0141 
317.346 12.1990 ± 0.004: 3 0.022: 3 12.1927 ± 0.0032 0.0212 

338.987 12.7771 ± 0.0043 -0.0042 12.7726 ± 0.0042 -0.0069 

with a standard deviation of 0.025 R for the vallies deterillilled using the dellsit. N. 

series, and 

CPP91R = 3.54 + 0.0274T- 
0.66 x 101' 

(8.8) T4 

with a standard deviation of 0.025 R for the values determin(XI ming the pm. 'sure 

series. Table (8.16) also gives the deviations A=- (CP9/I? )(ý,,,. 

from equations (8.7) and (8.8). Figure (8.21) depicts the deviations A of the 

experimental results from equations (8.7) and (8.8) which may bes(xýn to be very 

similar for both methods. The data cannot tlwkvs be. fitted to within a small 

multiple of the standard deviation indicating that there are unknown errors in the 

ailaJysis but no datilin cmi besingIv. d out, as partictilarly in error. Comparison wit 11 

piblished data is by meams of figim, (8.22) which giv(-,. i e(piat, ion (8.8) and vahmý 

(-kd(-iilat(-(l from spectroscopic information ws deviations from (xiiiation (8.7). The 

pressure fit moilts are essentially identical to those of the density fit, and the valm-s 

calculated frorn sp(, (-tr(xs(-opi(- information and those on an correlation of 

experimental values deviate from those in this work by up to 0.25 R. The set 

of spectroscopic values a) were calculat, ed using div vibrational fre(piew-H-s from 

dic infra-red spectrum of Gauntl"I and div Itarnan spect. nini of Yost ct al. P': 

wssuming that SF(j is an harmonic oscillator. The set. of sl)(4troscopic values h) 
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Figure 8.21: Deviations A of the perfect gas heat capacities C, ], "4 of Sl, '(., determined 

from the density and pre-ssure series from equations (8.7) wid (8.8). 
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Figure 8.22: Comparison of the perfmt, gws heat. capacities (. ', ', 'g of SFfi determin(41 
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Table 8.17: Values of the second acoustic virial coefficient 13,, from the densit, ý . 
and pressure series, estimated standard deviations eT, and deviations A from the 
square well potential for SFc,. 

Density series I Pressure series 

T/K Tß. ± u/cmý"-moi" TA A, ± O'/cm"-Mol 229.840 -763.92 ± 0.11 -0.02 -763.03 + 0., 18 

240.449 -696.76 ± 0.22 0.03 -698.49 ± 1.18 

253.157 -626.61 ± 0.61 0.44 -627.25 ± 0.66 

266.625 -562.11 ± 0.26 0.36 -564.84 ± 0.48 

281.613 -502.29 ± 0.47 -0.32 -511.26 ± 0.54 

299.477 -443.87 ± 0.56 -3.45 -450.07 ± 1.01 

317.346 -387.86 ± 0.45 0.75 -392.50 ± 0.44 

338. 1.34 ± 0.56 0.94 -337.54 ± 0.55 

A 

(). 98 

-0.59 
: 3.26 

2.43 

-3.99 

-4.49 
0.49 

67 

were calculated using vibrational freyiencies rmommemled by HerzbergI16) where 

the lowest wavemimber band is assigned as 361 cm 1,17 wavenumbers higher 

than the other authors. This band is both Raman and infra-red inactive atid is 

assigned using combination bands. As it is the lowest wavenumber band and is 

also triply degenerate it has the largest contriblitioll to the heat, capacity leading 

t, o an uncertainty of 0.1 R in C, ý9. At, the level of iwctiracy of Oic spectroscopic 

data, tit(! results of this work are in good agrminent. The vorrelation based on 

experimental data was found in reference [3] but, no indication of Che lu-curacy, 

source inaterial or temperature range over which the expression is valid was given. 

Recent determinations of the heat capacity of SF(j have been coidined to the solid 

state and in the absence of reliable m-ent data little caii be cmicluded about, the 

accuracy of the results presented here. 

Second Virial Coefficients of SF(i 

The second woustic virial coefficients deteriniii(xi from fitting the speexi of sound 

results to both a density series and a pmsure scricti, at each of the eight, experi- 

mental temperatures are given in table (8.17). The extraction of (p, V, T) swond 

virial coefficients wws by meams of regression analysis using dic square-well pot, vii- 
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Figure 8.23: Deviations A of the second acowstic. virial coefficients /ý, of SF(, 

determined from the density and pressure series from eqiations (8.9) and (8.10) 

with equation (1.15). 
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tial and equation (1.15). The experimental determinations of C, ý`, were us(XI ill 

conjunction with the woustic second virial coefficients ý3,,. Weight, (xi non-linvar 

analysis of the experimental fl,, with wid the squan-well finiction yi(! I(I(xi 

BICM 3. 
Mol-I = 298 - 194.9 exp (320 K/T) (8.9) 

which fit, the. msults from the density series with a weight, ed standard deviation 

of 0.7 (! m: i. mol-,, and 

B/(! iil: i . inol- 1= 447 - : 112 exi) (250 K/T) (8.1()) 

which fit the results from the pressure series with a weighted standard deviation 

of 3.0 cm 3. Mol-1. In figure (8.23) the experimental /3,, are shown as deviations 

A= (fl,, ), 
ýxp - 

from equatioms (8.9) and (8.10) with equation (1.15). 1,11(, s(, 

deviations A are also given in table (8.17). With the exclusion of the dat, 11111 at 

299 K, the. experimental values are fit, to within a few multiples of their StAlldLrd 

deviations and exclusion of this point, altered the values of B 1-ýy nitich less tjjýLjj 

their standard deviation and leads to a Inislemling (-Ailllatv of the accuracy of the 
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Figure 8.24: Comparison of the second viriaJ coefficients B of SF(; determined 

from the density an(] pre-9sure series and those recornmend(xi in reference [17]. 
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m-sult. s. The results from the pressure series cwi be swn to have larger standard 

deviations and in general show more scatter from the fit which liLs a corre--spond- 

ingly higher standard deviation. These ohservations are due to the use of vither 

two or three term fits of the speed of sound results which Ivive differing syst. einat ic 

errors. In comparison the density fits only supported two terins leading to the 

incliLsion of similar systematic errors in each giving a niore consistent data 

set. For the t3,, re-sults from the density series it, wýts (', Lsy to Judge dic exponen- 

tial term that best represented the data wherekLs for the noisy /1,, n-tiults fron, 

the pressure series dic difference was mininia. ] for maity difrerent exponent. s. Due 

these fw-tors. for the remaining two syst. ems only dic density fit's of the spv(Xl 

of sound have been employed leading to consistent, da. ut which nmy be a. wilys(XI 

easily. It, must be remembered however that, this does lead t, o similar systemat, ic 

errors in all the resulting vahie-s of fý., dtic to truncation of the series. 

Figure (8.24) shows the variation of the (p, V, T) second virial coefficient 13 

with temperature. The agreement between the solutioms for the density and pres- 

sure series is excellent, over the experimental temperatin-c range of 230 to 3-10 K 

and at every temperature in this range the results agmý wil ht hose revonimended 
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Figure 8.25: Deviations AB of the swond virial coefficients B of SF(j from 

tion (8.9). 
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in reference [17] to within their est, imat(xi error. Below 230 K the reslilt, s frorn che 

density series agree well with the recommended values Nit the resii1ts from the 

ace by tip to 40 (-in 3. mol-'. At. Lemperat. iint., pressure series can be seen to devi, 

above 340 K both equations show excellent agreement witli the TeCOIIIIIICTIdVd Val- 

ties to well above the experimental temperature range. Figure (8.25) shows kill the 

available literature data[ 181-[28) as deviations AB = B, quation (S. 9) -- B from (XIIIa- 

tion (8.9) and it is immediately apparent. that, the agreenient, with other workers 

is excellent, even well outside the experimental temperature range. In general Ole 

results agree with those determin(xi iising classical (p, V, T) inethods to within a 

few multiples of the estimated errors. In particular the precise nicasurenients of 

Rosenthal et al. [2 '1 differ from (8.9) by less than 5 cin: '-niol-1 in the range 270 

to 470 K. At, temperatures below 250 K where there is only one pliblis'lled Set, 

of results (xination (8.9) is likely to give the most, u-ciiratc predictions of 13 as 

classical methods stiffer from systematic errors due to adsorption at low reduced 

temperatures. This work again illustrates the precision witli which virial coefli- 

cients may be estimatc, ýd using acoustic teclini(Ines, and in particular the accllnu-y 

that, may be. whieved for gaseýs sucli as SFt; in which there is severe dispersion, 
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which is ininimised using an annular resonator. 

8.3. «1 - x) CH4 + XC2H61; X: -- 0-15 

'I'lic methane-ethane mixture was studied at eight, at. temperatures between 2: 30 

an(] 340 K. The experimentally determined frequencies were corrected as "tit lined 

in chapter 2. The transport properties and virial coeflicients r(xininx] tit Ott, 

various correction terms were determined using the iterative procediire discussed 

in chapter 7. As no literature data were available, a third iteration was perforn](41 

to reach a stable solution for all the variables. In the analysis of the half-widtli 

data for the mixture, the Stiel-Thodos expression was again used to relate the 

thermal conductivity and shear viscosity. 

8.3.1. Half-width Fitting 

At every temperature the (0,2,1), (0,3,1) and (0,4,1) modes were discarded 

from the half-width analysis as they showed consistent discrepancies froin the 

remaining four modes of greater than 20 ppm. The lowest, presslire point was also 

removed at each temperature clue to the very large half-widths conipronii. sing 

the m-curacy of the results. The frm, tional exc(-ss halfwiddis Ay/f for it typical 

isotherm at, 253 K are shown in figure (8.26). The sinall symbols represent data 

rejected from the analysis; the (0,3,1) mode was rej(x-ted as the fractional exce&s 

half-width increases to a value of 50 ppm, and the (0,4,1) mode was removed as 

the frwýtional exc(-, s ludf-width was (ýojisist. ejjfly high by about 45 ppin for the 

whole isotherm. The (0,2,1) mode was also discarded froin the fin] f-widdi aj ialYsis 

and the friu-tional excess half-widths A. qlf for this inode as well ws its fru-t. iojiid 

deviations from the mean speed of sound (u/b) calculated frorn the niodes 

are plotted in fignire (8.27). The behaviour of the (0,2,1) inode in the mixture 

is similar to that in propene and SF6. The fractional excess lialf-width is again 

high at, low pressures going through it inaxiinuin then subs(xiiiently d(x-rvasing. 

The value at the highest pressure does not follow this trend and appears to be in 

error. The fractional deviation in u is again around -200 ppin at below 

70 kPa and again becomes large and positive at, higher prvssurvý. A maxima is 

not seen in this plot but the pre-ssure at which it, occur., may have been Inis. sed, 
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Figure 8.26: Fractional excess half-widths Ag/f for Ow isodwrin at, 25: 3 K in Hic 

nfixt, urv. 
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Figure 8.27: Frwtional deviations of the calculated valu(. -; of u1b for the (0,2,1) 

mode from the average valtie (ulb) and frm-tional exce. -is half-widt'lls Ay/f for 1,11c 

(0,2,1) mode for the isotherm at 253 K in the mixtin-c. 

1200 -*-- I 06(Aglf) 

1000 
.... ... J06(<U/b>-(a/b))/<aýb> 

800 

600 

400 

200 

0 

-200 

-400 10 30 50 70 90 110 130 150 170 190 210 

p/kPa 

190 



Table 8.18: R(--ionance modes rejected at ew-h experimental temperature in the 

sound speed analysis for the mixture. 

T/K Modes Rejected 

230 (0,2,1) (0,3,1) (0,9,1) : pl 

(0,2,1) (0,3,1): 1)2-1)15 

241 (0,2,1) (0,3,1) (0,4,1) (0,9,1) 

253 (0,2,1) (0,3,1) (0,4,1) (0,9,1) 

267 (0,2,1) (0,3,1) (0,4,1) (0,9 
ý 1) 

282 (0,2,1) (0,3,1) (0,4,1) (0,9,1) 

299 (0,2,1) (0,3,1) (0,4,1) (0,9 ý 1) 

317 (0,2,1) (0,3,1) (0,4,1) (0,9,1 ) 

339 (0,2,1) (0,3,1) (0,9,1) : 1) 1, p2,1)8,1) 13 

(0,2,1) (0,3,1) (0,4,1) (0,9,1) : p3-1)6,1)14,1)15 

(0,2,1) (0,3,1) (0,4,1) : p7,1)9-1)12 

and the deviations do not show a clear mininnim at, 50 kPa. Despite these small 

differences which are likely to be diie to the choice of mod(v., retained in thc 

analysis, the similarities in the behaviour again indicate a geometric pertiubation 

which severely affects tlie (0,2,1) mode. 

8.3.2. Sound Speed Analysis 

The modes rejmted in tile. analysis of tile speeds of sound determincil from tile cor- 

mited r(N. onance frequencies are given in table (8.18) and in gelieral tile (0,2,1), 

(0,3,1), (0,4,1) and (0,9,1) modes were discarded kus they showed systematic dv- 

viations of an unacceptably high level. The fractional deviations of tile individual 

u/b from tile mean ýu/b) at 253 K are shown in figiire (8.28). The low order 

(0,3,1) appears to be aff(vted by tile shell resonance a: s the fractional deviat ion 

increwses with increasing pressure. The (0,4,1) and (0,9,1) modes were also re- 

jected as they were systematically low across tile entire pressure range whereLs 

the remaining inod(-, agree to about, 20 ppin. 

Analysis of the mean sound speeds at 230 K using a density explicit series 

gave a two terin fit, where no residual curvature can be seen. As can be sevil 

19 1 



Figure 8.28: Frax! tional deviatiows of t1le "ll"of u/b froin dic average 

vahic (? zlb) determined for the selectp mod(-N for ffiv isodwrin at, 253 K in div 

mixt, ure. 
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Figure 8.29: Fýractional deviations of the average sound sluxxis (a) d(lerinin(NI for 

dic selected modes from the calculated vahics for the isotherni at, 230 K in the 

mixture. 
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Figure 8.30: Fractional deviations of the average sound spmds decertnin(xi for 

the selected modas from the calculated vaiii(-., for the isotherms at 267 K. 299 K 

and 339 K iD the mixture. 
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in figiire (8.29) which shows the fractional deviations 6= Olcalc - 01)) /Illcak of 

the mean speeds of sound (u) from the vahies calculaNd from the two term 

density series, all the data are ewsily m! commodated to within their standard 

deviations. The frao-tional deviations h= (u,.,, - (u)) from the two torm fits 

finally selected for the higher temperatures of 267,299 and 3: 39 K are illustrated 

in figure (8.30). It is evident that there is increasing curvature if) the dat'll L,; 

the temperature is incrutsed. This plienomenon may be explained 1ýy increasing 

overlap of the modes at, low density and the data beconiing affected by a shell 

resonance at higher densities. At, 230 K the maxin"Ill density was 1.4 kg-In :' 

and at, the highest, temperature of 339 K the inaxiniuni density was a factor 

of three greater at, 4.6 kg-m-'. The distortion of the low density dat"t IntY be 

due to the high order modes being perturbed Iýv divir nearest neighbours. The 

(0,7,1) mode is approximately 15,000 ppin awiky from the ( 1,3,1 111ode and the 

(0,8,1) mode is approximately 13,000 ppin away from the (1,5,1 niode. As the 

temperature increw; e. s the tnuisport properti(ti incremse and the resonance lialf- 

widths become proportionately larger exacerbating any effects (hic to overlap. At 
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the lowest pressure of about 10 kPa the (0,8,1) mode is separated by 6.6g from 
the (1,5,1) mode at 230 K and by only 4.7g at 339 K. At 4.7g the amplitude 
of the mode has decreased to 21 % of its maximum amplitude whereas by 6.6g 
it has decreased to 15 %. The contributions due to nearby modes modes are 
accounted for in the fitting procedure (see chapter 5) by a constant and a linear 
frequency dependent term. At 4.7g the Lorentzian departs from linearity by 

about 0.2 % and at 6.6g it departs from linearity by about 0.05 %. At these 
levels the background limits the accuracy of the fit. When a mode is separated 
from its nearest neighbour by at least 10g where the Lorentzian departs from 

linearity by only 0.01 %, the background may be accounted for by the fit and 

no longer compromises the accuracy of the resonance frequency and half-width. 

When the standard deviation of f was greater than 20 ppm the modes were given 

a lower weighting in the analysis but unfortunately all three higher order modes 

measured were adversely affected. At the low temperatures of 230 and 241 K 

the shell resonance does not appear to affect the highest pressures and rejecting 
the lowest two pressures is sufficient to remove the effects of mode overlap so 
that a higher order fit is not statistically significant. However, at some of the 

intermediate temperatures such as 267 K and 299 K shown in figure (8.30) the 

curvature may be fitted by an additional third term resulting in a statistically 

significant reduction in the standard deviation of the fit. The higher order fit was 

rejected as the curvature of the data should be approximately constant over the 

whole of the experimental temperature range because the fractional change in the 

sound speed is about the same. At the highest temperatures of 317 and 339 K the 

combined effects can no longer be accommodated by an extra term in the series 

as the change in slope of the data is so severe. In addition, the second acoustic 

virial coefficients P. from the higher order fits when significant could not be fitted 

to the square well potential to within a few standard deviations whereas the set of 

results from the two term fits are internally consistent. The values from the three 

term fits are systematically less negative and differ by more than the truncation 

in the series would predict. It was not possible to eliminate the effects due to the 

shell resonance and mode overlap as they affected too much of the data at the 

higher temperatures but the low pressure points severely in error were removed. 
At 230 K the lowest two pressures were removed and by 339 K the lowest four 
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Table 8.19: Mean values of u with standard deviations a and deviations b from 
the density series at 230 K for the mixture. 

T/K I 
p/kPa (u)- /m-s-I lolir (u) /u 1066 (u) /u 

229-890 145.531 368.6545 9.2 -4.5 
133.933 368.7889 7.8 -1.5 
125.789 368.8825 7.9 -1.6 
117.751 368.9750 8.5 -0.9 
109.297 369.0720 2.9 -0.5 
99.223 369.1888 8.1 3.6 

89.827 369.2962 8.2 3.6 

80.160 369.4063 9.9 2.9 

70.287 369.5192 9.2 3.9 

60.537 369.6299 10.2 2.9 

50.646 369.7417 9.9 1.1 

40.719 369.8530 11.0 -2.6 
30.904 369.9626 12.3 -7.3 
20.942 370.0714 14.3 (a) 

10-988 370.1655 15.0 (a) 

pressures were discarded. These effects are likely to compromise the accuracy of 

the high temperature data but up to 299 K they were less than 50 ppm of the 

average sound speed and even at 339 K were of the order of 100 ppm which is only 
five times the expected level of agreement. Tables (8.19) to (8.26) fist the mean 

speeds of sound (u), the standard deviations of the mean a and the deviations 

b=u,, jc - (u) of mean from the finally adopted two term smoothing equations. 

In tables (8.19) to (8.26) (a) indicates a state point removed from the analysis. 

8.3.3. Transport Properties 

Analysis of the half-widths yielded estimates of the vibrational relaxation time 

as rp, the shear viscosity 17 and its initial density dependence (05IR18p), as well as 
the thermal conductivity Pc and its initial density dependence (N10p). 
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Table 8.20: Mean values of u with standard deviations a and deviations b from 

the density series at 241 K for the mixture. 

T/K I 
P/kPa (u)/m. s-I 106o, (u) /u 1ý45ý5 

ý(U)/u 

240.956 172.389 376.9979 4.0 -9.4 
156.701 377.1544 3.9 -5.9 
142.184 377.2991 3.5 -2.0 

127.239 377.4479 3.5 2.2 

109.236 377.6268 2.6 7.2 

99.513 377.7221 2.0 7.1 

89.527 377.8200 1.3 7.0 

79.616 377.9171 4.0 7.1 

69.944 378.0110 2.9 5.3 

59.994 378.1079 2.5 4.3 

50.079 378.2026 3.7 -0.9 

40.180 378.2968 3.6 -6.9 

30.219 378.3907 5.5 -15.2 

20.279 378.4793 8.7 (a) 

10.335 378.5560 28.9 (a) 
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Table 8.21: Mean values of u with standard deviations a and deviations b from 

the density series at 253 K for the mixture. 

T/K I 
p/kPa (u)/m. s-I 10'cr(u)/u 10 66 (u) /u 

253.155 203.901 385.8902 4.0 -3.6 
179.372 386.1002 3.7 -1.2 
156.927 386.2910 3.0 -1.4 
134.538 386.4811 0.2 -0.7 
110.217 386.6888 1.3 4.0 

100.512 386.7703 4.2 2.8 

90.394 386.8562 1.2 4.1 

80.422 386.9405 1.6 4.7 

70.380 387.0238 2.1 1.6 

60.363 387.1078 3.9 0.7 

50.423 387.1915 2.7 1.1 

40.417 387.2733 3.7 -4.7 
30.458 387.3557 3.2 -7.4 
20.485. 387.4333 8.6 (a) 

10.337 387.5074 16.0 (a) 
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Table 8.22: Mean values of u with standard deviations o, and deviations b from 

the density series at 267 K for the mixture. 

T/K p/kPa (u)/m. s-1 101a (u) /u 1066 (u) /u 

266.647 238.265 395.3631 2.9 -19.2 
205.201 395.5984 2.5 -6.1 
174.161 395.8176 1.6 3.2 

142.607 396.0386 0.7 9.7 

109.959 396.2654 0.8 13.2 

99.986 396.3340 1.2 13.0 

90.103 396.4021 2.7 12.9 

80.063 396.4702 3.2 10.7 

70.064 396.5382 2.5 8.7 

60.098 396.6050 2.9 4.6 

50.116 396.6700 3.9 -4.3 

40.106 396.7344 3.1 -14.9 

30.117 396.7963 5.9 -31.3 

20.121 396.8527 9.1 (a) 

10.120 396.8832 27.7 (a) 
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Table 8.23: Mean values of u with standard deviations a and deviations 6 from 

the density series at 282 K for the mixture. 

T/K p/kPa (u)/m. s-I 106a (u) /u I 
ýb ý(U)/ 

u 

281.693 318.874 405.2693 9.0 -2.9 
266.344 405.5828 6.9 -3.8 
215.173 405.8884 5.3 -1.4 
163.230 406.4147 3.2 (a) 

110.471 406.5119 0.8 7.5 

100.499 406.5709 0.4 7.8 

90.462 406.6297 2.0 7.1 

80.181 406.6903 2.3 7.1 

70.432 406.7460 1.8 3.1 

60.468 406.8041 3.3 2.0 

50.537 406.8612 0.9 -1.2 
40.520 406.9169 0.2 -8.8 
30.523 406.9724 5.8 -16.5 
20.546 407.0229 12.1 (a) 

10.588 407.0608 44.4 (a) 
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Table 8.24: Mean values of u with standard deviations a and deviations 6 from 

the density series at 299 K for the mixture. 

T/K p/kPa 
(U)/M. S-1 1060, (U) /U 10661 

ý(U) ý/U 

298.517 369.462 416.1750 7.8 -20.7 
303.813 416.4916 6.4 -8.0 
239.702 416.8011 4.9 7.9 

176.209 417.1066 3.2 23.9 

109.646 417.4199 2.0 26.7 

99.353 417.4664 1.4 22.6 

89.865 417.5084 0.5 16.9 

79.977 417.5521 1.8 10.9 

69.974 417.5949 3.1 1.6 

60-087 417.6370 2.2 -8.1 
50.043 417.6759 4.3 -27.2 
40.111 417.7142 2.5 -46.5 
30.124 417.7518 5.6 (a) 

20.175 417.7786 13.6 (a) 

10.186 417.7867 31.2 (a) 
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Table 8.25: Mean values of u with standard deviations a and deviations b from 

the density series at 317 K for the mixture. 

T/K p/kPa (u)/m. s-I 10'er (u) /u 1066 (u) /u 

317.454 498.102 427.6123 13.0 -46.5 
403.920 427.9686 10.0 -12.3 
306.040 428.3384 6.9 25.8 

208.466 428.7040 4.0 60.5 

107.912 429.0654 0.4 64.0 

98.640 429.0925 0.9 50.2 

88.906 429.1208 0.9 35.1 

79.244 429.1493 1.7 21.2 

69.442 429.1751 2.9 -0.1 
59.674 429.1998 2.9 -23.6 
49.766 429.2159 8.9 -68.3 
39.911 429.2348 6.7 -106.1 
30.026 429.2484 9.8 (a) 

20.279 429.2458 14.9 (a) 

10.580 429.1998 34.1 (a) 

201 



Table 8.26: Mean values of u with standard deviations a and deviations b from 

the density series at 339 K for the mixture. 

T/K p/kPa (u)/m-s-1 106a (U) /U 1OW46 (u) /u] 

338.994 707.654 439.9889 18.3 -41.3 
558.765 440.4013 15.1 -6.3 

409.958 440.8113 8.9 28.4 

260.841 441.2275 2.8 80.2 

110.630 441.6356 1.0 111.6 

110.644 441.6315 3.2 102.3 

90.623 441.6583 2.5 44.5 

80.612 441.6691 8.0 9.5 

70.628 441.6766 3.2 -32.5 

60.645 441.6851 2.2 -72.3 

50.647 441.6878 2.2 -125.3 

40.654 441.6683 8.0 (a) 

30.660 441.6531 12.7 (a) 

20.679 441.6100 15.7 (a) 

10.689 441.5137 41.3 (a) 
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Table 8.27: Values of the vibrational relaxation time rp at a density of 1 kg-m3, 
its standard deviation a and deviation 6 from the smoothing equation at each 

experimental temperature in the mixture. 

T/K -rp =L a/ns. kg. M-3 6/ns. kg. m- 

229.890 18.7 ± 7.6 2.6 

240.956 23.5 ±5.0 1.5 

253.155 22.6 ±3.3 -3.9 
266.647 30.9 ±3.0 1.3 

281.693 33.7 ± 2.5 2.3 

298.517 30.5 ± 1.8 -1.1 
317.454 30.2 ± 2.1 0.1 

338.994 26.4 ± 3.4 0.3 

VibrationaI Relaxation Time 

Table (8.27) gives the experimentally determined values of the vibrational relax- 

ation time at a density of 1 kg . M-3 their standard deviations o, and deviations 

(, rp)exp - (, rp)c 
.. Ic from the smoothing equation 

7-plßs - kg .m -3 = 0.0630 - 0.214 x 10-11T4 - 
0.114 x 109 (8.11) 

Tli 

which fit the results over the experimental temperature range with a standard 
deviation of 0.0025 ps - kg . M-3 . Figure (8.31) shows that all the results may be 

fitted to within one standard deviation and that the vibrational relaxation time 

for the mixture has a maximum at about 290 K. The results of BoyesIll are also 

plotted in figure (8.31) and the results at 250,275 and 300 K agree with this 

work to within their combined standard deviations. The result of Boyes at 350 

K appears to be in error and in general the data from reference [1] shows less 

curvature than the results from this work. The overall level of agreement is very 

encouraging considering that the pressure ranges used, the resonator geometry 

and the method of extracting the vibrational relaxation time were all different. 

Comparing the values of rp determined for the mixture with those determined 

for pure methanell], 141, it is evident that ethane is an efficient catalyst for the equi- 
libration of translational energy throughout all the available degrees of freedom. 
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Figure 8.31: Comparison of the vibrational relwxation tillle-s Tp of the mixture at 

a density of I kg. M3 determined in th-is work with published value-s. 
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The time constant for the procuss; is decreased by it fiwtor of 30 at, : 150 K and bly 

a factor of 100 at 250 K. 

Shear Viscosity and Thermal Conductivity 

The shear viscosity and thermal conductivity data extracted from the half-wido, 

fitting and used to correct the observed resonance frequencies for the thermal 

and viscoiLs boundary layers are given in (8.28), (8.29), (8.30) wid (8.31). 

The results, their standard deviations (T and deviations 6 (x) = XI), J) X,, L], ' from 

the smoothing (n. iiations given below axe quoted. hi every case the ST1100thifig 

equations (8.12) to (8.15) determined using the adaptive regression algorithni 

fitted all the experimental data to within two standard deviations. The shear 

viscosity 77 may be represented over the experimental temperattire range by 

0.12 x 10"' 
, q/pPa -s=0.0363T + T' I (8.12) 

with a standard deviation of 0.09 pPa - s. The density dependence of dic viscosity 

(a771ap) was found to be constant over the experimental temperawre range and 
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Table 8.28: Values of the shear viscosity q, its standard deviation o, and deviation 

6 from the smoothing equation at each experimental temperature in the mixture. 

T/K q±o, /IAPa-s 611APa-s 

229.890 8.75 ± 0.06 -0.02 
240.956 9.09 ± 0.05 0.00 

253.155 9.55 ± 0.04 0.07 

266.647 9.89 ± 0.04 -0.02 
281.693 10.33 ± 0.04 -0.09 
298.517 11.01 ± 0.04 0.02 

317.454 11.63 ± 0.05 -0.01 
338.994 12.60 ± 0.10 0.20 

Table 8.29: Values of the initial density dependence of the shear viscosity (077/0p), 

its standard deviation a and deviation 6 from the smoothing equation at each 

experimental temperature in the mixture. 

T/K (017/op) ±0, /Ilpa. S. M3. kg-1 6/14Pa-S. M3. kg-1 

229.890 0.94 ± 0.09 0.08 

240.956 0.89 ± 0.07 0.02 

253.155 0.82 ± 0.05 -0.05 

266.647 0.88 ± 0.06 0.01 

281.693 0.90 ± 0.05 0.04 

298.517 0.82 ± 0.05 -0.05 

317.454 0.89 0.06 0.03 

338.994 0.90 0.11 0.031 
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Table 8.30: Values of the thermal conductivity r., its standard deviation a and 
deviation 6 from the smoothing equation at each experimental temperature in the 

mixture. 

T/K I 
r. ± ir/mW-m-l-K-1 

I 6/mW. m 
229.880 23.40 ± 0.18 -0.11 
240.956 24.48 ± 0.14 0.09 

253.155 26.00±0.11 0.21 

266.647 27.16±0.12 -0.06 
281.693 28.77 ± 0.12 -0.20 
298.517 31.20± 0.11 0.13 

317.454 33-68 ± 0.15 -0.10 
338.994 

1 
37.44 ± 0.31 

1 
0.091 

the weighted mean value is 

(o'i7/i9p) /liPa -s- m3 - kg-' = 0.87, (8.13) 

which has a standard deviation of 0.04 pPa -s- m3 - kg-'. The thermal conduc- 
tivity and its initial density dependence were also fitted to smoothing equations 

using the adaptive regression routine. For the thermal conductivity, r. this gave 

tc/mW - m-1 - K-1 = 0.01203T - 0.875 X 10-6V + 0.232 x 10-8V, (8-14) 

with a standard deviation of 0.16 mW - m-l-K-1. The density dependence of the 

thermal conductivity (Or,, 10p) was again found to be constant over the experi- 

mental temperature range and the weighted mean value is 

(i9tc10p) /mW - m2 - K-1 - kg-' = 2.41, (8.15) 

which has a standard deviation of 0.15 mW - m2 -K-1 -kg-1 

Because no literature results for the shear viscosity of the mixture at this com- 

position exist, estimates for the mixture were made using the method of Wilke(291 

and values for the pure components. The estimation method of Wilke is a sim- 

plification of the kinetic theory approach for gaseous mixtures in which second 

order effects are neglected. It is applicable to mixtures of non-polar polyatomic 
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Table 8.31: Values of the initial density dependence of the thermal conductivity 
(Orclo9p), its standard deviation o- and deviation 6 from the smoothing equation 

at each experimental temperature in the mixture. 

T/K 
I (19KI19p) =La/MW. M2-K-I-kg-1j 

76/mW-m2-K-I. 
kg-I 

229.890 2.52±0.25 0.11 

240.956 2.40 ± 0.19 -0.01 
253.155 2.23 ± 0.14 -0.18 
266.647 2.41±0.16 0.00 

281.693 2.51±0.14 0.10 

298.517 2.31± 0.14 -0.10 
317.4541 2.58 ± 0.18 0.17 

338.994 2.67 ± 0.33 0.26, 

gases in which the molecular weights of the components are similar. Wilke com- 
pared values with data on 17 binary mixtures and reported an average deviation 

of less than 1 %. For a binary mixture the expression for the shear viscosity of 

the mixture i7., i. reduces to 

77mix - 
Yi 771 Y07i 

"'ý ;l+ Y2012 
+ 

YI + Y20121 

in which 771,772 are the pure component viscosities and yl, y2 are the mole fractions. 

The interaction parameters 012 and 02, for the gas mixture viscosity are given by 
2 

24 

On- 
[1 + (711/772)1 (M21MI)I] 

18 [1 + (MI IM2)1} I 

and 
021 : -- 012 22 ml 

(8.18) 
771 M27 

in which MI, M2 are the molar masses of the pure components. Values of the low 

pressure shear viscosity of methane were taken from reference [301 and fitted to a 

smoothing equation using the adaptive regression algorithm. Smoothed values for 

the limiting low pressure viscosity of ethane were taken from reference [31] and the 

mixture viscosities calculated from equations (8.16) to (8.18) are plotted in figure 

(8.32) together with the experimental results. The results of this work are seen 

207 



Figure 8.32: Comparison of the shear viscosity 71 of the mixture deterillilled ill 

this work with values determined using published r(-, iilt, s for div pure coniponent.. '. 

and the estunation method of Wilke. 
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to deviate from the estimat, ed values hy up t, o 4 'Yo and are syst. vinat ically high Ls 

was die case for sulffir hexafluoride. The pire component, duca is accimov to I '/(' 

and the estimation met, hod introduces w1dif, ional iincert. aInty of the ordcr of I (ýi- 

At, this level t, he agreement, is relat, ively good NO, unknown loss nu-cliallisins if) 

die resonator and imposing the Sfiel-Thodos relation between dic slicar viscositY 

and the thermal conductivity are likely Co lead t, o syst, eniat, ic errors that cannot 

be evaluated. As for sulfiir hexafluoride Che result. s for dic shear viscosit. v and 

ffiermal conductivity derived from this work shotild be t, rvat, (xI widi caiition. 

No thermal conductivity resiilts were available for the nictliam-ethane mix- 

ture at the mole fraeions used in this work so values v%, (, r(, again v-St ill lilt ed from 

the thermal conductivities of the pure components. The Mason and Saxvnti: u'j 

modification to the Wassiljewa equation was ii.,; (xi which for a binar. -v, inixiiii-c 

reduces to equatiows (8.16) to (8.18) in which 7-/, and z12 are rvpIu-(xl 1) 
. N. 

Kmix, KI and K2- Values of the low pressure therinal conductivity for nictlianc 

were taken from the work of Johnston cl, al. [: "I and were fitted to at smoothing 

eiiation. Smoothed values for the limiting low pressure thermal conductivii. -v 
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Fig-ure 8.33: Comparison of the thernlid conductivity K of the inixt, nre 

mined in this work with valiie-s determined using published r(-, ults for the pure 

components and the estimation method of Mason and Saxena. 
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of ethane were again taken from reference [311. The v. stimat. es of the therinal 

conductivity of the mixture are plotted in figure (8.33) together wit, li the experi- 

mentally deterinin(xI result. s. The excellent agreement of bect. er diaii 2 (X, across 

the whole of the experimental temperature ratige niay be cohicideiftal as Oic pire 

component data is only wxýiirate to about, this l(Wel and OIC (-01111.16011 T110thOd 

may lead to additional uncertainty of up to 4 %1: 'J. As for sifftir liexafluoride. 

the thermal conductivity results derived from the absorptioii cociliciviii, for tlic 

speed of sound together with the Stiel-Thodos relation agree with lit crature data 

to better than 2% giving confidence in this niediod of deterniining I lic tliernial 

conductivity. 

8.3.4. Results Derived from the Speed of Sound 

Perf(v. t-ga. s heat capacities for the mixture were det-crinin(41 fronj dic constant 

term in the density series fits to the speed of sound dat, a and are present(xi in table 

(8.32) along with their standard deviations eT and deviations A= C', l, "ý/H (exp) 

CIP, 91R (calc) from the smoothing equation, (8.19). The values of were tit t(j 
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Table 8.32: Perfect-gas heat capwities C, ], 'g derived from the density and pressure 

series, estimated standard deviations (7, and deviations A from the smoothing 

equations for the mixture. Estimated values of the final niole frwtion of ethane 

x in the mixtnre. 

T/K CP /R 
p 

229.890 ý 4.3121 ± 0.0002 -0.0001 0.15,296 

240.956 4.3450 :L0.0002 0.0005 0.152: 31 

253.155 4.3860 ± 0.0002 -0.0014 0.15157 

266.647 4.4465 ± 0.0003 0.0030 0.15143 

281.693 4.5156±0.0002 -0.0005 0.15082 

298.517 4.6105 ± 0.0004 0.0005 0.1507: 3 

317.454 4.7341 ± 0.0010 0.0020 0.15101 

338.994 4.8895±0.0012 -0.0030 0.15143 

a function determined using weighted non-lincar regression analysis which gave 

Cppg1R = 3.935 + 0.239 x 10--7 V+0.11 x 10, 
T3 

with a standard deviation of 0.002 R. 

Figure (8.34) depicts the deviations A (C11: 91R) 

of the experimental resultsand available literatiiredatal'1,1'"I froin (, (I uation (8.19). 

The experimental data cannot always be fitted to wit-hin a small ""'It i1fle of I he 

standard deviation indicating that there are unknown errors in the analYsis bw 

no clatum (! an be singled out. as particiflarly in error. I'll(, r(-., iilt, s from this work 

agree wefl with those of Peeký'I except, for his data at, 250 and 275 K whicli 

were rejected from his final analysis. The resnIts of this work and diose ()f Peck 

can be seen to deviate significantly frorn the rustilts of Boýyeslli whicli are likelY 

to be in error clue to precondensation. At the highest, pressures tised 1). N, BoY(-,, 

the partial pressure of ethane exceeded the vapour pressure of edimic at soiiiv 

of the experimental temperatur(,., leading to a liquid film of effiane oil Ole inner 

siirfax! e of the resonator. As the pressure was rediiced this caus(41 nictlianc to be 

preferentially removed from the mixture resulting in a mole fraction that, differ(41 

significantly from the manufacturers certified valtic of 0.1500. 'I'lic r(-, iilts from 
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Figure 8.34: Comparison of the perfect gms heat, capacitivýs C, ', "' of the mixture 

determined in this work with published values. 
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this work will affected by fractionation to a ](-.; s(! r degree ýLs it. is expected to occur 

as the pressure is reduced. The lighter methane molecules will be preferentiall. N. 

pumped away despite the very low pumping speeds used to try and Inininfise 

this effect. The systematic change in the mole fraction x can be inonit, onxi since 

it is possible to estimate x from the zero-pressurv limit of the speed of somid. 

Values of x determined for the eight isotherms are given in table (8.32) and were 

determined froin Ao assiuning that 

pý 
x) cppg (c114) + xcplg K 

211(; ) 
(8.20) 'g (C2H(J' (1 - X) CVpg (CH4) + XCV 

and 

-A'f. i. = (1 
- X) MCILI + XMC2114 - 

The perfect-g&s heat (! al)a(-. itie-s of the ptire cornponents were taken from refer- 

ence [1] for ethane and reference [35] for methane. The deviations of x from the 

manufacturers certified vabie never exceed 0.003 which is less than the deviations. 

observed by both Boyes and Peek. 

The second avotistic virial coellivients jl� determined frolli Che s(x-ond terius 

of the density scries fits of th(ý SPeed of sound dat-a at the eight, vxpvrijlj(ýjjtLj 
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Table 8.33: Values of the second acoustic virial coefficient, from t he density 

series, estimated standard deviations (T, and deviatiorLs A from the square well 

potential for the mixture. 

ET-/ -K 
3 

T)3a, 

niix 
ý-- 0'/C-M moi-- A 

229.890 -116.48 ± 0.12 -0.4.1 
240.956 -102-58 ± 0.11 0.59 

253.155 -90.78 ± 0.06 -0.12 
266.647 -76.29 ± 0.16 2.34 

281.693 -67.33 ± 0.07 -0-49 
298.517 -55.24 ± 0.18 0.25 

317.454 -43.67 ± 0.31 0.87 

338.994 -33.26 ± 0.28 0.60 

temperatures are given in table (8.33) together with their standard deviations 

(T. The second (p, V, T) virial coefficients B,,, i), were extracted by nicans of a 

weighted regression analysis using the square-well potential hi cmi. imiction with 

the experimental 3,, and CPPII. TMs yielded 

B, i,, /cm 3. inol- 1= 252 - 193.5 exp (1,10 KIT), 

i. al [III] al with a standard deviation of 0.8 (-in: mol '. With dic exception of dic (1, 

267 K the data were fitted to within a few nmltipl(ý, of their standard deviations. 

Removal of this point did not significantly alter dic fif and dic deviatiolus A 

(13. ),. 
P - 

(13,, )c. 1, of the experimental data from eqnation (8.21 ) wifli (XIIIal ion 

(1.15) are also given in table (8.33). 

Table (8.34) gives the cross virial coefficiellt,. 'ý B12 ItII(I interm-tion covili- 

('lieIltS 612 for the mixture derived from the relations 

612 
= 2BI2 - (Bi I+ 

B22), (8.22) 

and 
Bmix = (1 - x) B, ,+x (1 - x, ) A, 2 + xI322, (8.23) 

where BNN are the virial coefficients for the pure components N=1,2 which werc 

taken from reference [1]. Unweighted analysis of the cross virial cocificients Bjý, 
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'I'lible 8.34: Values of the cross, virial coefficivio 131--, and the intem-tion vlrial 

coefficient 612 for the mixt, iire. 

1T/1 B2/crn. nioI 
I 

229.890 -153.62 88.0-7) 

240.956 -1 -10.19 7 

253.155 - 12 6.9,1 69.07 

266.6-17 -113.88 6 1.51 

28 1.693 - 100.97 55.13 

298.517 -88.27 19.87 

317.454 -75.77 15.65 

338.9911 -63., 15 12.: M 

using div square well potential gave 

B12/('111ý1 
* lll()I- I= 774.67 -- 675.74 exi) (73 K, /T), (8.24) 

wit'll a st"Llidard deviat, ion ()f (). ()I clljý'-Ilml I. The results, from this work, (XImit ion 

(8.24) and available lit, vrat, ur(ý arc in figime (8.35), In pencral 

Ole agr(vinent, wit. h dic lit, vratmi-v data is very goml. 'I'll(, Nm, lempt-ratilre (lat'l 

()f Hoover 0 al. l: "I deviat, es from equation (8.2-1) by ab(mt 17 cm: '-mol I whicl, 

is wit'll previous st. 11(lies.. The previous deterniiiiations are 1)1()It(-(i 

`I, " (1('VilltiOlls 1ýýI312 
(B12) from v(piation (8.2.1) in figtire 

(8.36) and Ole exc(Ilent, agrivinent, ()f gencrallY b(Iter than 51(., 111 1), 

clearly mvn. The high tvinperatml-c datit ()f Dantzl(ýr c/ al. 1: `1 slwws syst ell )lit ic 

deviat. ions from flic results pr(tivilled here but the IW() higlivst temperatilre lmillt. s 

, -ir( o side dic temperat, im, range c(wered in this work. The level ()f agr(vinent - ut 

bctw(4ý11 all t. ll(, dala wit'll Ole exceplIon ()f that given in rcfcrcnc(-, 1381 
and Jým] 

is remarkable considering that extract, ing Bjý,. n4piii-cs a knowledgv ()f thf, s(, (, ()11(1 

virial c()vIf iciel it's for flic pire c(milmnencs, and it is likely that different allOwl-S 

tise different valties of P11 and B-, 

I'll(- intentolion virial c(wilicient-s 612 given in table (8.3-1) arv pl(M(4l in figure 

(8.37) u)gether wifli the residts ()f B()yes and P(4ýk. At temperatm-es bel(m, 300 K 

the msult, s from f1fis work are in excellent agr(viiient with Ow prvvioiis lb-termina- 
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Figure 8.35: Comparison of the socond cross vinal covilicients BI: 2 of I he inixt iir(- 

determined froin the density scries, with published restills. 
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Figure 8.37: Comparison of the mx-ond interaction virial covilicients 612 of the 

mixt, iire determined froin the density scrics with puhlish(41 rcsultý,. 
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stated temperature for each isotherm. The transport properties required in the 

various correction terms were determined from an analysis of the resonance half- 

widths. Initial estimates of the heat capacity and second virial coefficients were 

taken from the literature and values determined from fitting the sound speeds 

to a density explicit series at each temperature. These values were then used 
in the second iteration of the analysis procedure discussed in chapter 7. As a 

complete set of literature results was not available for the transport properties a 

third iteration was performed to reach a stable solution for all the variables. In 

the analysis of the half-width data for CHF3, the Stiel-Thodos, Euken and Mod- 

ified Euken expressions were used to relate the thermal conductivity and shear 

viscosity. This enabled a check to be made that the method of half-width analysis 

imposed no systematic errors on the results determined from the speed of sound. 

The systematic differences in the transport properties determined from the three 

methods were investigated and quantified the level of uncertainty in the shear 

viscosity and thermal conductivity data presented here. 

8.4.1. Half-width Fitting 

In CHF3 only the three highest frequency resonance modes were above 2000 Hz 

and therefore unaffected by the shell resonance. The lower order modes may 

all be affected to some degree and modes that gave fractional excess halfwidths 

AgIf = (g. xp - 9ý, ýr) If of significantly greater than 20 ppm were discarded from 

the analysis. As for the other gases the (0,2,1) mode was always significantly 

perturbed and is discussed separately. The highest frequency (0,7,1), (0,8,1) 

and (0,9,1) modes were retained at every temperature. Surprisingly the lower 

frequency (0,3,1) and (0,5,1) modes were found in some cases to be unperturbed 

whereas the (0,4,1) showed significant deviations from the higher order modes 

over the whole of the temperature range. The selection of the lower order modes 

at each state point was determined by their observed agreement with the higher 

frequency modes which it was expected would be unperturbed by the shell res- 

onance. The modes rejected from the analysis axe given in table (8.35). The 

lowest pressure point was also removed at each temperature due to the very large 

half-widths which again compromised the accuracy of the results. The fractional 

excess half-widths AgIf for a typical isotherm at 317 K are shown in figure (8.38). 
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Table 8.35: Resonance modes rejected at each experimental temperature in the 

half-width analysis for CHF3. 

T/K Modes Rejected 

230 (0,2,1) (0,4,1) 

241 (0,2,1) (0,5,1) (0,8,1) : pl-p9 

(0,2,1) (0,3,1) : p9-pl5 
253 (0,2,1) (0,3,1) (0,4,1) (0,5,1) : pl-p4 

(0,2,1) (0,4,1) : p5-pl5 

267 (0,2,1) (0,3,1) (0,4,1) (0,5,1) : pl-p4 

(0,2,1) (0,4,1) : p5-pl5 

282 (0,2,1) (0,3,1) (0,4,1) (0,5,1) : pl-p4 

(0,2,1) (0,4,1) (0,5,1) : p5-pl0 
(0,2,1) (0,4,1): pll-pl5 

299 (0,2,1) (0,4,1) 

317 (0,2,1) (0,4,1) 

339 (0,2,1) (0,4,1) :p 1-p5, p9-p 15 

(0,2,1) (0,4,1) (0,5,1) : p6-p8 
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Figure 8.38: Fractional excess lialf-widtlis Aglf for the isotherm at 317 K III 
CHF. j. 
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The small symbols represent, data rejected from the analysis. The (0,3,1) mode 

was discarded as the factional excess half-width increased to 80 ppm and. even for 

the tell low pressure measurements it, was ColMistelitly high Iýy 10 to 15 ppm. The 

(0,4,1) mode was also removed as the fractional excess half-widt, l] was greater 

than 50 ppm for the whole isotherm. The (0,5,1) niode was retained ill the half- 

width analysis despite the fractional excess half-width increasing to around 35 

ppm as it agreed with the higher order modes for the low pressure measurements. 

In this region the half-widdis are large and determine the values of the transport 

properties derived from the results. Inclusion of the (0,5,1) niode aitered the 

values of the transport properties by miich less than their standard deviations. 

The behaviour of the (0,2,1) was again different, from the. remaining set, of 

modes. The fractional excess half-widths for this mode and the deviations from 

the mean speeds of sound (u/b) are plotted in figure (8.39). The form of the 

deviations in CHF3 is similar to that, in the mixture, in propene, and in SF6. The 

excess half-width is again high at low pressures going through a maximum before 

decreasing. The deviation in u is again negative at, low pressure and becomes 

large and positive at higher pressure as ill the other gases. A ininima may be 
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Figure 8.39: Fractional deviations of the calculated valti(--, -,, of u/b for the (0,2,1) 

mode from the average value (u/b) and fractional excess half-widths AgIf for the 

(0,2,1) mode for the isotherm at 317 K in CHF3- 
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seen below 70 kPa and a maxinia occurs at. 100 kPa as for SF(j. Despite some 

small differences which are likely to be due to the choice of modes retaincX1 in 

the analysis, the sinfilarities in the. behaviour again indicate a pressure dependent 

geometric perturbation which severely affects the (0,2,1) mode. 

The lialf-width analysis was repeated at each temperature with the saine set 

of modes using the Stiel-Thodos, Euken and Modified Euken expressions to relate 

the shear viscosity and thermal conductivity. The excess half-widths for each 

method never differed by more than 2 ppm which is far less than the overall level 

of accuracy of the experinient which is limited to 20 pprn by theaccin-acy to which 

the geometry of the cavity is known. The deviations A (Aglf) = (A. qlf),, 
_, 

(Ag1f) of the excess half-widths determined using the Etiken and Modified Euken 

expressions from those determined using the Stiel-Thodos expression are shown in 

figure (8.40) for the (0,9,1) mode at 317 K. If the ratio of thermal to shear losses 

were constant for all the resonance iyiod(-,, an arbitrary expression could be msed 

to relate the therrnýd conductivity and shear viscosity and no useffil information 

could be extracted. For the seven azimuthal modes measured in this work, thc 
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Figure 8.40: Deviatiomg of the fractional excess half-widths A (, Ag/f) for the 

Euken and Modified-Euken half-width analyse--3d from those from the Stiel-Thodos 

method of half-width wialysis for the (0,9,1) mode at 317 K in CHF: j 
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ratio of the thermal to shear losses differs by 10 Wo between the lowest, order (0,2,1) 

mode and highest order (0,7,1) mode measured. The three expressions were found 

to be equally good at describing these losses so the experiment is not sensitive to 

the method of half-widt. h analysis for the set, of modes used. If a different set. of 

modes for which the ratios of thermal to shear losses were very different, had been 

measured, it then may have been possible to resolve the thermal conductivity 

and shear viscosity without the need for an explicit expression linking tile two 

paranieters. For example, radial modes have greater thermal losses in proportion 

to the shear losses than azimuthal modes. 

8.4.2. Sound Speed Analysis 

The modes reje. ted in the analysis of the speeds of sound determined from the 

corrected resonance frequencies are given in table (8.36) and in general two or 

three of the lower order (0,2,1) to (0,5,1) mod(ts were rejected as they showed 

systematic deviations of an unwýceptably high level from the higher order (0,7,1) 

to (0,9,1) modes. The deviations of the individual u/b from the mean (u/b) at 
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Table 8.36: Resonance modes rejected at ewli experimental temperature in the 

sound speed analysis for CHF3. 

T/K Modes Rejected 

20 (0,2,1) (0,3,1) 

241 (0,2,1) (0,3.1) 

253 (0,2,1) (0,3,1) (0,5,1) : pl-1)9 
(0,2,1) (0,4,1): pIO-pl5 

267 (0,2,1) 

282 (0,2,1) 

299 (0,2,1) (0,4,1) 

317 (0,2,1) (0,4,1) 

339 (0,2,1) (0,4,1) (0,5,1) : 1)1-1)4 

(0,2,1) : p5-p 15 

Figure 8.41: Fýractional deviatiows of the calculated values of u/b from theaverage 

value ýu/b) determined for the selected modes for the isotherm at 317 K in CHF: j. 
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Figure 8.42: Fýractional deviations of the average sound speeds (u) determined for 

the selected modes from the calculated values for the isotherm at 317 K in CIIIF: j. 
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317 K are shown in figure (8.4 1). The (0,4,1) appears to be severely affected 

by the shell resonance and the deviation increases with increasing pressure. The 

(0,3,1) and (0,5,1) modes also appear to be affected by the shell resonance to a 

lesser degree but were retained in the analysis as their inclusion resulted in vahies 

of the heat capacity and second avoustic virial coefficient that, differed by 1(, --, s 

than their standard deviations. 

Analysis of the mean sound speeds at 230 K itsing a density explicit series 

gave a three term fit in which no residual curvature remained. This was; the 

case at all eight experimental temperatures providing evidence that the high den- 

sity data at, the higher temperatures was not significantly perturbed by the shell 

resonance. As can be seen in figure (8.42) which gives the fractional deviations 

6ý (Ucalc - (U)) /Ucalc of the mean sound speeds (u) from the valnes ucilit, calcu- 

lated from the three term fit at 317 K, all the data are easily accommodated to 

within their standard deviations. Tables (8.37) to (8.44) list the mean speeds of 

sound (u), the standard deviatious, of the mean (7 and the deviations býU, aic - (u) 

of mean from the finally adopted three term smoothing equations. In (8.37) 

to (8.44) (a) indicates a state point removed front the analysis. The deviations 
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Table 8.37: Mean values of u with standard deviations a and deviatioms 6 from 
the density series at 230 K for CHF3. 

L 

.. 
T/K I 

p/kPa (U)/M. S-1 1060, (U) /U 1066 (U) /U 

229.946 188-534 179.4235 25.6 -7.2 
170.637 179.8437 24.2 2.1 

149.871 180.3269 22.2 5.5 

128.705 180.8151 17.5 3.8 

107.525 181-3010 14.9 7.5 

97.988 181.5176 13.0 2.5 

88.417 181.7343 12.1 -1.7 
78.668 181.9551 11.6 -2.1 
68.991 182.1729 10.9 -5.9 
59.285 182.3906 8.2 -10.3 
49.478 182.6112 9.6 -8.1 
39.613 182.8326 9.2 -4.2 
29.817 183.0551 10.3 18.2 

19-993 183.2815 20.0 (a) 

10.053 183.5320 56.0 (a) 

from the smoothing equations were generally less thaii 10 ppm which represents 

the limiting accuracy of this experiment given the current, knowl(Age of the georn- 

etry of the cavity and the way in which it, responds to presssure change,,,. The data 

for CHF3 provided the fewest difficulties in its analysis because the frequencies 

were sufficiently high that the (0,7,1) to (0,9,1) modes avoided significant per- 
turbation by the shell resonance, and the low pressure data wms not significantly 

compro"sed by re-sonance overlap. 

8.4.3. Transport Properties 

Analysis of the half-widths yielded estiniates of the vibrational relaxation time 

as -rp, the shear viscOsity 71 and its initial density dependence (a? 710p), as well as 
the thermal conductivity K and its init4d density dependence (OKI(9p). This data 

was extracted from lialf-width analyses ejnpl(ýVing the Stiel-Thodos (S-T), Euken 
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Table 8.38: Mean values of u with standard deviations ry and deviations 6 from 

the density series at 241 K for CHF3. 

T/K I 
p/kPa (u)/m. s-' 10"ar (U) /U 10fi6 (U) /U 

240.971 234.066 182.9855 17.5 14.1 

163.636 183.6325 12.3 (a) 

171.057 184.2628 11.8 29.0 

138.924 184.9039 11.1 15.6 

107.493 185.5277 7.7 -4.5 
97.997 185.7161 8.2 -8.2 
88.434 185.9053 7.6 -13.7 
78.675 186.0991 9.7 -13.3 
68.938 186.2920 9.2 -14.9 
59.193 186.4855 8.1 -13.2 
49.347 186.6836 10.4 4.6 

39.613 186.8813 12.6 32.7 

29.801 187.0884 15.8 (a) 

19.999 187.3155 23.7 (a) 

10.188 187.6142 85.2 (a) 
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Table 8.39: Mean values of u with standard deviations (; - and deviations 6 from 

the density series at 253 K for CHF3- 

I T/K I 
p/kPa 

I (u)/m. s-' 
1 10 6 0- (U) /U 

1 

253.095 291.322 186.8002 13.5 12.1 

245.295 187.6111 8.8 -7.4 
199.516 188.4104 6.9 -19.2 
153.541 189.2079 5.9 -13.1 
107.204 190.0087 4.2 23.0 

97.534 190.1725 5.4 18.5 

87.841 190.3362 4.0 13.8 

78.209 190.4980 5.1 6.0 

68.472 190.6614 5.5 -0.3 
58.766 190-8234 7.1 -9.5 
48.901 190.9891 6.3 -11.4 
39.204 191.1525 7.9 -8.5 
29.687 191.3128 10.2 -4.1 
20.009 191.4767 24.8 6.8 

10.194 191.6490 81.0 (a) 
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Table 8.40: Mean values of u with standard deviatiorhs (T and deviatiorhs 6 from 

the density series at 267 K for CHF3- 

T/K p/kPa (u)/m-s-' 10'0- (U) /U -ý-( ýU)/ 
U 

266.652 365.512 190.9412 41.7 -6.9 
301.272 191.9054 36.0 6.6 

236.355 192.8664 29.2 7.1 

171.828 193.8107 26.1 2.9 

107.494 194.7415 20.4 0.6 

97.733 194.8816 20.6 -0.8 
88.018 195.0205 19.8 -4.6 
78.307 195.1590 19.5 -8.4 
68.561 195.2980 19.9 -10.8 
58.887 195.4350 17.5 -17.3 
49.144 195.5778 17.8 2.6 

39.379 195.7183 17.2 9.8 

29.696 195.8570 18.2 14.9 

19.998 196.0012 27.9 (a) 

10.302 196.1474 91.9 (a) 
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Table 8.41: Mean values of u with standard deviations a and deviatioms 6 from 

the density series at 282 K for CHF3. 

T/K p/kPa (u)/m-s-' 
1 

10, -6- (U) /Ul 

281.503 400.393 196.1018 34.7 -6.4 
326.762 197.0307 28.8 3.5 

253.939 197.9409 36.3 11.7 

180.806 198.8435 26.2 3.7 

107.759 199.7364 21.5 -6.7 
97.788 199.8587 20.0 -2.6 
88.035 199.9771 19.8 -4.0 
78.343 200.0941 17.9 -8.3 
68.675 200.2120 17.8 -6.0 
58.971 200.3291 16.7 -9.0 

49.. 283 200.4472 19.3 -5.5 
39.586 200.5668 18.2 5.8 

29.855 200.6879 18.7 23.6 

20.207 200.8080 33.0 (a) 

10.440 200.9382 107.3 (a) 
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Table 8.42: Mean values of u with standard deviations (T and deviations 6 from 

the density series at 299 K for CHF3- 

T/K ý/M-S-' 10,0, (U) /U 10,6 (U) /U 

298.262 457.445 201.4249 17.7 -3.9 
369.264 202.4512 12.7 5.1 

282.745 203.3515 6.0 2.6 

195.463 204.2517 5.3 0.7 

107.261 205.1532 7.7 -3.8 
97.470 205.2529 7.6 -3.9 
87.812 205.3515 7.4 -2.3 
78.123 205.4503 7.7 -0.5 
68.453 205.5481 9.3 -2.8 
58.801 205.6461 10.9 -1.9 
49.080 205.7452 11.9 0.6 

39.292 205.8449 12.0 3.6 

29.691 205.9426 18.6 6.5 

20.008 206.0437 41.1 (a) 

10.332 206.3632 1606.4 (a) 
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Table 8.43: Mean values of u with standard deviations (T and deviations 6 froin 

the density series at 317 K for CHF3- 

T/K p/kPa (u) 6 0' (U) /U 

317.375 563.612 207.1728 43.3 -1.8 
449.418 208.1570 27.7 1.3 

335.593 209.1317 15.9 3.3 

221.602 210.1003 6.9 -0.2 
107.461 211.0641 6.9 -2.7 
97.782 211.1453 6.5 -4.2 
88.002 211.2284 4.5 -0.2 
78.265 211.3195 93.6 (a) 

68.296 211.3939 9.0 -0.5 
58.935 211.4724 10.5 -1.2 
49.014 211.5554 9.7 -2.6 
39.293 211.6375 14.7 -0.2 

29.643 211.7203 17.7 8.9 

19.806 211.8045 41.0 (a) 

10.022 211.8902 138.6 (a) 
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Table 8.44: Mean values of u with standard deviations (T and deviations 6 from 

the density series at 339 K for CHF3. 

T/K p/kPa (u)/m-s-' 10,0, (U) /U 10,6 (U) /U 

338.976 801.361 212.7315 29.6 -9.1 
627.788 213.9367 17.4 20.9 

452.794 215.1368 8.9 -15.7 
281.136 216.3261 6.8 15.1 

107.586 217.5147 14.1 -5.7 
97.930 217.5803 10.2 -9.0 
88.198 217.6475 12.6 -7.4 
78.381 217.7158 17.2 -3.1 
68.685 217.7825 18.5 -2.3 
58.898 217.8495 18.3 -3.3 
49.242 217.9168 20.1 1.8 

39.593 217.9839 16.2 5.7 

29.337 218.0564 25.5 15.8 

19.995 218.1245 45.6 (a) 

10.302 218.2062 160.7 (a) 
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Figure 8.43: Comparison of the shear viscosity 77 of CHF: j determined in this work 

with published values. 
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(F, U) and Modified Euken (M-E) expressioms. 

Shear Viscosity and Thermal Conductivity 

The three methods of half-width analysis resulted in values of the thermal coriduc- 

tivity, the shear viscosity and their density dependencies that were systeniatically 

different. The smoothing equations for the shear viscosities y (e(platiows (8.25) 

to (8.27)) and thermal condi icti vi ties K, (equations (8.31) to (8.33)) determined 

using the three methods are plotted iii figure (8.43) and (8.44) together with all 

the literature results [41]-[43J 
. 

For both properties the S-T method used for the 

other two gases gives intermediate valti(-.,. The shear viscosities determined by the 

E-U method are systematically higher than the S-T method and the vahles deter- 

mined from the M-E method systematically lower. For the thermal conductivity 

the converse is true. In both cases the proportional deviation of the results for 

each method remains the same over the whole of the experimental telliperature 

range. The thermal conductivity data from the S-T method is abolit 5 'Y(, lower 

than that from the M-E method and about 5% higher than that, from the FU 

method. The spread of the data gives an indicatioii of the uncertainty associated 
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Fignre 8.44: Comparison of the thermal conductivity r, of ClIF: j determined in 

this work with published valuc-, 
--- equation (8.31 ) Stiel-Thodos relation 
-------- equation (8.33) Modified-Euken relation 
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with thermaJ conductivitie-s determined in this way, which is therefore estimat(xi 
at 10 %. The shear viscosities that corne from a S-T method of analysis are 

about 2.5 % lower than those from the FU method ajid about, 2.5 Wo higher than 

those from the M-E method giving an uncertainty associated with shear viscosi- 

ties determined in this way of about 5 (Yo. The level of agreement of the tralLsport 

property data with published results and estimation techniques has beell satis- 

factory in all three experimental systems given the known iincertainty imposed 

on the values by the need for an expression relating K and 71. In addition, there 

may be fiirther systematic errors due to unidentified loss ine-hanisms operating 

in the resonator or the inclusion of data affected by the shell resonance. The sole 

residt found in the literaturel"I for the shear viscosity of ('IIF: i is low compared 

to the value-s obtained in this work. It deviates by just over 5% from the FU 

method value, by about 3% from the S-T method value and by approximately 

I% from the M-E method value. Both published resi lItS[42], [431 for the thermal 

conductivity of CHF3 at 300 K fall within the span of the r(N. 1ilt. s generated by all 

three methods of half-width analysis. 

The shear viscosit valtius determined using t1w Stiel-Thodos niedlod ljý y may 
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Figure 8.45: Deviations 6 of the shear viscosity r/ of CIJFj extra(ted usilig the 
Steil-Thoclos method of half-width analysis from equation (8.25). 
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be represented over the experimental temperature range by 

71ý 
,; -,, 

//iP, i -s=0.05027', (8.25) 

with a standard deviation of 0.55 pPa - s. 77Fý-,! wws fitted to 

TIE-jj/yPa -s=0.0509T, (8.26) 

with a standard deviation of 0.51 pPa -s and 77m-E described by 

7/M-E//iPa -s=0.0495T, (8.27) 

with a standard deviation of 0.49 pPa - s. The sarne finictional form wws fomid 

for each method and the experimental results, their standard deviations (T and 
deviations from the smoothing equations 6= 77,, j) - are given in tables (8.45), 

(8.46) and (8.47). The deviations are essentially the same for eacli method and the 

deviations for the S-T inet, hod are shown in figure (8.45). The point, at 241 K was 

rejected in the regression analysis as its exclusion led to a significant reduction 

in the standard deviation of the fit. All the remaining data were fit, to a few 

multiples of their standard deviations. 
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Table 8.45: Values of the shear viscosity 71, its standard deviation (7 and deviation 

6 from the smoothing equation at each experimental temperature in CHF3 from 

the S-T method. 

T/K '7S-T±o, /pPa-s [b/jAPa-s 

229.946 11.68 ± 0.07 0.13 

240.971 13.22 ± 0.11 1.12 

253.095 12.70 ± 0.11 -0.01 
266.652 13.53 ± 0.08 0.15 

281.503 14.39 ± 0.08 0.26 

298.262 14.31 ± 0.16 -0.66 
317.375 15.37 ± 0.11 -0.56 
338.976 16.96 ± 0.11 -0.06 

Table 8.46: Valties of the sh(w viscosity 7,1, its standard deviation (, T and deviation 

6 from the smoothing equation at each experimental temperature in CHF,, j from 

the E-U method. 

T/K 
, 1,: EulitPa. s 

1 
i7F 

1 6/, gPa-sl 

229.946 11.83 ± 0.07 0.12 

240.971 13.40 ± 0.11 1.13 

253.095 12.87 ± 0.11 -0.02 
266.652 13.72 ± 0.08 0.14 

281.503 14.59 ± 0.08 0.25 

298.262 14.90 ± 0.11 -0.29 
317.375 15.58 :h0.12 -0.58 
338.976 17.19 ± 0.11 -0.07 
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Table 8.47: Values of the shear viscosity 77, its standard deviatioii (7and deviation 
6 from the smoothing equation at each experimental temperature in CHF., j from 

the M-E method. 

ET/K TI7M-E: 
"0'/t'pä. s 

Fb/tiP 

229E946 11.51 ± 0.07 0.12 

2 0.9-1 40.9 71 13.04 ± 0.11 1.10 

253.095 12.52 ± 0.11 -0.02 
266.652 13.34 ± 0.08 0.13 

281.503 14.19 :E0.08 0.24 

298.262 14.49 ± 0.11 -0.28 
317.375 15.15 ± 0.12 -0.57 
338.976 17.73 ± 0.11 -0.06 

The density dependence of the viscosity (07110p) waýq folind to be independent 

of temperature over the experimental range for all three methods. The weighted 

mean values are 

((9, q/19p), s, j, /pPa . S. M3 - kg-l = 0.49, (8.28) 

which has a standard deviation of 0.12 jLPa-s-m`-kg-', 

(d9, gl9f»F .m3 (8.29) � 
/tiPa -9- kg 0.50, 

which has a standard deviation of 0.12 /LPa-s-m 3 kg-1, and 

«9, qla, o)m-E /lil"a -s- m'ý - kg- '=0.48, (8.30) 

which has a standard deviation of 0.12 pPa-s-rný'-kg--'. The value at 241 K wLs 

retained in these analyses as its removal had no significant effwt, on the standard 

deviation of the fit. The experimental results, their standard deviatiom a and 

deviations from the smoothing equations 6 are given 

in tables (8.48), (8.49) mid (8.50). 

The thermal conductivity and its initial density dependence were also fitted 

to smoothing equations using the adaptive regression routine. For the thernial 

conductivity, K the resulting expressioms were 

1()-4 T 2, 
-K =0.0270T+0.63x (8.31) 
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Table 8.48: Values of the initial density dependence of the shear viscosity (OtIl0p), 

its standard deviation (T and deviation 6 from the smoothing equation at each 

experimental temperature in CHF3 from the S-T method. 

T/K (017/OP)S-T ±or/pPa-s-m"-kg-' 6/pPa-s- 

229.946 0.60 ± 0.03 

240.971 0.62 ± 0.04 0.13 

253.095 0.51 ± 0.04 0.02 

266.652 0.36 ± 0.03 -0.13 
281.503 0.33 ± 0.03 -0.16 
298.262 0.50 ± 0.04 0.01 

317.375 0.55 ± 0.04 0.06 

338.976 0.56 ± 0.03 0.07 

Table 8.49: Values of the initial density dependence of the shear viscosity (071/0p), 

its standard deviation t7 and deviation 6 from the smoothing equation at ewli 

experimental temperature in CHF. ý from the FU method. 

Fii/ýK (077/0p)F 3. kg- I 
u ±o, /, uPa-s-m b/pPa-s- 

229.946 0.62 ± 0.03 11 

240.971 0.63 ± 0.04 0.13 

253.095 0.52 ± 0.04 0.02 

266.652 0.37 ± 0.03 -0.14 
281.503 0.34 ± 0.03 -0.17 
298.262 0.51 ± 0.04 (). () I 

317.375 0.57 ± 0.04 0.06 

338.976 0.57 ± 0.03 0.07 
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Table 8.50: Values of the initial density dependenc(ý of the shear viscOsity (Orll0p), 

its standard deviation a and deviation 6 from the smoothing (n. nation at ew-h 
experimental temperature in CHF3 from the M-E method. 

T/K (i977/o9p)m-E: Lo, /jAPa-s-m tPa-s. m: '-kg 

229.946 0.59 ± 0.03 0.11 

240.971 0.60 ± 0.04 0.12 

253.095 0.50 ± 0.04 0.02 

266.652 0.35 ± 0.03 -0.13 
281.503 0.32 ± 0.03 -0.16 

298.262 0.49 ± 0.04 0.01 

317.375 0.54 ± 0.04 0.06 

338.976 0.55 ± 0.03 0.07 

with a standard deviation of 0.44 inW - in -1-K --', 

NF-U/MW * M-1 - K-1 = 0.0267T + 0.56 x 1()-4 T 2, (8.32) 

with a standard deviation of 0.38 mW - m-'. K-1, and 

KM-E/IIIW * M-1 * K-1 = 0.0267T + 0.74 x 1()-4 T2, (8.33) 

with a standard deviation of 0.42 mW - in- 1 -K- 1. The experinwntal results, their 

standard deviations, (7 and deviations 6=r.,,, p - from (M. uations (8.31) to 

(8.33) axe given in tables (8.51), (8.52) and (8.53). The deviations are again 

essentially independent of the method used to anpJyse the lialf-widtlis and the &ý 

vlations for the Stiel-Thodos inethod are plotted in figiire (8.46). In the reg-ression 

analysis of the thermal condiietivity data the point, at, 241 K was again removed 

and the remaining data were fit to better than twice the standard deviation of 

the fit. 

The density dependence of the thernial conductivity (OK#)p) was again found 

to be comstant over the experimental temperature range and the weighted nivan 

values for the three met, ho(Ls are 

«9K/Oto)S-T /111W 
* 111 

2-K-1- kg-' = 0.43, (8.34) 
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Figure 8.46: Deviations 6 of the thermal conductivity r, of CIIF,, j extra. (, tcxi using 

the Stiel-Thodos method of half-width analysis from equation (8.31). 
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Table 8.51: Values of the thermal conductivity K, its standard deviation (7 and 

deviation 6 from the smoothing equation at each experimental temperature in 

CHF3 from the S-T method. 

T/K KS-Tlff/MW*M-'. K-' 6/mw-m-'-! ýý 

229.946 9.57 0.06 -0.05 
240.971 11.02 0.09 0.80 

253.095 10.80 0.09 -0.1 
266.652 11.80+0.07 

281.503 12.87 ± 0.07 0.27 

298.262 13.18 ± 0.11 -0.50 
317.375 14.64 ± 0.11 -0.33 
338.976 16.73 ± 0.11 0.20 
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Table 8.52: Values of the thermal conductivity K, its standard deviation (7 and 
deviation 6 from the smoothing equation at each experimental temperature in 

CHF3 from the E-U method. 

T/K I 
r. F-u±o, /mW. m-'. K-1 6/mW. m-'. K-' 

229.946 9.11±0.05 -0.01 
240.971 10.48 ± 0.09 0.77 

253.095 10.26 ± 0.09 -0.11 
266.652 11.19 ± 0.06 0.05 

281.503 12.18 ± 0.07 0.19 

298.262 12.79 ± 0.10 -0.20 
317.375 13.80 ± 0.11 -0-36 
338.976 15.73 ± 0.10 0.19 

Table 8.53: Values of the thermal conduCtiVity K, its standard deviation (7 and 

deviation 6 from the smoothing equation at each experimental temperature in 

CHF3 from the M-E method. 

T/K I 
nm-E±or/mW. m-l-K-' 6/mW-m-l-K-1 

229.946 10.06 ± 0.06 -0.01 

240.971 11.60 ± 0.10 0.85 

253.095 11.39 ± 0.10 -0.13 

266.652 12.46 :L0.07 0.05 

281.503 13.62 ± 0.08 0.21 

298.262 14.35 ± 0.11 -0.23 
317.375 15.56 ± 0.12 -0.40 

338.976 17.82 ± 0.12 0.23 
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Table 8.54: Values of the initial density dependence of the thermal conductivity 
(OKI, 9p), its standard deviation or and deviation 6 from the smoothing equation 

at each experimental temperature in CHF3 from the S-T method. 

T -/K 
: 1: 0, /MW*M2 I T('9r'/OP)S-T ký'-kg' W. M2. 

- 
b/MjW. M2 

229.946 0.49 ± 0.02 0.06 

240.971 0.51 ± 0.04 0.08 

253.095 0.44 ± 0.03 0.00 

266.652 0.31 ± 0.02 -0.12 
281.503 0.29 ± 0.03 -0.14 
298.262 0.46 ± 0.04 0.03 

317.375 0.53 ± 0.04 0.10 

338.976 0.55 ± 0.03 0.12 

which has a standard deviation of 0.11 mW -m2 -K-'-kg-' 

(OK/'yP)&U /MW -M2- K-1 - kg-1 = 0.41, (8.35) 

which has a standard deviation of 0.10 MW. M2 -K-'. kg-', and 

(aKlap)M-E /111W 
'M2- K-1 - kg -1 = 0.45, (8-36) 

which has a standard deviation of 0.10 mW -m2 -K-l-kg-'. TImNe coefficients 

are to some extent an artifact of the analysis and might be a factor of 10 too 

high but nevertheless the values given above describe the experimental data. The 

error is probably clue in part to the term for the density dependence Of K and 7/ in 

the half-width analysis absorbing the contribution from the density dependence of 

the vibrational relaxation time which was found to be important in other acoustic 

workW 
[4], [44j. The value at 241 K was again retained and the experimental results, 

their standard deviations (T and deviations 6=- (Orllap),, from the. 

equations above are given in tables (8.54), (8.55) and (8.56). 

The differences between the coefficients in the expressions for the transport 

properties generated using the three methods of half-width analysis may be used 

to estimate their associated uncertainties. The general form of the expr(wsiows 
describing the thermal conductivity, shear viscosity and their initial density de- 
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Table 8.55: Values of the initial density dependence of the thermal conductivity 
(Nlo9p), its standard deviation a and deviation 6 from the smoothing equation 

at each experimental temperature in CHF3 from the E-U method. 

T/K 
I ((9KIap)F Icg-l u ±a/mW-m'. K-' 

16/mW-m'. 
K--I. kg 11 

229.946 0.51 ± 0.02 0.06 

240.971 0.53 ± 0.04 0.08 

253.095 0.45 ± 0.04 0.00 

266.652 0.32 ± 0.03 -0.13 
281.503 0.31 ± 0.03 -0.15 
298.262 0.48 ± 0.04 0.03 

317.375 0.56 ± 0.04 0.10 

0.59 ± 0.03 0.13 

Table 8.56: Values of the initial density dependence of the thermal conductivity 
(NlOp), its standard deviation (7 and deviation 6 from the smoothing equation 

at each experimentaJ temperature in CHF3 from the E-U method. 

T/K 
1 (OK 

ý/0p)m, ±or/mW. m2. 
iý ý. 

kg-1 
-F 

b/mW. m2-K-'. kg-'ý 

229.946 0.47 ± 0.02 0.06 

240.971 0.49 ± 0.03 0.08 

253.095 0.42 ± 0.03 0.00 

266.652 0.30 ± 0.02 -0.12 
281.503 0.28 ± 0.03 -0.13 
298.262 0.44 ± 0.03 0.02 

317.375 0.50 ± 0.04 0.09 
r338.976 

, 
0.52 ± 0.03 0.11 

1 
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pendencies are given below together with the estimated uncertainties in tile coef- 
ficients. 

, q/pPa -s= (0.0502 ± 0.0007) T (8-37) 

(Oill(9p) /pPa -s- m3 - kg-' = 0.49 ± 0.01 (8.38) 

r. /MW - m-' - K-' = (0.0268 ± 0.0002) T+ (0.64 ± 0.09) x 10-4 T2 (8.39) 

(OK 
, 

/0 p) /MW. m2- K-1 - kg-' = 0.43 ± 0.02 (8.40) 

Vibrational Relaxation Times 

In contrast to the thermal conductivity and the shear viscosity, the vibrational 

relaxation time is essentially independent of the method used to analyse the res- 

onance half-widths. The estimates presented here were determined by separating 

out the different density dependencies of the known loss mechanisms that con- 

tribute to the resonance halfwidths and the spread of the results indicates tile 

reliability with which the terms may be resolved. The smoothing equations r(- 

sidting from the weighted non-linear regression analysis are shown in figure (8.47) 

together with the result obtained by Rossing et al. (45] of 1.373 ps at, a density 

of I kg - m". The variation between the methods is about 0.2 % and the good 

agreement observed with published results for all three experimental systems, in 

particular with the acoustic measurements of BoyesIllfor the mixture, give (-on- 

fidence in the vibrational relaxation times presented here. The good agreement 

may also be taken as evidence that there are no unknown loss mechanisms oper- 

ating in the resonator that result, in perturbations to the resonance half-widths 

with the same density dependence as the vibrational relaxation time. Values of 

Tp at a density of 1 kg -m3 and their associated standard deviations a are given 

in tables (8.57), (8.58) and (8.59) for the three methods. The vabius may be 

represented over the experimental temperature range by 

-3 
0.443 x 10 3 0.58 x j(f 

(7 
S-T 

IPS 
- kg -m=- (8.41) 

T T" 

(T, o), 
0.442 x 103 0.57 x 1()7 

(8.42) 
ýu 

/lis - kg - ni-" =- T3 

and 
(7'P)M-E /PS - kg' M -3 = 

0.441 X 1()3 

- 
0.57 x IC)7 

. (8.43) 
T T3 
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Figure 8.47: Comparison of the vibrational relaxation times Tp of CHF3 at, a 

density of I kg-m 3 determined in this work with published values. 
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Table 8.57: Values of the vibrational relaxation time (Tp) at a density of I kg-m: ', 

its standard deviation a and deviation 6 from the smoothing (nnation at ewh 

experimental temperature in CHF3 from the S-T method. 

T/K ±o, /ps-kg-ni-3 (rP)S, 
-T 

-3 M 
[ý6ýlps-kwm 

229.946 1.47 ± 0.02 0.02 

240.971 1.21 ± 0.02 -0.21 
253.095 1.31 ± 0.02 -0.08 
266.652 1.34 ± 0.01 -(). ()1 

281.503 1.32 ± 0.01 0.01 

298.262 1.30 ± 0.02 0.03 

317.375 1.26 ± 0.01 0.04 

338.976 1.12 ± 0.01 -0.04 
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Table 8.58: Values of the vibrational relaxation time (Tp) at a density of 1 kg-m', 

its standard deviation a and deviation 6 from the smoothing equation at each 
experimental temperature in CHF3 from the FU method. 

T/K (-rp)E 
u ±a/lAs. kg. M-3 

I 6/tts. kg. M-3 

229.946 1.48 ± 0.02 0.02 

240.971 1.21 ± 0.02 -0.21 
253.095 1.31 ± 0.02 -0.08 
266.652 1.35 ± 0.01 -0.01 
281.503 1.32 ± 0.01 0.01 

298.262 1.29 ± 0.02 0.02 

317.375 1.26 ± 0.01 0.04 

338.976 1.12 ± 0.01 -0.04 

Table 8.59: Values of the vibrational relaxation time (Tp) at a density of I kg. M3, 

its standard deviation t7 and deviation 6 from the smoothing equation at each 

experimental temperature in CHF3 from the M-E method. 

T/K (-rp)M-E ±or/) 6//As. kg-m 

229.946 1.47 ± 0.02 0.02 

240.971 1.21 ± 0.02 -0.21 
253.095 1.31 ± 0.02 -0.08 
266.652 1.34 ± 0.01 -0.01 
281.503 1.32 ± 0.01 0.01 

298.262 1.29 ± 0.02 0.03 

317.375 1.26 ± 0.01 0.04 

338.976 1.12 ± 0.01 -0.03 

244 



Figure 8.48: Deviations 6 of the vibrational relaxation times -Tp of CHF3 at a 
density of 1 kg-rn 3 extracted using the Stiel-Thoclos method of half-width analysis 
from equation (8.41). 

0.15 

0.05 

0.05 

p< 

-0.15 

-0.25 '-I 
220 230 240 250 260 270 280 290 300 310 320 330 340 

TIK 

Equations (8.41) to (8.43) all have a standard deviation of 0.10 As - kg - m-3. Again 

using the small differences between the results of the three methods to estimate 

the imcertainty associated with the coefficients, the vibrational relaxation time 

in CHF3 is given by 

3 (0.442 ± 0.001) X 103 (0.573 ± 0.007) x 107 
Tpllis - kg - m- =-T T3 

(8.44) 

The deviations 6= (7-p), 
ý. p - 

(-rp).,, of the results from equations (8.41) to (8.43) 

are also listed in tables (8.57), (8.58) and (8.59). The deviations are essentially 

the same for the three methods of half-width analysis and the deviations for the 

Steil-Thodos method are illustrated in figure (8.48). The datum at 241 K was 

again removed from the regression and all the remaining data could be fitted to 

within a few midtiples of their standard deviations. 

8.4.4. Results Derived from the Speed of Sound 

Values of the perfect gas heat capacity CP9 and second acoustic virial coefficient P 

, 
3,, were determined by analysis of the speed of sound data along each isotherm 
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Table 8.60: Perfect-gas heat capacities CPP9 derived from the density and pressure 

series, estimated standard deviations or, and deviations A from the smoothing 

equations for CHF3- 

T/K CP9/R 
p 

A 

229.946 5.2382 ± 0.0008 0.0010 

240.971 5.3371 ± 0.0014 -0.0029 
253.095 5.4632 ± 0.0005 -0.0012 
266.652 5.6177 ± 0.0008 0.0046 

281.503 5.7837 ± 0.0008 0.0002 

298.262 5.9770 ± 0.0009 -0.0032 
317-375 6.2058 ± 0.0006 0.0005 

338.976 6.4548 ± 0.0006 0.0000 

in terms of a density series. Estimates of the (p, V, T) second virial coefficient B 

were extracted by combining the data with the square-well potential and wsing 

equation (1.15). 

Heat Capacity Results 

The perfect-gas heat capacities determined from the first terms of the density 

series representing the speed of sound data at each temperature are given in 

table (8.60) together with their associated standard deviations (T. The value of 

the heat capacity was fbimd to be independent of the method used to analyse 

the half-widths. This indicates that the sum of the corrections to the resonance 

frequencies made using transport properties derived from the half-width analyses 

employing the Stiel-Thodos, Euken and Modified-Euken relations were essentially 

identical. This important conclusion could also be inferred by examining the 

excess half-widths for each method which never differed by more tban a couple 

of ppm. The values of CPP9 were fit to a function determined using the adaptive 

regression algorithm wMch gave 

CpglR = 0.01845T - 0.309 x 10-10T' p 
0.187 x 103 0.75 x 109 

(8.45) 
T T4 
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Figure 8.49: Deviations A of the perfect gas heat capacities CPP9 of CHF3 deter- 

mined from the density series from equation (8.45). 
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of the experimental results from equation (8.45) are also given in table (8.60) and 

are plotted in figure (8.49). With the exception of the daturn at 267 K, the 

deviations are always only a few multiples of the standard deviations, but this 

point was retained in the regression as its removal did not significantly reduce 

the overall standard deviation of the fit. Comparison with published data is by 

means of figure (8.50) which shows the experimentally determined values, equation 

(8.45), results by Glockler et al. [46] 
, 

heat capacities calculated from spectroscopic 

information [47], [481 and from an experimental correlationl'l. The correlation based 

on experimental data was found in reference (3] but. no indication of the accu- 

racy, source material or temperature range over which the expression is valid was 

given. This correlation agrees very closely with the results calculated using the 

vibrational frequencies of Bernstein et al. 1481 at temperatures below 280 K. These 

spectroscopic values converge with the results of this work as the temperature 

increases to 340 K whereas the heat capacities calculated from the vibrational 

frequencies given by Plyler et al. (47] diverge from the data reported here as the 

temperature increases. The two spectroscopic calculations show a systematic dc-- 
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Figure 8.50: Comparison of the perfect gas heat capacities CPP9 of CHF. 3 deter- 

mined in this work with published values. 
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viation from one another of about 0.2 R and equation (8-45) always lies between 

these bou-nds. The results of Glockler et aL [461 were calculated using a semi- 

empirical method based on additive contributions of the bonds and angles in the 

molecule. These results are systematically high and appear to be significantly in 

error. In the absence of recent, calorimetric data equation (8.45) represents the 

most accurate method of calculating the heat capacity of CHF3 between 230 and 

340 K published to date. 

Second Virial Coefficients of CHF3 

The second acoustic virial coefficients determined from fitting the speed of soimd 

results to a three term density series at each of the eight experimental temper- 

atures are given in table (8.61) together with their standard deviations or. The 

extraction of (p, V, T) second virial coefficients was again by means of regression 

analysis using the square-well potential. The experimental determinations of CPP9 

were used in conjunction with the acoustic second virial coefficients J3, Weighted 

non-linear arialysis of the experimental Oa with -yP9 and the square-well function 
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Table 8.61: Values of the second acoustic virial coefficient 0,, from the density 

series, estimated standard deviations (7, and deviations A from the square well 

potential for CHF3- 

ý T/K ý ßa ± a, /crn3. m(: )l-' 
ý Al 

229.946 -458.94 ± 0.72 2.21 

240.971 -419.64 ± 1.13 -9.95 
253.095 -364.77 ± 0.41 -1.90 
266.652 -319.33 :E0.51 0.23 

281.503 -280.13 ± 0.48 -0.09 
298.262 -242.62 ± 0.24 0.57 

317.375 -208.31 ± 0.28 0.35 

338.976 -177.05 ± 0.24 -0.46 

yielded 
B/CM3. Mol-1 = 123 - 65.1 exp (470 KIT) (8.46) 

which fit the results from the density series with a weighted standard deviation 

of 1.0 cm 3. mol-1. In figure (8.51) the experimental 0,, are shown as deviations 

..,, 
from equations (8.46) with equation (1.15). These deviations 

c 
A are also given in table (8.61). The clatum at 241 K was removed from the 

regression as it could not be accommodated in the fit, altered the values of B 

significantly and its removal led to a significant reduction in the overall standard 

deviation of the fit. The values of B extracted from this analysis are likely to be 

more accurate than the results for the other two experimental systems as three 

term density series were required to describe the speed of sound data leading to 

smaller svStematic errors in 0., due to truncation of the series. 

Figure (8.52) shows the variation of the (p, V, T) second virial coefficient B 

with temperature and gives all the literature datal"I-111. Figure (8.53) shows the 

published results as deviations AB =B- 
Bq,,,,, 

i.,, (8.46) from equation (8.46). 

Above 250 K equation (8.46) is in very good agreement with all the literature 

data except that of Hajjar et al. 1") which shows systematic deviations of 40 to 80 

CM 3. mol-'. In particular there is excellent agreement with the high temperature 

data of Sutter et al. 1"I of better I CM3 -niol-' even at 405 K which is 60 K above 
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Figure 8.51: Deviations A of the second acoustic virial coefficients /3a of CHF3 

determined from the density series from equation (8.46) with equation (1.15). 
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Figure 8.52: Comparison of the second virial coefficients B of CHF3 determined 

from the density series with published residts. 
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Figure 8.53: Deviations AB of the second virial coefficients of CHF3 from equatimi 
(8.46). 
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the highest, experimental temperature. Below 250 K there is good agreement with 

the result of Lange et al. [53] which is less negative by about 15 CM3. Mol- 1. but 

the lower temperature results of Schramm et al. ["] quoted by Dymond and Smith 

show systematic deviations from this work that increase to 140 cm3. mol -1 at 200 

K but are not greater than 60 cm 3. Mol-1 within the temperature range used here. 

In the low temperature regime it is likely that equation (8.46) represents the most 

accurate result to date as classical methods suffer large systematic errors due to 

absorption at, low reduced temperatures. 
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9. CONCLUDING REMARKS 

Measurements in the novel annular resonator have shown that it is possible to 

measure the speed of sound u over the temperature range 230 to 340 K, at pres- 

sures between 10 and 1000 kPa with a fractional precision of 20 ppm for gases 

which show severe dispersion. Low pressure speed of sound measurements are 
important because perfect gas heat capacities CPIý are determined from the limit P 
of u2 as the density p tends to zero and second acoustic virial coefficients 13,, from 

the limiting slope of the speed of soimd measurements (dU2 Idp) as p-0. The an- 

nular resonator described in this work allows speed of sound measurements to be 

carried out in gases with relatively long vibrational relaxation times 7vib at pres- 

sures a factor of 10 lower than would be possible for a practical spherical resonator. 
Typically an accuracy of 0.1 % was achieved for the second virial coefficients B 

determined from the experimental -yP9 and 3,, together with the square-well po- 

tential. This compares favourably with classical (p, V, T) measurements and the 

expressions obtained for B agree with published results even when extrapolated 

to well above the experimental temperature range. At low temperatures the esti- 

mates of B published here represent the most accurate measurements to date for 

these gases because, unlike classical methods they do not suffer from systematic 

errors due to gas adsorption. A precision of 0.01 % was typically achieved for the 

heat capacities determined in this work. The measurements agreed favourably 

with the estimates calculated from the vibrational frequencies but, due, to a lack 

of recent calorimetric results, a more rigorous comparison could not be made. 

Over the whole range of temperatures and pressures at least three azimuthal 

modes were used to determine (u/b) at a given state point. At pressures below 

100 kPa more modes were used in the determination of (u/b). The limited number 

of low frequency modes retained at the highest pressures was due to the influence 

of shell motion. For the gases under study it was unfortunate that the shell reso- 

nance overlapped the lower frequency azimuthal modes which the apparatus wa.,; 
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specifically designed to exploit. This problem was overcome by the use of higher 

order modes but could not have been avoided because the modes of motion of an 

annular shell were not known. The problem was most severe for sulfur hexafluo- 

ride due to the lower gas resonance frequencies and in consequence the data above 
110 kPa was rejected in the final analysis. For the methane-ethane mixture. the 

shell resonance caused smaller perturbations to the data but there was a loss of 

accuracy at low pressure due to the relatively large transport coefficients causing 

the modes to have large half-widths. In addition. fractionation of the mixture 

as the pressure was reduced caused further loss of precision but the estimated 

mole fraction of ethane present at the end of the measurements varied less in this 

work than for previous acoustic studies on this systemý'J [2] 
. 

The measurements 

in trifluoromethane were considerably better due to the high pressure measure- 

ments being affected only slightly by the shell resonance as for the mixture. but ?D- Z-1 ý- 
the precision at low pressures was not compromised to the same extent by large 

resonance half-widths. The greater curvature observed in the measurements for 

CHF3 further increased the precision of the results by reducing the systematic 

errors due to truncation of the virial series. Adverse effects due to the coupling 

of gas and shell motion could be reduced by the use of different materials for the 

resonator. An obvious choice would be stainless steel which is much less elastic 

than aluminium. However, it would not be possible to achieve the same level of 

temperature control because the lower thermal conductivity would cause larger 

temperature gradients and the time required to bring the system back to the 

set-point temperature after the pressure was reduced along an isotherm would be 

greater due to the higher heat capacity. 

One of the limitations on the precision of the results generated in this work was 

the accuracy to which the geometry of the resonator was known. The geometry 

of the resonator under vacuum as a function of temperature could be determined 

with greater precision using dimensional microwave resonance techniques provid- 
ing that suitable microwave antermae could be designed which would themselves 

not cause significant perturbations to the cavity geometry. The dependence of the 

microwave resonance frequencies on the geometry of the cavity are available in 

the literature [31 and the probable fractional accuracy of such measurements would 
be of the order of 1 in 10'. The extension of the theory to enable the technique 
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to be applied with the cavity filled with gas in order to investigate the response 

of the resonator to pressurisation was carried out, but imfortunately no time was 

available for the validation of this work. 

Novel features in the design of the resonator included the use of a model of 

the thermal environment of the resonator and the use of a digital computer and a 

prog-rami-nable power supply to provide a flexible temperature control algorithm. 

In addition. the design of transducer inserts enabled the optimum performance 

to be achieved without the need for dismantling the transducer and the design 

only requires one seal reducing the problems associated with pressure leaks. As 

well as the extension of the acoustic theory to cover the annular geometry. a new 

iterative method was developed for the analysis of the results which does not rely 

on equation of state or transport property data being available in the literature. 

In addition. this method pro-Odes limiting values as p-0 of the viscosity 77 

and thermal conductivity K which have an accuracy of approximately 5 %. The 

accuracy of the transport properties could be increased by a different choice of 

resonance modes that would allow the shear and thermal losses occurring at the 

walls of the resonator to be resolved. This would elirninate the requirement for 

expressions such as the Euken relation to reduce the number of variables in the 

analysis. Analysis of the resonance half-vddths also provides estimates of the 

vibrational relaxation time as -rp. For the results published here the precision 

varied between I and 15 Vc depending on the magnitude of Tp. Although it 

is beyond the scope of this work analysis of such data may provide valuable 

information on intramolecular dynamics and intermolecular interactions. 

In conclusion. this work again proves the validity of using the resonance tech- 

nique to provide high quality acoustic measurements from which heat capacity 

and equation of state data for gases may be derived. The acoustic theory was 

extended to cover the annular geometry and the flexibility for the optimisation of 

the technique to suit particular applications by varying the resonator geometry 

was illustrated. Here. the apparatus was optimised for acoustic measurements 

in relaxing gases at low pressures over the temperature range 230 to 340 K. In 

particular this work highlights the importance of cavity resonance measurements 

in determining the transport properties of gases. Although the resonator con- 

strilcted for this work was not ideal for measurements of vibrational relaxation 
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time. shear -0scosity and thermal conductivity, the consistent quality of the data 

prove the potential of this approach. 
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