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ABSTRACT 

A study is presented of the behaviour of reinforced 
concrete slab strips under the combined effect of bending and 
compressive membrane action. The existing methods for allowing 
for membrane action in predicting the plastic behaviour of 
reinforced concrete slabs are reviewed and their limitations 
outlined. A new theory of the plastic behaviour of materials 
with tension cracks based on 'total strain' and 'strain rate' flow 
rules is proposed and applied to problems of axially restrained 
concrete slab strips. The effect of elastic axial strains, 
flexible restraints and physical gaps at the boundaries are care
fully considered. The results of a series of experiments on slab 
strips designed to test the proposed theory are presented. 
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CHAPTER I 

INTRODUCTION 

1.1 YIELD LINE THEORY 

The prediction of the collapse loads of reinforced concrete 
structures using inelastic concepts has been given considerable 
attention during the past half of this century. Accordingly methods 
have been developed which take into account the conditions that apply 
in the structure just prior to failure. One of these methods (yield 
line theory) which considers the limit state of collapse for rein
forced concrete slabs was first proposed in Denmark by Professor K.W. 
Johansen (1). 

In this theory (which forms part of the general theory of 
limit analysis), the structural elements are assumed to behave in a 
rigid perfectly plastic manner, and elastic deformations, strain 
hardening effects, shear stresses as well as membrane stresses, are 
ignored. Two analytical methods, 'virtual work'and 'equilibrium', 
can be used in this theory to predict the ultimate flexural strength 
of a slab once a valid mechanism or a yield line pattern has been 
postulated for the slab. Yield line theory is simple in concept 
and amenable to hand computation. Furthermore, its applicability 
to slabs with complex shapes, boundary conditions and loading have 
led to extensive use of this theory and its recommendation in Codes 
of Practice (2). 

But despite all these advantages, Johansen's yield line 
theory gives no information on deflections and little on the moment 
field at collapse. In addition, the theory grossly underestimates 
the load carrying capacity of reinforced concrete slabs when they 
are restrained axially against any lateral movement. It also fails 
to give the actual physical picture of the behaviour of such slabs 
since it considers flexure only and neglects membrane action. 

1.2 MEMBRANE ACTION - THE CONCEPT 

In reinforced concrete slabs, bending is usually accompanied 
by lateral displacements at the edges of the slab. .In axially 
restrained slabs, such displacements are prevented by the support 
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restraints and, therefore, compressive membrane forces appear. 
If the deflection of the slab is small relative to its thickness, 
such forces at mid span may act above those at the supports and 
an arching or dome action will be formed. This is known as 
compressive membrane action and in this way very high loads can 
be sustained with very small deflections. Tes"ts conducted on 
slabs restrained against lateral movements have indicated ultimate 
strengths which are far in excess of those predicted by Johansen's 
yield line theory because of the development of large compressive 
membrane forces in the slab which raise the ultimate moments at 
the yield lines significantly above those occurring in pure flexure. 

In axially unrestrained slabs where the collapse mechanism 
forms a non-developable surface, the load necessary to produce 
increasing deflection after initial yielding; depends on, and 
increases with, the deflection. This is known as tensile membrane 
action. This kind of membrane action will not greatly influence 
the load at which the yield mechanism forms, but it will raise the 
load necessary to produce continuing deflection. The increases 
in strength in unrestrained slabs arise partly from the tensile 
membrane action produced in the central region of the slab and 
partly from the increased yield moment in the outer regions where 
compressive membrane action is caused. 

1.3 LOAD-DEFLECTION BEHAVIOUR OF SLABS WITH MEMBRANE ACTION 

The results of the previous studies of membrane action (as 
will be discussed in detail in Chapter 2) show that the effect of 
membrane action in reinforced concrete slabs is to produce load 
versus deflection curves of the form given in Fig. (1). These 
curves are of two types depending on the boundary conditions of the 
slab. 

1.3.1 LOAD-DEFLECTION BEHAVIOUR OF A SLAB 
AXIALLY RESTRAINED (TYPE I) 

If a reinforced concrete slab is restrained com
pletely against any lateral movement and subjected ~ a transverse 
loading system, the load-deflection curve will have the shape shown 

13 
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in Fig (la). 

In this figure, the curve ABC represents the load
deflection characteristics of the slab on the assumption that the 
slab behaves in a rigid-perfectly plastic manner and that elastic 
deflections, which include axial strains caused by compressive 
membrane forces as well as creep and shrinkage strains, are ignored. 
It has been pointed out by Wood (3) in his solution of the circular 
slab that, according to these assumptions, the compressive membrane 
forces as well as the corresponding vertical loads will have their 
maximum values at the start of collapse (when the central deflection 
of the slab is zero). This very high initial load, which is many 
times greater than that predicted by yield line theory, is represen
ted by point A in the figure. 

However, if the elastic deflections of the structural 
member are considered (line 00), the actual ultimate load will be 

reduced to point P as shown. The experimental tests which have 
been conducted on such types of slabs have confirmed that the curve 
OPBC is the most representative behaviour. The initial linearity 
in this curve, therefore, represents the elastic deformation of the 
uncracked slab. In fact, considerations of the elastic axial 
deformations will change the form of the behaviour of the membrane 
forces as well. In this case, ·the compressive membrane forces 
start to increase from zero (point 0) to a maximum value that lies 
somewhere between points P and B. Therefore, the portion OP 
of the curve may be considered as a region of increasing membrane 
action. 

As the deflection of the slab is increased, the load 
carried by the slab decreases rapidly due to the compressive membrane 
forces becoming smaller. A limiting stage is reached at point 8 
when the membrane forces in the central region of the slab commence 
to change from compression to tension with cracks extending through
out the depth of the concrete due to the large stretch of the slab 
surface. Unreinforced slabs will carry no further load once this 
stage is reached. 

A reinforced concrete slab can carry some extra load with 
further increments in deflection beyond point B. Although at this 

15 



particular point the concrete in the central region of the slab 
can carry no more load due to cracks penetrating its full thick
ness, the stress and deflection of the reinforcement enable the 
slab to carry load by tensile membrane action. The increase in 
load with further deflection stops only when the reinforcement 
begins to fracture (point C in the figure). However, if the 
slab is heavily reinforced, the load carried by tensile membrane 
action at point C may well exceed the ultimate flexural load 
defined by point P. 

It is worth commenting here that the load-deflection 
curve described above is only obtained if a load system is used 
with sufficient stiffness to allow the descending region P to 
B of the load-deflection curve to be followed. If the load 
causing the failure of the slab is the practical case of gravity 
loading, which remains unchanged as the slab deflects, the load
deflection curve will run from 0 to P as before and then move 
dynamically to a point at the same load level on the curve BC. 
Thus if the point C is not as high or higher than the point P, 
gravity loading will cause an unstable failure at P. 

1.3.2 LOAD-DEFLECTION BEHAVIOUR OF AN AXIALLY 
UNRESTRAINED SLAB (TYPE II) : 

In an axially unrestrained slab, the membrane 
forces will become significant only when a collapse mechanism forms 
that has a non-developable surface. Therefore if the slab is 
assumed to be rigid - perfectly plastic, the initial collapse load, 
in this case, will be the Johansen load at zero deflection (see 
point A in Fig. 1b). As the deflection increases, the membrane 
forces are found to vary linearly with the deflections which, in 
turn, enable the slab to carry more load with continUing deflection. 
This is represented by the curve AC in the figure, and if the 
elastic deflections are introduced, the actual behaviour will be 
the curve OPC. 

It has been found (4) that the enhancement in the load 
at any value of deflection is proportionately greater for lightly 
reinforced slabs. This enhancement increases with the deflection 
due to the appearance of a pure tensile membrane after comple~ 
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penetration of the cracks throughout the whole thickness of the 
slab occurs at the central region. This can be readily seen in 
Figure (lb) where the shape of the curve becomes steeper at large 
values of deflection. The slab will continue to carry increasing 
load until the reinforcing bars begin to fracture leading to 
collapse. 

1.4 AIM AND SCOPE OF WORK 

In the review of the previous work on the problem of 
membrane action in slabs (as will be shown in Chapter 2), it is 
found that two fundamental assumptions about plastic behaviour; 
namely, total strain and strain rate, have been adopted in the 
analyses. These approaches showed different results both in 
estimating the ultimate strengths and in studying the load
deflection behaviour of such slabs. In this investigation, a 
careful examination will be made of these two methods to determine 
the correct assumption. 

Chapter 2 of this thesis presents a general critical study 
of previous work on membrane action in reinforced concrete slabs. 
The assumptions and limitations upon which each approach was based 
are stated and equations of the collapse loads are given in their 
final forms. Comparison is also made between experimental tests 
and the theoretical predictions. 

In Chapter 3. a yield criterion of a slab section under 
the combined effect of bending and membrane action is derived and 
a new study of the real significance of total strain and strain 
rate assumptions and the relevance of cracking is presented. 

In Chapter 4, comparison is made between total strain 
and strain rate approaches when applied to reinforced concrete slab 
strips laterally restrained against longitudinal expansion. The 
slab strips in this case are assumed to behave in a rigid - perfectly 
plastic manner. The comparison is presented to include both the 
ultimate strengths as well as the load-deflection characteristics. 
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In Chapter 5, the effects of the axial shortening of 
the slab member as well as the outward movement of the surround 
are introduced into the analysis. In this chapter, important 
conclusions are drawn on the correct analysis to use. 

A series of tests on restrained slab strips is 
presented in Chapter 6 to check the validity of the proposed 
hypothesis. 

Finally, general discussions and conclusions are presen
ted in Chapter 7. Some suggestions and remarks for future 
research are also given in this chapter. 
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CHAPTER 2 

PREVIOUS STUDIES OF MEMBRANE ACTION 

During the last twenty years of this century, intensive 
studies have been carried out to try to understand and utilize the 
considerable reserves of strength in reinforced concrete slabs in 
which membrane action can occur. These studies have not only 
verified that Johansen's yield line theory grossly underestimates 
the strength of the slabs but have also given particular attention 
to the relationship between the load and the deflection in the slab 
as yield proceeds. 

One of the first records of measured ultimate loads 
being higher than those calculated by yield line theory is found 
in a report by Thomas (5). This report commented upon the 
enhanced ultimate strength of beams and slabs which were tested 
with boundaries restrained against lateral movement. 

It was Professor Ockleston (6), in 1955, who made the 
effect of this type of boundary condition most widely known as a 
result of the full scale loading tests on a conventional reinforced 
concrete building (The Dental Hospital at Johannesburg). Some one 
way and two way slabs were unifonm1y loaded to failure and the 
enhanced ultimate strengths obtained were up to about three times 
the yield line theory load. Ockleston, in his report, attributed 
the increase to ignoring the effect of tensile strength of concrete 
in the method of analysis, but in a later paper (7), he showed that 
this unexpected result can be explained by an arching action due 
to the 'development of compressive membrane stresses in the concrete. 

About the same time, Powell (8), of Cambridge University, 
conducted a series of tests on encastre model slabs and the collapse 
loads were extraordinarily large. 

The University of Illinois (9) have reported on the 
testing of a 1/4 scale model of a 9 panel (3 by 3) slab and beam 
floor and the supporting beams failed when the load on the interior 
panel was at approximately twice the yield line theory load. Dis
counting the tensile membrane action and the strain hardening of 
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the reinforcement, it was commented that at high deflections 
the increased bending moment at yield sections due to an apparent 
increase in the lever arm could account for the high ultimate load. 

This conclusive experimental evidence of the beneficial 
effect of membrane action on the ultimate strength of slabs has 
attracted many other investigators. Studies have been carried 
out to find the exact effects of membrane action in different 
shapes of slabs and boundary conditions. As a result, different 
methods of approach have been obtained, each based on certain 
assumptions and subject to certain limitations. It is the aim 
of this chapter to study critically these methods in detail. 
identifying their assumptions and limitations, the technique of 
analysis, presenting the equations for the collapse loads in a 
common form and, finally, to examine the degree of agreement with 
the experimental results. 

for convenience, the methods are divided into three 
different types: 

1. Methods based on rigid - plastic considerations 

2. Methods based on elastic - plastic considerations 

3. Strip method 

2.1 METHODS BASED ON RIGID - PLASTIC CONSIDERATIONS 

A material is assumed to be rigid - perfectly plastic if 
the material is rigid up to the yield point and then deforms plastic
ally at constant yield stress. This implies ignoring both the 
elastic deformations and any strain hardening or softening. On this 
assumption, and some others, analyses have been attempted by several 
investigators, notably, Wood (3) (on the circular slab), Kemp (4) 
(on the square slab), Morley (10) (on the polygonal and rectangular) 
and many others. 

But one of the earliest methods of analysis based on 
such assumptions was attempted by Ockleston (7) on t~e two way rect
angular slab shown in Fig. (2.1e). The attempt was made to explain 
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in algebraic form how the phenomenon of membrane action can 
influence the load carrying capacity of such slabs. In this 
analysis, the membrane forces were assumed to be constant in all 
directions and to have no appreciable effect on the mechanism of 
collapse. Furthermore, the distribution of stress at any yield 
line (Fig. 2.la) was regarded as the sum of that considered by the 
yield line theory (Fig. 2.lb), where the total compression is equal 
to the total tension in the steel, and the one in Fig. (2.1c) rep
resenting the compressive membrane force. In a slab-beam floor 
system, when the central deflection of the loaded slab is small 
relative to its thickness, such membrane forces at sagging yield 
lines will always act above those at boundary hogging yield lines 
increasing the load carrying capacity of the slab by the resulting 
arching action (See Fig. 2.ld). Therefore, for any increment of 
deflection, the energy absorbed at the yield lines due to this 
action can be equated to the work done by the applied load. In 
this way Professor Ockleston found that the enhancement in the load 
has the following expression 

enhancement in p 
above yield line 
theory prediction 

= 24 N 
~ 

(2.1 ) 

vertical 
where the compressive membrane force Nand theA distance between the 
membrane forces at sagging and hogging yield lines (h) depend on the 
depth of the compression block. 

Since neither the central deflection of the slab (wo) nor 
the depth of the compression block at failure can be estimated, 
equation (2.1) cannot be applied to calculate the enhanced loads. 
However, this equation was used by Ockleston to explain the high 
ultimate loads obtained in his tests by introducing the measured 
deflection of the slab at failure for wand assuming the depth of 

o 
the compression zone to be increased from 4.1 mm (0.16 in) (the 
value corresponding to bending action only) to 14.2 ~ (0.56 1n). 

22 



Many attempts have been made, since, to establish a

formula from which the actual collapse loads can be predicted 
directly. These attempts appear to have been initiated by 
R.H. Wood (,3), who, in Chapter 7 of his book "Plastic and Elastic 
Design of Slabs and Plates" and under the heading liThe Problem 
of Minimizing the Reinforcement: Inducing Membrane Action~, gave 
a theoretical solution to the problem of circular slabs (both 
clamped - axially restrained and simply supported - axially 
unrestrained). The term "arching action" is not a good enough 
description in Woodis view. It is rather a change in the yield 
criterion with compression in the slab. Especially in restrained 
slabs, where the restraint against lateral expansions provides a 
kind of self prestressing, the collapse does not usually commence 
before an appreciable increase in yield moments takes place. 
Woodis rigid - perfectly plastic approach is, therefore, based 
on establishing a yield criterion which includes the membrane 
stresses. For this purpose, a reinforced concrete slab section 
(Fig. 2.2a) of unit width and in which both materials are assumed 
to be rigid - perfectly plastic was considered under the effect 
of a bending moment M and a compressive axial force Nt taken 
to act at the mid-depth of the slab. The moment M and the force 
N were assumed to be such that on this section the stress distri
bution of Fig. (2.2b) exists. From equilibrium considerations. of 
longitudinal force and moment, the yield criterion was found to be 

MM-
o
= 1 + a(fN ) - B(NT )2 

o 0 

where a = 

8 = 

t = 

1 d 3 
2 a - 2t 

1 

3 
1 - ~t 

(2.2) 
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M denotes the moment capacity of the section under 
o 

bending only and T is the tensile yield force of the rein
o 

forcing bars. 

This yield criterion was used to evaluate the curvature 
and extension strains of different sections of the circular slab 
shown in Fig.(2.2d). Following a total strain approach; solutions 
were presented for an isotropica11y reinforced and uniformly 
loaded circular slab with simple and clamped supports. 

i. Simply Supported - Axially Unrestrained Circular Slab: 
This case was treated by Wood in two successive stages. 

The first stage represents the development of the cracks 
from the tension face of the slab to the top surface during which 
compressive stress act on the concrete. The analysis presented 
for this stage involved using Timoshenko's (11) definitions for 
the axial extensions of an infinitesmal element and the assumption 
of the conical collapse mode shown in Fig.(2.2c). First, the 
circumferential stretch of any section inside the slab was obtained 
in terms of both the central axial extension and the central 
deflection (radial extensions were assumed zero) and by adopting· 
the plastic potential theory and using total strains, the value 
of this stretch was obtained in terms of the depth of the neutral 
axis at the centre of the slab. A small element of a circular 
plate under radially symmetrical loading was then considered and 
equilibrium equations were derived to find the neutral axis depth 
at the centre and, subsequently, at any other section inside the 
slab. The yield criterion given by Eq.(2.2) was used to evaluate 
moments and membrane forces in the radial and circumferential 
directions. Boundary conditions were satisfied to find other 
unknowns and, thus, the ratio of the uniformly distributed load p 
carried by the slab including the effect of membrane action to the 
corresponding Johansen's theoretical limit analysis load Py was 
found, for this particular stage, to be : 

2 w 2 * p = 1 + L (!! + 2) (0) 
~ 16 a . a (2.3) 

* This equation is incorrectly given in Woodis book (Eq.210, page' 
236) and implies a. factor 12 in the denominator instead of 16. 
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where Wo is the central deflection of the slab and other 
notations are as defined in Eq. (2.2). 

The limiting central deflection for this stage was 
shown to be .: 

w" o 4 
a = (~ + 2) 

13 

(2.4 ) 

The second stage starts when the central deflection of 
the slab exceeds the value given by Eq. (2.4). A pure tensile 
membrane action then starts to spread outwards from the central 
region as the deflection increases. The behaviour of the slab 
in this case may be imagined as concrete segments suspended by 
steel bars. The spreading of the tensile membrane increases with 
continuing deflection until all the bars commence to fracture. At 
a certain value of deflection the pure tensile membrane will reach 
a distance, say r from the centre of the slab (see Fig. 2.3). 
In Woodis analysis, the circumferential and radial membrane forces 
at this junction were taken to be equal to the tensile force of . 
the reinforcement, the yield mo~nts were defined by the yield 
criterion (Eq.2.2) and finally, the axial extension in the two 
directions were assumed identical. Following the same procedure 
as in the first stage, the ratio p/py for this case was found to 

be : 

(2.5) 

Thus for any junction radius r between plastic membrane and cone 
the load is known. The corresponding central deflection was found 
to be.: 

w 
o =-a (2.6) 
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ii. Clamped - Axially Restrained Circular Slab: Axial 
restraint at the supports adds another unknown to the problem 
(the axial extension at the edge) and, hence, one more equation 
is needed •. This difficulty, however, was overcome by consider
ing the conical - deflection collapse mechanism of Fig.(2.3) in 
which the extra equation taken was the following compatibility 
equation : 

(2.7) 

where eo and ee represent the axial extensions at centre and 
supports respectively. Following the same steps as in the simply 
supported case, the ratio p/Py for clamped circular slabs was 
found to be 

Equation (2.8) represents the first stage in which the slab at 
the centre is not fully cracked. The limiting deflection for this 
case was found to be 4/3 times the slab thickness. Wood did not 
extend his solution to cover the second stage of tensile membrane 
action other than to point out that the load would be increased 
thereafter. 

Figure (2.3) shows curves of load versus deflection plotted 
by using Eqs.(2.3), (2.5) and (2.6) for the simply supported - axially 
unrestrained case and Eq. (2.8) for the clamped - axially restrained 
case for a slab with the following properties: 

Wood also conducted some tests on lightly reinforced 
1.727m (68 in) square slabs of 57.1 mm (2.25 in) thickness. These 
slabs were restrained at the boundaries against all movements by a 
massive reinforced concrete surrounding frame and were uniformly 
loaded to failure by means of 16 point loadings spaced at 0.457 m 
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(18 in) centres. The results of these tests, as well as 
the tests carried out by Powe1 (8) and Thomas (5), have con
firmed that the load falls off rapidly once the ultimate load 
is reached, .but also they showed that Eq.(2.8) overestimates 
the ultimate load by a considerable margin due to ignoring the 
elastic shortening of the slab element and the outward movement 
of the surround in the derivation of the equation. 

In 1967, Kemp (4) presented an approach, following 
Wood, to solve the problem of tensile membrane action in simply 
supported - axially unrestrained reinforced concrete square slabs 
which were assumed to be isotropically reinforced, uniformly 
loaded and to have rigid - perfectly plastic properties. 

Kemp's method of analysis, again based on a total plastic 
strain approach, included the determination of the position of the 
neutral axis along the yield lines by combination of geometrical 
considerations and in-plane equilibrium. First, the horizontal 
translation of the triangular middle surface elements due to a 
vertical deflection w at the centre of the slab was obtained 

o 
in terms of the axial strain at the centre. A compatibility 
equation and plastic potential theory were then used to express 
the height of the neutral axis at any section along the yield 
lines in terms of the neutral axis depth at the centre of the 
slab. Thereafter, the neutral axis depths at all sections were 
obtained by considering the horizontal force equilibrium of a 
slab segment. The yield criterion was then used to evaluate the 
yield moments and the membrane forces along the yield lines. 
The results showed that the membrane forces vary linearly with 
the central deflection wand thatwMnw reaches a certain value o 0 

w' , which was found to be the same as that given by Wood for o . 
circular slabs (Eq. 2.4). the neutral axis will lie outside the 
slab section in the central region. The slab was then considered 
to be cracked throughout its depth in this region and the axial 
force was taken to be the yield force of the reinforcement. With 
increasing deflection the pure tensile membrane action was con
sidered to spread outwards from the centre of the slab. After 
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evaluating the yield membrane forces and the yield moments 
as a function of the central deflection of the slab; the yield 
loads corresponding to any given central deflection were found 
by consideri-ng the moment equil ibrium equation for one of the 
four rigid triangular elements of the slab. In this moment 
equilibrium equation, the vertical shear forces and torsional 
moments along the yield lines were assumed zero because of 
symmetry arguments. In this way, the ratio p/Py for simply 
supported square slabs was fou~d to be as follows: 

1. 

ii. For Wo > 4 
a =- (~ + 2) 

8 

W W 
~y = 1 + B + B (~ + 2)(d 0) - 28 i + 2)(f) 

(2.9) 

(2.10) 

The proportional increase in the yield load due to 
membrane action (Eq. 2.9) is identical with Eq.(2.3) given by Wood 
for the simply supported circular slabs. For large values of 
central deflection w , the solution given by Eq. (2.10) is o 
different from the corresponding equation developed by Wood 
(Eq. 2.5) because the assumed yield mechanisms are of different 
forms after the pure tensile membrane develops. Eq. (2.10) by 
Kemp predicts rather lower increases in the yield load than Wood's 
ana 1ysi s. 

The approach adopted by Morley (10) was also based on 
rigid - plastic theory where defonmation fields are straightforward 
developments of conventional yield-line patterns. Isotropically 
reinforced concrete slabs under proportional loading normal to the 
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original plane of their middle surface were considered. 
Clamped - axially restrained and simply supported - axially 
unrestrained polygonal slabs and rectangular slabs with all 
edges fully restrained against lateral movement were included. 
Analysis of the polygonal slabs covered the range from the 
initial mechanism to pure tensile membrane action and cracking 
at large deflections while the solution given for the rectan
gular slab was only concerned with the initial compression stage. 
However, in all cases, the load factor at any stage of deflection 
was assessed by equating the work done by the loads to the energy 
dissipated plastically within the slab, during a small additional 
deflection in the assumed mode. Moreover, the stress resultants 
developed and the energy dissipated in a yield-line were taken 
to depend only upon the strain rates at that stage, in accordance 
with the plastic potential 'flow-rule'. 

Morley used the technique of searching for the least 
possible load estimate at a given stage of deflection, for a 
number of different deformation patterns, since a 'least possible· 
load estimate ' is believed to be sufficiently accurate when the 
assumed range of deformation patterns approximates to the actual 
collapse mode. By considering a slab with a yield-line pattern,· 
an estimate of the load factor at a given stage of deflection 
was obtained by using the principle of virtual work. 

In deriving the equations for the ratio of the collapse 
load to yield line theory load, Morley used different parameters 
for the stress ~ock and the lever arm from those specified by 
Wood and Kemp. If Morley's results are modified to be consistent· 
with the concrete stress block parameters used by Wood and Kemp, 
to enable a strict comparison to be made, the load enhancement 
due to membrane action for a regular q-sided simply supported -
axially unrestrained polygon becomes 

1- For w 2 0< 0 < -r = (j + 2) 

1 + tt <; + 2)2 
w 

f..= <f) 2 
Py 

(2.11 ) 
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i1. 
w 

For -;~_..;;..2_ 
(; + 2) 

(2.12) 

Equations (2.11) and (2.12) depend neither upon the load 
distribution nor upon the number q of the sides of the polygon. 
Therefore, the solution can be applied to any II synvnetrically shaped 
slab ll provided the slab is simply supported - axially unrestrained 
and isotropica11y reinforced in the bottom face only. However, 
according to this solution, the pure tensile membrane action will 
start at the centre of the slab when the deflection ratio wold 
becomes 2/[(a/a) + 2], which is one half the limiting value 
obtained when total strain concepts are used (Eq. 2.4). For 
deflections less than 2/[(a/a) + 2] equation (2.11) holds, which 
predicts higher increases in the yield load than the total strain 
solutions given by Kemp (Eq. 2.9) and Wood (Eq. 2.3). For greater 
values of deflection, the predictions of equation (2.12) are similar 
to the corresponding result obtained by Kemp (Eq. 2.10) except that 
the last term has a factor 4/3 instead of 42 which again provides 
larger yield loads with continuing deflection. Comparisons of 
these results are shown graphically in Fig. (2.4). It can be 
seen from this figure that, at larger stages of deflection, the 
solution presented by Wood predicts more exaggerated load enhance
ments than the other two methods given by Kemp and Morley due to 
using a different mechanism. 

Polygonal slabs with axially restrained encastre edges were 
also analysed for the case of uniform bottom steel only on the 
central yield lines and equal top steel only at the edges. The 
final expressions for p/Py in this case, after modification of the 
concrete stress block parameters, are : 

1. 

(2.13) 
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i1. For 

p 
-= 
Py 

w 
1 + .13 + ~ (~ + 2) + 13(~ + 2}(~ + ~}(t) 

w w w 3 
+ ~ B{~ + 2}2 [{t}2 - {f)(2 +t} ] 

solution (2.13) can be compared with Wood's result 
(Eq. 2.B) on the clamped - axially restrained circular slab. 

(2.l4) 

The two equations are identical except in the factor of the last 
term. As shown in Fig. (2.S) the initial load factors are the 

w 
same but the curves diverge as or increases; again Morley's 
strain-rate method predicts greater loads than Wood, who uses 
total strain. According to Morley the pure tensile membrane 
action starts at deflection ~ = ~ while Wood's prediction is ~. 
For any value of central deflection greater than ~ equation (2.14) 
holds in Morley's analysis while Wood did not extend his solution 
any further. 

It must be emphasized here that if Morley had used total
strain concepts in his analysis, his solutions would have been 
exactly the same as those given by Wood and Kemp. The choice of . 
flow rule to be used in such analyses, strain rate or total strain, 
is therefore of considerable importance. 

In the case of rectangular slabs with axially restrained 
encastre edges, neither the in-plane shear forces nor the in-plane 
shear displacements were considered in the analysis. This approach 
gives approximate values for the horizontal displacement rates. 
Morley claimed that the neglect of work done in shear in his analysis 
is counterbalanced by using these approximate values of the displace
ment rates in the wrong equilibrium equations and leads to an over
estimate of the load factor due to the condition of 'minimum possible 
load' being violated. However, a solution was only given for the 
special case of a rectangular slab with yield lines at 450 to its 
edges and uniform equal top and bottom reinforcement. The expression 
of the enhanced load is 
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L L 2 L p ,2,2 2- w ,2. 9 (- ) - 3 (r) - 1 w 
_ = 1 + a _ a ."l (0) + a . ----;l!--_~~- (~)2 
Py ~ li' ~ a 1i' 3(6 + 1)(3k _ 1) 0 

l l l 

where a" = 

B' = 

1 d 
4(1 - ~ a ) 

1 , 

3 As f 
- -:r- ...1. 
8 01 u 

1 d 
(1 - ~ a ) 

1 

Equation (2.15) is valid for 

L 
3(l) - 1 

4(T) - 1 

(2.1S) 

(2.16) 

when the central section of the slab is not yet fully cracked. 
The solution, however, was not extended to cover the second stage 
of pure tensile membrane action at large deflections. 

Morley checked his theoretical predictions for the ultimate 
loads with the experimental results obtained by Wood on 1.727 m (68 in) 
x 57.1 mm (2.25 in) thick restrained square slabs and by Powell on 
0.914 m (36 in) x 0.521 m (20.5 in) x 32.5 mm {l.28 in} thick 
restrained rectangular slabs by using Park's (12-16) empirical value 
for the central deflection (w Id = 0.5) at peak load. The comparison 

o 
showed a discrepancy in the peak loads with a coefficient of variation 
of ±13%. 

Following a total strain approach; Sawczuk (17), in 1965, 
presented a kinematical method of analysis of rigid - perfectly 
plastic plates beyond the bending collapse load in the investigation 
of the load - deflection, relationship for isotropically reinforced 
simply supported - axially unrestrained rectangular concrete slabs. 
In this analysis, a collapse mechanism of the yield ,line theor.y type' 
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which remains unchanged with continuing deflection was adopted. 
The tensile membrane action was found to be localized in zones 
of yielding flexural hinges. 

Based on a yield criterion similar to that of Wood (3) 
and by using virtual work, the analysis assumed three different 
modes of collapse. One belongs to a plate with edges restrained 
against sliding but free to rotate. In this case, the yield 
moments and membrane forces were considered to act perpendicular 
to the yield lines. The second collapse mode is caused by cracks 
extending perpendicular to the longer side of the rectangular slab 
through the thickness of the slab. These cracks were first 
observed by Wood (3) in some experimental tests on rectangular 
slabs and was later confirmed by Sawczuk in his own tests. The 
analysis of this mechanism required the consideration of in-plane 
bending moments which tend to rotate the slab elements in their 
own plane. In the third mode of collapse, tension membrane 
cracks were analysed. The slab in this case was considered to 

be composed of rigid triangular elements (see Fig. 2.6a) which are 
subjected to bending moments as well as membrane forces acting 
along the periphery of the formed triangle and also to axial 
extension on the tensile crack perpendicular to the longer side of 
the slab. In all these mechanisms, the virtual work method was 
adopted to express the load in terms of the deflection. The· 
results showed that the third mode of collapse governs for almost 
all values of deflection which are large enough to cause the pure 
tensile membrane to be developed. The enhancement of the load 
related to this mode of collapse was found to be in the following 
form : 

p 
(2.17) 

where ~o denotes the depth of the neutral axis from the mid-depth 
of the slab when the membrane forces are zero; andn is the para
meter controlling the yield line pattern (Fig. 2.6a) so that. 
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(2.18) 

For a particular slab, the increases in strength 
obtained from Eq. (2.17) are directly proportional to the central 
deflection w . Such increases become smaller with increasing 

o 
rectangularity. For the special case of a square slab, Eq. (2.17) 
may be compared with Kemp's solution (Eq. 2.10). The two equations 
are different because the assumed collapse modes are of different 
type. Sawczuk's solution, in fact, predicts lower increases in 
strength with deflections becoming large. 

Some experiments on isotropical1y reinforced, simply 
supported - axially unrestrained reinforced concrete rectangular 
slabs of two sizes; 2.0 m (78.74 in) x 1.0 m (39.37 in) x 30 mm 
(1.18 in) and 1.6 m (63 in) x 1.1 m (43.3 in) x 30 mm (1.18 in), 
were carried out by Sawczuk to test his theoretical analysis. The 
slabs were tested under uniformly distributed load by applying 
water pressure to the bottom face of the slab. Tensile cracks 
extending perpendicular to the longer side of the slab through 
the thickness of the slab were observed in these tests and compar
ison of the load - deflection behaviour was made by amending the 
theoretical solution to account for the elastic deflections. In 
this way a close agreement between the experimental load - deflection 
relationship and the theoretical predictions was obtained. 

A rigid-plastic solution to the problem of orthotropica11y 
reinforced simply supported - axially unrestrained rectangular slabs 
was presented by Hayes (18) in 1968 as an extension to Sawczuk's 
analysis. The neutral axes along the yield lines were considered 
to be straight lines and the variation of membrane forces along the 
yield lines were assumed linear. A critical distribution of membrane 
forces was found which was just sufficient to cause in-plane bending 
hinges to form at sections x-x (see Fig. 2.6b). 

Two possible stress distributions were investigated, 
depending on whether or not cracks penetrated to the upper surface 
of the slab. In this investigation, two membrane rorce parameters, 
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(v) and (k), and a parameter (r) fixing the extent of the 
central tensile membrane were assumed to define the shapes of 
the in-plane stress distributions along the yield lines in the 
two cases. The values of these parameters were found by consid
erations of in-plane equilibrium of the forces* acting along the 
yield lines of elements 1 and 2 (Fig. 2.6b) and by equating the 
in-plane moments of these forces about points E or F to the 
in-plane plastic moment at section CE or BF assuming that all 
reinforcement along these two sections are yielding. The results 
obtained were; 

k = 1 + 

v = 

r = 

3 

K [1 + 4n2 (f) 2 ] (2k - 1) 

3 2L2 L2 K - 1 + 12n (r) - 8n (r) 

2 + 4n (b)2 
I 

(2.19) 

(2.20) 

(2.21) 

In these equations, K denotes the ratio of the tensile 
force of the reinforcement in the direction of the shorter side of 
the rectangular slab to the tensile force of the reinforcement in 
the longer side direction. n is the parameter controlling the 
yield line pattern and is given in this case by; 

n = (2.22) 

where p is the coefficient of orthotropy. 

The distribution of in-plane forces having been calculated, 
moment equilibrium for elements 1 and 2 about their axes of 

* . The forces acting along the yield lines are the resultant tensile 
force in the central region of the slab. the resultant compressive 
force near the edges and the shear force along the yield line. 
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rotation were considered to estimate the load enhancement. 
However, the action of the in-plane shear, or any vertical 
shear, on the yield lines were initially ignored in the 
analysis. The enhancement of the load determined by consider
ing the two portions of the slab were unequal, and an average 
value was obtained. The contributions to the moment equili
brium due to membrane forces and bending moments were actually 
determined separately and then combined to give the final 
equation * for the net enhancement of the load-carrying capacity 
of the slab for the two cases of compressive membrane action (the 
early stages of cracking) and the pure tensile membrane action 
(after cracks penetrate to the upper surface of the slab). 

It can be seen from Eq. (2.22) that for a given slab 
with a given value for the coefficient of orthotropy (p) and 
the ratio of the sides (L/l) , the parameter (n) is a fixed 
quantity. If this value of n is used in Eqs. (2.19), (2.20) 
and (2.21) the parameters (k, v and r) will be fixed quantities 
too indicating that the stress distributions along the yield lines 
are independent of deflections and, consequently, the values of 
the membrane forces do not change as yield proceeds. One of the 
basic features of the problem of membrane action in axially un
restrained rigid-plastic slabs is that membrane forces are zero 
at the start of collapse and increase linearly with continuing 
deflection. Hayes' solution is not consistent with this and gives 
no indications of the value of the limiting central deflection 
which separates the two cases of compressive and tensile membrane 
action. However, the predicted enhanced loads in both cases were 
found to decrease with increasing rectangularity (L/l) and co
efficient of orthotropy (p). Comparison was made by Hayes, 
apparently by using the equation corresponding to the second stage 
of pure tensile membrane action, with the solutions presented by 
Kemp and Sawczuk and the approach was found to have good agreement 
with the latter (see Fig. 2.6c). Some experimental tests on rect
angular slabs were carried out but the load-deflection relationships 
obtained were not in close agreement with the theoretical predictions. 

* Eq. (17) page (209) reference (18). 

41 



Hayes attributed the differences to ignoring the strain harden
ing of the reinforcement and the assumption that the material 
of the slab behaves in a rigid - perfectly plastic manner. 

Taylor (19) developed an analysis for predicting 
the load-carrying capacity of simply supported - axially 
unrestrained square slabs on the basis of considering the equili
brium of the segments of the slab bounded by the yield lines at 
any stage of loading (see Fig. 2.7) recognising from tests that 
tensile membrane action only occurs at large deflections and does 
not alter the collapse mode. The neutral axis along the yield 
lines bounding the segments was assumed linear with the central 
region in tension and the outer region in compression. 

Taylor suggested that the load-carrying capacity of 
the slab could be determined, then, by allowing for the increase 
in the effective lever arm of the reinforcement brought about by 
a redistribution of the concrete compression zone. With simpli
fying assumptions for the shape of the compression zone (by 
assuming a horizontal line for the neutral axis) and for the 
stress-block (by using values similar to those in the load factor 
method in CP 114 - 1957, a simple method of calculating the strength 
of a slab corresponding to a particular deflection was obtained. 
From analysis of test data by Maher (20) using a computer programme 
by Hayes (21) it was argued that such assumptions are reasonable. 
The method presented predicts a continuously rising strength -
deflection characteristics. 

Following a strain-rate approach, Janas (22) in 1968 
presented a kinematical method to derive the load - deflection 
relations in cases of uniformly loaded, clamped - axially restrained, 
strip, square and circular slabs proceeding from the initial com
pressive membrane action to the overall membrane tension and crackinQ 
at large deflections. In this study, the slab was assumed to be 
rigid- perfectly plastic and the initial collapse mode of each case 
was taken to be the yield line collapse mechanism which remains 
unchanged with deformation. An equation for the rate of energy 
dissipation of an elementary segment of the yield line was derived 
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as a function of the depth of the neutral axis. Then searching 
for the least upper bound to the collapse load, this equation 
was minimised to find the position of the neutral axis. The 
work done by the applied load was, then, equated to the integral 
sum of the energy dissipation along the yield lines to give the 
load corresponding to any vertical deflection. This approach 
seems to have much in common with that adopted by Morley (10). 

The load - deflection equations for each case in their final form 
are given as follows: 

(1) Clamped - axially restrained strip of unit width with 
reinforcement VAs at the top face of the strip and 
reinforcement As at the bottom. 

w 
i. For 0 ~ t ~ 1 - 2(1 -y)t 

w 
p (1 - ;)2 
Py = 1 + -4-t-[ (-l-+-Y-) -_ -(-1 -_-V )"'lIr'2-t ] 

w 
ii. For 1 - 2(1 -Y)t::; ~1 

p . --Py 

iii. For 

wo . 1 Wo 2 
2Y + (1 -v) cr + "2t (1 - cr) 

(1 +Y) - (1 _y)2t 

w 
o :. 1 

0= 

w 
(1 +Y) cI-

(2.23) 

, (2.24) 

(2.25) 

where t = (As fy)/(a c d) and ac is the compressive stress of 
the concrete. 
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The load - deflection relationship was thus given 
in three successive stages. The first stage (Eq. 2.23) 
represents the behaviour of the slab strip under compressive 
membrane action. The maximum enhancement in the load occurs 
at the start of this stage at w = o. The second stage 

o 
(Eq. 2.24) becomes applicable immediately after cracks penetrate 
the whole thickness of the slab at one of the yield sections 
(either the mid-span section or the end sections depending on 
the value of y). The third and final stage of behaviour is the 
stage of pure tensile membrane action (Eq. 2.25) which applies 
when all the three yield plastic hinges are fully developed and 
cracks have penetrated through the whole thickness of the slab 
at these sections. 

It must be pointed out that in problems of membrane 
action in doubly reinforced concrete slabs attention must be given 
to the conditions at large deflections when the sections of yield 
are cracked throughout the depth and the neutral axis at these 
sections lies outside the slab. In this case the I compression I 
reinforcement no longer acts in compression since it undergoes 
tensile strains. Janas did not pay attention to this fact. 
Neither does his analysis at large deflections satisfy horizontal 
equilibrium because he assumes that after the slab is cracked 
throughout the depth at one yield section the concrete stress block 
at the other yield sections reduce with further increments in 
deflection until all the three yield sections are fully cracked. 
This is not valid because horizontal equilibrium requires that the 
membrane force at all yielding sections has to be the same and 
since the value of this membrane force at the first fully cracked 
yield section (after full cracking occurs) remains unchanged with 
further increments in deflection, the neutral axis should remain 
fixed at the other yield sections. 

However, equations (2.23). (2.24) and (2.25) were derived 
on the assumption that the reinforcement is placed with no cover. 
For the special case of equal top and bottom reinforcement (y. 1). 

cover (d - dl ). and ac = ~u the corresponding equations for P/py 
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would have been as follows 

w 
i. For. o~t < 1 

. ,2 w 2 
.L = 1 + W (1 - f) 
Py B 

i i . For 
w 
0:> 1 

0= 

(2.26) 

.L = ;. (2.27) 
Py 

where values of a' and 5' are defined in Eq. (2.15). 

Thus the tensile membrane action, according to Eq.(2.27), 
will form inside the slab strip when the value of the central 
deflection w is equal to the thickness of the slab. Since 

o 
equal top and bottom reinforcements are provided, at this value of 
deflection the slab will be cracked throughout the depth at the 
mid-span and end sections at the same time. For further increments 
in deflection the neutral axis at these sections will lie outside 
the slab strip and the load - deflection relationship will be 

1 inear. 

(2) Isotropically reinforced, circular, clamped - axially 
restrained slabs with equal top and bottom reinforcement. 
(The equations listed below are derived after a slight 
modification to account for the cover to the reinforcement). 

w 
1. For O~cr ~ J 

. (2.28) 
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2 w 1 a,2 .. F <0<1+ 
11 • or j = a = G r 

p _.a,2 2 3 P -"2i' (1 - A) + [1 + ~ 
y 

w 2 
(A - T) 1 a ,,2 A3 

w ]+6 S'"w 
o 0 

r r 

where 

w 1 a ,,2 
iii. For r ~ 1 + 6 i' 

(1 
wo 2 

L = 1 + ~ 
- a) 1 a ,,2 1 

w +6V w py 0 0 
a a 

(2.30) 

The three stages given by Eqs. (2.28), (2.29) and (2.30) 
represent respectively the behaviour of the slab under compressive 
membrane action, the start of tensile membrane action at the 
central region of the slab and the final stage of the load - deflection 
characteristics after the slab is fully cracked along yield lines. 
However, equation (2.28) may be compared with the corresponding 
equation (Eq. 2.15) found by Morley for the case of a clamped -
axially restrained rectangular slab with equal top and bottom 
reinforcement. If the span ratio (L/l) in Morley's equation is 
taken as unity to represent the special case of a square slab the 
two equations will be identical. This confirms that the enhanced 
load in "synmetrically shaped slabs" is unique. 

(3) Clamped - axially restrained square slabs with bottom 
reinforcement only at distance d1 from the compressed 
face of the slab. 

47 



1. 

ii. 

w (9 T 4) 
For 0= 0:; g ...... a~_ 

a 3 (9 + 2) 
B 

2 w w 
~ = '2(a+B) + la - ! (~ + 2)2 (~) + ~{~ + 2)2 (~)2 

(2.31) 

(9 + 4) W . 
For 2 B ~ 0 ~ 1 (9 + 2) 

3 (9 + 2) or ~ B 
f3 

W 
~ = ~ (9 + 2)(9 + 6) + ~ (9. + 2)(29 + 9)(ar) Py f3 a Br--_.....;a ___ ~ __ 

2 w W w (9 + 4) 3 
+ § (9 + 2) [( 0)2 _ (0) {( 0) + 2 B } J 

3 B r or a (9 + 2) 
B 

(2.32) 

W 
iii. For or ~ 1 (j + 2) 

(2.33) 

values of a and B as defined in Eq. (2.2). 

Again Eq. (2.31) represents the initial stage of com
pressive membrane action, Eq. (2.32) applies once the slab is fully 
cracked at the centre and finally Eq. (2.33) holds for the behaviour 
of the slab at large values of deflection after the slab is fully 
cracked along the yield lines. 

Janas made no attempt to provide experimental evidence 
in support of his theoretical analysis. 

2.2 METHODS BASED ON ELASTIC - PLASTIC CONSIDERATIONS 

The methods of analysis discussed in the previous section 
neglected the effects of both the elastic strains in the slab and 
any lateral movement of the restraining supports. Accordingly. 
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the relationship between the load and the deflection was 
approximately obtained. Moreover, the theoretical peak value 
of the load, in axially restrained rigid-plastic slabs was 
found to be higher than the actual collapse load. 

One of the earliest attempts to include elastic 
and support movement effects in the analysis was made by 
Christiansen (23). Based on a total strain approach, laterally 
restrained built-in reinforced concrete beams were analysed by 
assuming plastic hinges to be fully developed at supports and 
at mid-span. Following Ockleston's (7) explanation of the 
arching action, an expression was derived for the additional 
compression (N) at yield sections by equating the outward 
movement of the support with the lengthening of the beam due 
to rotation of the plastic hinges less the elastic and plastic 
shortening of the beam. The expression was determined as a 
function of the combined deflection (which is the sum of the 
deflection (wo)e due to elastic deformations of the beam and 
deflection (wo)p due to rotation at the hinges). 

1 N = ~ u.b.d. 

where: Zl 

2 
Z2 = ~ (1 + m) uL ., E? 

c 

(2.34) 

In this equation, Y represents the ratio of the area 
of top reinforcement at supports to the area of bottom reinforcement 

at mid-span. L, b, d are the length, the width and the depth of 
the beam respectively; Ec is the concrete modulus of elastici~ 
and m is a factor denoting the ratio of the outward movement of 
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the support to the elastic shortening of the beam. Other 
notations are as defined previously. 

The moment due to N about the support was found 
to be : 

moment due to 

From Eqs. (2.34) and (2.35) the load carried by 

(2.35) 

arching at any value of deflection can then be determined. The 
maximum load was found to occur at a deflection {wo)p given by; 

(2.36) 

Therefore solution of Equation (2.36)together with Eqs. (2.34) 
and (2.35) lead to the maximum load carried by arching. It was 
pointed out by Christiansen that the above analysis can also be 
used to predict the collapse loads of two-way slabs by estimating 
separately the load carried by arching across the shorter span 
and the load carried by bending from the yi~ld line method and 
adding the resulting loads. 

The analysis was supplemented by tests on four reinforced 
concrete beams restrained laterally by a welded steel frame and 
subjected to a single concentrated load at mid-span. The results 
showed slightly higher ultimate loads than the theory predicts. 
The discrepancy in the results was attributed to the effect of 
biaxial stresses occurring at the mid-span section (under the 
applied load) and also to the assumption that the plastic hinges 
are fully developed at all stages whereas the ultimate loads given 
by the theory were found to occur at deflections which are too small 
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to develop full plasticity at the hinge positions. 

In 1969, Roberts (24) presented an experimental and 
theoretical study for the behaviour of axially restrained simply 
supported reinforced concrete slab strips. In this study, the 
effects of both the elastic shortening of the elemental strip as 
well as the outward movement of the surround were considered. 
The theoretical analysis follows Woodis approach very closely. 
Using the yield criterion given by Wood (Eq. 2.2) and plastic 
potential theory based on total strain, the positions of the 
neutral axis at mid-span and supports were expressed in terms of 
the membrane force N. Then by considering compatibility of the 
deformed strip of unit width and length L , the membrane force N 
was expressed in terms of the central deflection wo. The 
resulting equation was given in the following formi 

N _ 
T-

o 

6 L 

l [ (~ + 1) - I (~ + 2) ~ - ~ (~ + 2) a a ] 
~ /3 2 /3 u ~ B Wo 

a 

in which A is an assumed initial gap at the supports and 

5 = 6 5 
~ 
d 

(2.37) 

(2.38a) 

5 is a stiffness factor which can be related to the stiffness of 
the surround 5s and the stiffness of the strip 5b in the following 
expression 

1 1 1 
S=r+S 

s b 

where 5s has to be found experimentally and' 

2dEc 
5b =-r 

(2.38b) 

(2.38c) 
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The value of Ec (concrete modulus of elasticity) was taken 
by Roberts to be 

~ 6 
Ec = 1BO.6 x 10 N/mi 

or 

Ec = ~ x 106 1 b/in2 
(2.3Bd) 

Having detenmined N for any given central deflection 
w , the value of the load can then be found from equilibrium. 

o 
The equation was given in the following form 

w N 2 
~ = 1 + 213[{~ + 1) - (~+ 2) t](~) - 213(r;;) (2.39 ) 

Roberts made no attempt to find an explicit solution 
for (wold) corresponding to the peak load but used Eqs. (2.37) 
and (2.39)to plot load - deflection curves from which the ultimate 
loads were obtained graphically. 

The theoretical analysis was performed on restrained 
slab strips under uniformly distributed load but in the experimen
tal tests, the elemental strips were subjected to a four point 
loading system. However, the analysis was assumed to be valid 
since the collapse mechanisms of both cases are the same. 

36 slab strips were tested in the form of beams 0.229 m 
(9 in.) in width and 1.461 m (4 ft. 9i in.) in length. The thick
ness of 20 of these beams was 50.B mm (2 in.) and the remaining 
16 beams were 76.2 mm (3 in.) deep. The specimens to be tested 
were inserted in a very stiff reinforced concrete surround 
(Fig. 2.B) and were 9.5 mm (31B in.) shorter than the interior 
length. These specimens were supported at the ends on steel 
plates and the gap between the specimen and the surround was filled 
with a rich mix of cement mortar. In each test, readings were 
taken for the applied load, the central deflection.and the outward 
thrust (the membrane force). The latter was measured by semi-
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conductor strain gauges mounted at the middle of the surround. 
The results of these tests showed discrepancies in both the 
ultimate loads and the maximum membrane forces when compared 
with the theoretical predictions. The experimental peak loads 
were found in some tests to be higher (up to 55%)/than the 
corresponding theoretical values and in other tests they were 
25% lower. Roberts attributed the differences to the crushing 
strength of the concrete in the tested beams being greater than 
the cube strength. Supplementary tests on wedge shaped 
specimens were provided in support of this explanation. This 
explanation is not entirely convincing and the differences may 
be due to the following; 

(1) From Fig. (2.8), it can be seen that the condition 
of the supports allows a friction force to develop 
at the interface between the steel plate and the 
beam, which can be quite considerable at peak loads. 
This force was not accounted for in the analysis. 

(2) Equations (2.37) and (2.39) were derived on the 
assumption that the mean yield stress of the con
crete is 2/3 of the cube strength. A better agree
ment with the experimental results would have been 
obtained if the parameters klk3 and k2 suggested 
by Hognestad, Hanson and McHendry (25), which depend 
on the cube strength of the concrete, had been used 
in defining the shape of the concrete stress bloc~. 
It will be seen in Chapters 4 and 5 that the choice 
of the parameters for the stress block is of great 
importance. 

(3) The arrangement of the rig does not ensure that the 
gap between the specimen and the surround can be 
fully grouted. A very small gap will cause a con
siderable reduction in both the peak load and.the 
maximum value of the membrane force. This point 
will be studied in detail in Chapter 5. 
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Following a 'strain-rate ' approach, Janas (26) in 
1973 modified his original solution for the problems of rigid 
axially restrained clamped strips and axially restrained square 
slabs to account for the elastic axial compressibility in such 
members. The slab strip in this case was assumed to be subjec
ted to a concentrated load at mid-span, and to be reinforced in 
the bottom face only at middle sections and in the top face only 
at supports. Using plastic potential theory and a strain rate 
flow rule, the internal moments and membrane forces at the 
locations of the plastic hinges, i.e. the mid-span and end 
sections of the slab strip, were expressed in terms of the depth 
of the neutral axes at these sections. It was assumed that 
these axes lie on the same horizontal level, and by satisfying 
horizontal equilibrium their position was computed. The value 
of the membrane force (N) was given in the following expression; 

W o 
N 1 -va- 1 Wo 
~ = t [(1 - e ) {l - (1 + y)t + v} - T] 

where v describes the elastic compressibility of the slab, 

SE dZ 
c 

v =--~-2 
O'c L 

and other notations are as defined previously. 

(2.40) 

(2 .41) 

The current limit load (P) was found from equilibrium 
to be; 

P 1 Wo 2 1 r = 1 + A [1 - (1 + y)t - T] - A [1 
y . 

{l - (1 + y)t +~})2 

where A = 4t (1 + y) - ~t (l + y2)] 

Wo -vr 
- {l + y)t - (1 - e ) 

(2.42) 
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However, the above solution (Eq. 2.42) is valid only when 
the membrane force is compressive (i.e. for all values of 
deflection less than w; defined from Eq. (2.40) with ~ = 0). 
Forwo>w; the axial force will be tensile and thereforeOthe 
analysis has to be modified by introducing a new coefficient of 
extensibility v,. In this case, 

- (1 + y)t -

(2.43) 

Equations (2.42) and (2.43) were used by Janas to plot 
load - deflection curves for different percentages of reinforcement 
and by assuming vl = v/4. These curves gave loads less than the 
rigid plastic solution (v =00) with one common point with rigid 
plastic corresponding to maximum axial compression. The latter 
was found to take place at the deflection 

to) = ~ 1 n [1 + {1 - (1 + y) t} v ] 
d cr 

(2.44') 

Based on numerical data, the ultimate peak load was taken to 
correspond to deflection wold ~ 0.5 (wo/d)cr • Therefore this 
value was introduced in Eq. (2.42) and the ultimate peak load Pu 
was found to be :' 
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Pu 1 
r = 1 + A [1 

2 
(1 + y)t} - 1] 

Y 

(2.45) 

The method outlined above was thence applied to uniformly 
loaded built-in square slabs with reinforcement distributed only in 
the tensile zones and edges axially restrained agai.nst 1ate~al move
ment. The traditional yield line mechanism with diagonal plastic 



hinges was taken to be the collapse mode of these slabs which 
remains unchanged with deformation. The position of the 
instantaneous neutral axis in the positive hinge was defined 
in terms of the axial strains in the two directions of the slab 
which again include elastic and plastic strain rates. Assumption 
was made that the elastic deformations in both directions of the 
slab are proportional to the mean value of the axial forces at 
positive and negative plastic hinges. With these assumptions 
and for virtual rotations around supports the position of the 
neutral axis in the positive hinge was related to the corresponding 
value in the negative hinge. Then by equating the integral sum 
of the membrane forces along the yield lines of one of the four 
panels of the slab to zero, the position of the neutral axis and 
consequently the membrane forces were obtained. By considering 
the moment equilibrium of one panel, the current collapse load p 
was found to have the following expression 

1 2 1 Wo 5 Wo 
.L = 1 + A [1 - (1 + y}t] - A a [1 - (1 + y}t - n a] 
Py 

Wo 
1 -\I a 2 

- A [1 - (1 +y}t - (1 - e ){1 - (1 +'Y)t+kn 
w 

1 -\I t- 2 - :-z (1 - e ) 
6v 

(2.46) 

Solution (2.46}represents the behaviour of the slab under 
compressive membrane action and, therefore, it is valid for all 
values of deflection less than w' defined from the equation 

o 

For larger deflections, a pure membrane tension zone will appear 
in the central region of the slab. Janas could not extend his 
solution to cover this stage because of the algebraic complexity' 
and instead he suggested that the following formula, which was 
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obtained from rigid - plastic considerations, could be used as 
an alternative. 

1 wo 1 wo 
R- = A (2 + dl) (1 + y)t + A [2 + dl + 2 (1 - y)t] 
Py 
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4 wo ~ 2 1 wo 
[3 dl {1 - 1 + W (1 + t - yt) } + 1 ] + j1( a [1 + 7 (1 - y) t ] 

o 
a 

Vee (27) in 1973 presented an approximate method of 
estimating the ultimate load carrying capacity of square concrete 
slab-beam panels taking into account the compressive membrane action 
resulting from the non-rigid lateral restraint provided by the 
supporting beams. The panels were assumed to carry load by two 
actions; the flexural action of the slab itself and the membrane 
action induced by the existence of the surround. Two limits were 
given for the ultimate load depending on whether or not the surrounding 
beams might collapse first. The lower limit is represented by the 
maximum load carried by membrane action only (the case when the 
flexural capacity of the slab is exhausted before cracking of the 
restraining elements takes place) and the upper limit is given by 
the sum of the maximum loads carried by both flexural and membrane 
actions (the case when these actions reach their respective maximum 
value at the same time). It was stated that the ultimate load 
should lie between these two limits. However, the analysis furnished 
a solution for the maximum load carried by membrane action only while 
the load carried by flexure was taken as the cracking load of the 
slab pane·l based on elastic analysis. Critical assumptions were 
made that the membrane force is constant along the span of the 
slab, its position is a fixed quantity that does not change with 
deformation (assumed to be at a distance 1/10 of the slab thickness 
below the compressed face) and the moment along the yield lines 1s 
constant. With these assumptions, the analysis began by first 
finding an expression·for the membrane force in terms of the modulus 
of rupture of concrete. This was done by equating the latter to 



the sum of the direct tensile stress, the flexural tensile stress 
and the tensile stress due to eccentricity, all caused by the 
effect of the axial membrane force (N) acting alone on the 
restraining beam. The result was given in the following form 

where, b 

d 

Width of the restraining beam 
Thickness of the slab 

frp Modulus of rupture of concrete 
L Slab span 

(2.48) 

The second step was to find the lateral movement of one of the 
restraining beams. This was taken equal to the extension of the 
beam in the perpendicular direction acting as a tie plus the 
deflection of the centre of the restraining beam relative to its 
ends. The total movement 6 was thus found to be : 

6 = NL2(L2 + 29.6 b2) 
32Ec b3d 

(Ec being the concrete modulus of elasticity) 

By considering the compatibility of a strip passing 

(2.49) 

through the centre of the slab, the movement 6 was related to the 
central deflection of the panel according to the following expression 

w = fur (6 +~) 
o C 

(2.50) 

From geometrical consideration of the strip the vertical distance 
between the membrane forces at centre and end of the slab was defined 
and therefore the moment that these forces make around the edge of 
the slab was obtained to be : 

Wo 
f\em = N (0. 8d - cr) (2.51 ) 
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Similar to the yield-line theory, the load was given as 

(2.52) 

Therefore from Eqs. (2.48), (2.49), (2.50), (2.5l) and (2.52) 
the following expression for the load carried by membrane action 
was obtained. 

1 L 3 b2 
{ 10:-! (l + 29. 6 :-2") + 1}] 

b l 

(2.53) 

Five small model square slabs of approximately 16.5 mm 
(0.65 in.) thickness spanning 0.254 m (lO in.) and subjected to a 
point load at the centre of the slab were tested to check the 
validity of the proposed method. The variable in this series of 
five slabs was the size of the restraining edge beam which ranged 
from 25.4 mm (1 in.) wide by 101.6 mm (4 in.) deep to 101.6 mm (4 in) 
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by 101.6 mm (4 in.). The results of all these tests showed higher 
ultimate loads than the theoretical upper limit given by Pmem + Pf1exure • 
The differences could be attributed to the critical assumptions 
made in the analysis. The membrane force was assumed to act at a 
fixed distance from the compressed face of the slab section whereas 
a slight shift in the position of this force will result in a con
siderable change in the value of the ultimate load. The latter is 
also influenced by the assumption of constant moment along the yield 
lines since membrane forces usually vary from one section to 
another along the yield line which result in changing the value of 
the moment accordingly. 

2.3 STRIP METHOD 

A strip method was used by Park (12-l6) in his analysis 
of the problem of uniformly loaded rectangular concrete slabs which 
have either all or three edges restrained against lateral movement. 



The slab according to this method is considered to 

be composed of strips running in the X and y directions 
which have the same depth as the slab (Fig. 2.9). The X 

direction strips contain only tne X direction steel and the y 
direction strips contain only the y direction steel. These 
strips are divided into portions located between the yield 
lines of a given collapse mechanism and have yield sections 
which are at right angles to the direction of the steel. The 
portions of the strip between the yield sections are assumed 
to remain straight at all stages of deformation. Analysis of 
the slab by this method involves finding the position of the 
neutral axis along the yield lines by combination of geometrical 
considerations of the deformed strip (based on total-strain) and 
horizontal equilibrium. Membrane forces and yield moments can 
be evaluated once the positions of the neutral axis are found. 
Thereafter the end portions of the slab strips may be given a 
small virtual rotation a~d the total internal work at the yield 
sections of all the X and y direction strips can be equated 
to the external work done by the applied load. In this way. an 
expression for the relationship between the applied load and the 
central deflection can be obtained. 

However, the strip method requires the use of empirical 
values for the central deflection at which the peak collapse loads 
occur. These values were found to vary from one slab to another 
depending on the shape of the slab and the boundary conditions. 
Park has supplied values for these deflections for the case of a 
rectangular slab with all edges fully restrained against all move
ment (the value of the central deflection at peak load in this 
case is 0.5 times the slab thickness) and the case of a slab with 
three edges restrained and the other edge free to move laterally 
(in this case the value is only 0.4 times the slab thickness). 
Therefore, if the strip method is to be applied to other problems, 
experimental tests must be performed to find the critical values 
for these deflections. 

It is worth commenting here that in slabs.with al1,edges 
fully restrained against rotation and horizontal translation, the 
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strip method like the previously discussed methods considers 
membrane forces to generate in both directions of the sl~b. 
But in slabs with three edges fully restrained and the remaining 
edge free to move laterally, the method ignors any membrane 
forces in the direction of the span at right angles to the un
restrained edge. This is due to the assumption that each slab 
strip must be in horizontal equilibrium and, therefore, if a 
strip has one end free to move laterally no membrane force can 
occur. Accordingly, in the cases of corner panels in a slab
beam floor system where the two interior adjacent edges of these 
panels are the only edges that are restrained laterally, no 
membrane forces would be predicted in such slabs and the ultimate 
loads would simply be Johansen's loads. 

Park presented his strip analysis for the problem of 
orthotropically reinforced rectangular slabs with lateral restraint 
by considering two cases. These are slabs under short-term and 
long-term uniform loading. The analysis of the slabs under short
term loading was based on a rigid-plastic strip approximation 
whereas in the analysis of the slabs under long-term loading, 
effects of axial strains in the slab and the lateral displacements 
at the boundaries were considered. The axial strains were taken 
to be the sum of creep, shrinkage and axial elastic strains caused 
by the induced compressive membrane forces. The behaviour of a 
slab as a tensile membrane at large deflections was also investigated 
and the results showed that heavily reinforced slabs can carry loads 
by tensile membrane action which exceed the ultimate flexural load. 
Park checked his theoretical predictions with some experimental tests 
conducted on 1 . 524m {60 in.} x 1.016 m (40 in.) reinforced concrete 
slabs and thickness ranging between 1 inch and 2 inches and the 
results showed that the maximum load can be predicted reasonably 
but the theoretical and the corresponding experimental load -
deflection curves were not in good agreement. 

Some more experimental data on this subject was provided 
in 1975 by the Indian Institute of Technology (28). Tests on 

~ 

nineteen single-panel square slab-beam models were. reported and a 
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method of ana lys is, based on Park I s strip method and total 
strain considerations,was presented to explain the enhancement 
in the ultimate loads obtained. In the analysis, the bowing 
of the surrounding beams was considered but the elastic shorten
ing of the slab itself was neglected. Again the method, following 
Park, required the use of empirical values for the deflection 
corresponding to the ultimate load. 

2.4 SUMMARY AND CONCLUSIONS 

This review of existing research shows that there is 
conclusive experimental evidence of the beneficial effect of 
membrane action on the ultimate strength of slabs, and that, 
several theoretical methods have been developed to explain this 
phenomenon. Each one of these methods has a different approach 
and is based on different assumptions. The various approaches 
may, however, be summarized as follows 

i. Approximate approaches: 

These are represented by the methods given by Ockleston 
(who assumes constant membrane force in all directions of a rect
angular slab), Taylor (who uses a horizontal line for the neutral 
axis), Yee (who assumes that the value of the membrane force is 
a fixed quantity which does not change with deformation, and also 
that the distributions of both the membrane force and the moment 
along the yield lines are constant), Sawczuk (who considers in· 
plane bending hinges) and finally Hayes (whose analysis shows that 
the values of the membrane forces along the yield lines do not 
change as yield proceeds). 

ii. Approaches using equilibrium and compatibility but 
a total strain flow rule 

These are represented by the methods given by Wood, Kemp, 
Roberts and Christiansen. The strip method adopted by Park and 
the Indian Institute of Technology can also be categorised under 
the same heading but in addition they require the use of empirical 
values for the deflection corresponding to the ultimate load. 
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iii. Approaches using equilibrium and compatibility 
but a strain ra.te flow rule 

These are represented by the methods given by Morley 
and Janas. 

The general picture which emerges from this review of 
existing research is one of considerable confusion and there is 
certainly a need for clarification, particularly of the most 
appropriate theoretical model. Almost all the discussed methods 
agree that the yield line theory does not accurately predict the 
collapse load of reinforced concrete slabs largely due to membrane 
action. The approximate methods of Ockleston and Vee and the 
more rigorous methods of Wood, Roberts, Christiansen, Park, 
Morley, Janas and the Indian Institute of Technology have shown 
that due to compressive membrane action in axially restrained slabs, 
very high loads can be sustained with very small deflections. In 
axially unrestrained slabs where the collapse mechanism forms a 
non-developable surface, the approximate methods of Taylor, 
Sawczuk and Hayes and the more rigorous methods of Wood, Kemp and 
Morley have shown that due to tensile membrane action, the load 
necessary to produce increasing deflection after initial yielding; 
depends on, and increases with, the deflection. 
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CHAPTER 3 

YIELD CRITERION AND FLOW RULE FOR HOMOGENEOUS 
AND CRACKED SECTIONS 

In this chapter, a yield criterion is derived for a 
reinforced concrete slab section under the combined effect of 
bending moment and direct compressive force. The plastic potential 
theory defining the flow rule of a rigid perfectly plastic material 
is stated and the concepts of total strain and strain rate theories 
are presented. The validity and applicability of these theories 
in homogeneous and cracked sections are discussed. 

3.1 YIELD CRITERION 

Consider a concrete slab of unit width and depth d , 
Fig. (3.1a), reinforced with steel bars of area As and yield stress 
fy ' The reinforcing bars are placed at distance dl from the 
compressed face of the slab. It is assumed that this slab yields 
when it is subjected to a bending moment M and a direct compressive 
force N applied at the mid-depth of the section as shown in 
Fig. (3.1a). 

Let the moment M and the force N be such that on the 
slab section at yield, the strain and stress distributions of. 
Figs. (3.1b) and (3.1c) exist. It can be seen from these figures 
that the neutral axis is located at a distance dn from the com
pressed face of the slab and that the shape of the compressive stress 
block of the concrete is curved but assumed rectangular fixed by the 
parameters klk3 and k2 • The values of these coefficients were 
determined by Hognestad, Hanson and McHenry (25) in terms of the 
crushing strength of a 152.4 mm (6 in) x 304.8 mm (12 in) cylinder 
but were modified and related elsewhere (29) to the crushing strength 
u of a 152.4 mm (6 in) cube by assuming 
equivalent to 0.78 of the cube strength. 
in SI units*are; 

3040 + 3lu 
klk3 = 3200 + 113u 

the cylinder strength to be 
Values of klk3 and k2 

(3.1a) 

* The units of the cube strength u in these equations are N/rrm2. 
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u k2 = 0.5 - 701 (3.1b) 

Referring to Fig. (3.1c) the magnitudes of the compressive 
force in the concrete C and the tensile force in the reinforcement 
To are respectively k1 k3 u dn and As fy ' Equating horizontal 
forces on the section gives; 

(3.2) 

The applied moment M is equal to the sum of the moments of C and 
To about the mid-depth of the section. Therefore, 

(3.3) 

Substitution of the neutral axis depth dn obtained from 
equation (3.2) into equation (3.3) leads to the yield criterion 

The yield moment corresponding to N = 0 is; 

and the yield criterion, in non-dimensional form, becomes 

(3.5) 

where 1 d 2k2 As !.1. 
(- <J:" - K:K:" d, u ) 2 1 1 3 1 

a = 
k2 As ~ (1 - l<7I<:" CIl u ) 1 3 
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k2 As !:t. 
and B = 93 <f.j . u 

k As ~ (1 _ 2 
93 a. u ) 

1 

are constants for a particular slab section. 

For an isotropically reinforced slab, the above yield 
criterion is valid for moments and axial forces acting in any 
direction relative to the reinforcement directions and is assumed 
independent of the moments and axial forces acting transversely 
to the slab section. 

In equation (3.5), the maximum moment is obtained when; 

N a 
~="2J (3.6a) 

giving (3.6b) 

The minimum moment corresponds t~ N = -To when the concrete stress 
block vanishes and the section is fully cracked; 

~in 
~ = 1 - a - B 

and this marks the terminating point on the yield curve. 

(3.7) 

To show the relationship between the moment M and the 
axial force N graphically, a typical reinforced concrete slab 
section is considered with the following properties: percentage 
of reinforcement As/d1 = 0.004 or 0.4% steel, fy = 276 N/mm2 
(40,0001bf/in2), u = 27.6 N/mm2 (4000 lbf/in2) which gives 

3040 + 31 x 27.6 
= 3200 + 113 x 27.6 =' 0.616 

k . = 2 0.5 -~ ;: 0.461 
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Suppose the cover makes dld l = 1.2. Therefore, 

0.6 - 2 x 0.461 x 0.004 x 276 . O. 616 .."..,.-:r; 
a = -1-_"""'::0=--.""T4=6lr-

x
...;..0-0-0-4 -x~27r:r::6,......;;;.~ 

0.616 . 27JO 

= 0.6 - 0.0' = 0.557 0.97 

and e = ~ = 0 0309 Thus, the yield criterion is; 0.:11 • • 

2 
M = 1 + 0.557 (N ) _ 0.0309 (N ) 
Mo ~ ~ 

This equation is plotted in Fig. (3.2) and represents a parabola. 
The form of this parabola is important indicating that there can 
be considerable divergence from M = Mo ' the simple Johansen 
criterion, ranging frgm Mmin = 0.412 Mo at full tension 
(N/To = -1) to Mmax = 3.51 Mo when N/To = +9.0. 

3.2 FLOW RULE AND THE CONCEPTS OF 'STRAIN RATE' 
AND 'TOTAL STRAIN' 

For a rigid perfectly plastic material the flow rule 
is normally assumed to be defined by the plastic potential theory. 
To present this theory let us assume that, at a given state of stress 
on the yield locus, plastic strain rates with components d~ (plastic 
curvature strain rate in the direction of M) and de (plastic axial 
strain rate in the direction of N) occur at the mid-depth of the 
concrete slab section in Fig. (3.1a). The combined effect of these 
two plastic strain rate components is a vector which according to 
plastiC potential theory is normal to the yield locus (See Fig. 3.2). 
The direction of this vector describes the sign of the axial strain 
rate dE. If the vector is pointed to the north-east; de is 
tensile and when the vector is pointed to the north-west. de is 
compressive. In other words, when the slab section is subjected to 
a bending moment M and a direct compressive force N such that on 
the yield locus this point is located to the right of the peak point 
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representing Mmax the mid-depth of the slab section undergoes 
tensile axial strain rate but if this point lies to the left of 
M the axial strain rate is compressive. The limiting case max 
is attained at the peak point (Mmax) when the vector normal to 
the yield locus is directed exactly to the north indicating that 
the mid-depth of the slab section undergoes a plastic curvature 
strain rate dx with no axial strain rate. 

If f is the plastic potential function assumed equal 
to the yield criterion given by equation (3.5) so that; 

f (M, N) = 0 

the plastic flow according to strain rate theory relates the 
two plastic Istrain rate l components de and dx such that 

de ~f/~N 
Ox = 3f7~M (3.8) 

Strictly, the ratio de/dx defines the position of the 
neutral axis ~ for the instantaneous stress state {see Fig. 3.3a}. 
This is actually based on the assumption that plane sections before 
bending remain plane after bending, i.e. the distribution of the 
strain across the depth of the section is linear. Therefore, 

de 
Ox = ~ 

Equations (3.8) and (3.9) together give; 

~ = 
~f/~N . 
~f/~ 

(3.9) 

(3.10) 

It has been demonstrated by Wood (30) that unless the 
coefficient k2 = 1/2 the neutral axis position determined by 
plastic potential theory (Eq. 3.10) is not consistent with the 
corresponding one obtained from equilibrium (Eq. 3.2) •. 
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From equations (3.5) and (3.10), 

M M 
o 2 0 N l.I=ar-arr 

. 0 0 0 

Introducing the a, a and Mo functions into this 
equation leads to 

(3.11) 

From the horizontal equilibrium represented by Eq. (3.2). 
by noting that dn = ~ - l.I ; 

(3.12) 

If equations (3.11) and (3.12) are compared, it will be 
seen that they are identical only when k2 = 1/2 whereas experi
mental tests on reinforced concrete beams usually indicate values 
of k2 rather less than 0.5. To be consistent with the plastic 
potential theory the neutral axis depth l.I will be assumed to be 

given by Eq. (3.11). However, the inconsistency between the plastic 
potential theory and the equilibrium method refers to the modification 
of the shape of the compressive stress block of the concrete which 
is curved in reality but assumed to be rectangular for the convenience 
in analysis. The effect of the discrepancy in k2 will be shown 
in Chapter 4. 

In contrast to the strain rate theory the 'total strain 
theory' associates the 'accumulated' or total plastic strain com
ponen~s e and x with the current state of stress. This implies 
using the ratio e/x to represent a new definition for the neutral 
axis depth P so that 

p = £ = ~f/~N 
x <If/aM (3.13 ) 
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Equation (3.13) has been adopted by some authors, 

Wood (3) and Kemp (4), for convenience in analysis but with no 
physical justification. However, the definition of the neutral 
axis for total strain by the instantaneous stress state is not 
generally valid and the total strain theory can only furnish 
similar prediction to the neutral axis depth with the strain rate 
theory when the stress state remains constant. This can be 
shown mathematically as follows; 

From equation (3.13); 

e: = J! x 

Differentiating both sides of the equality gives 

de: = ~ dx + x d~ 

or 

which together with equation (3.9) becomes 

(3.14) 

Equation (3.14) shows that the neutral axis depth J! 
predicted by total strain theory can only be identical with that 
obtained by strain rate theory p when there is no change in the 
stress state (i.e. when dJ!jd x = 0). 

This conclusion could be derived in a different way. 
Let the slab section of Fig. (3.la) at yield undergo, for a certain 
state of stress, a plastic axial strain of value e1 (see Fig. 3.3a) 
and a plastic curvature strain xl. Assume that when the state 
of stress is changed the values of these plastic strain components 
will be changed by de and dx respectively. The strain rate 
theory states that the position of the neutral axis P2 for the new 
state of stress is given by; 

de 
P2 = ax . (3.15) 
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while the total strain theory suggests that this axis will be 
located at a depth ~~ so that; 

= (3.16) 

as shown in Fig. (3.3a). Equations (3.15) and (3.16) furnish 
different results unless the state of stress is uniform; i.e. if 

3.3 HOMOGENEOUS AND CRACKED SECTIONS 

The discussion of the previous section suggests that 
strain rate theory should always be used in analysis and that total 
strain theory is theoretically invalid except in the case of uniform 
stress state where both theories furnish similar results. This 
conclusion is correct as far as the analysis of homogeneous ductile 
materials is concerned but in materials with cracked sections such 
as reinforced concrete the situation will be shown to be different. 

In Chapter 2, it was mentioned that some investigators 
like Wood (3) and Kemp (4) use the concept of total strain in the 
study of membrane action in concrete slabs, while others like 
Janas (22,26) and Morley (lO) have used strain rate. None of these 
investigators has provided an explanation as to why a specific 
approach was adopted, nor has a study or discussion yet been pre- I 

sented to prove which theory is physically correct. The differences 
between total strain and strain rate theories in analysis and their 
effect on the behaviour of concrete slabs will be studied in detail 
in later chapters but here physical arguments will be given to 
establish the correct approach to be used in the analysis of 
cracked sections. 

When a section is cracked (see Fig. 3.3b) the fibres of 
the section covering most (or all) of the tension zone will be split 

I . 

I 
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apart leaving a physical gap or discontinuity between the 
adjacent faces of the section. It is important to note that 
the physical gap at the crack is essentially a zone of 'total' 
tensile strains I 'since, for any fibre, it represents a tensile 
extension at a point, i.e. the integral of infinite total 
strains over an infinitely small length. This zone of total 
tensile strains will extend from the position of the neutral 
axis for total strain to the outer fibre representing the 
maximum total tensile strain. Therefore, in Fig. (3.3b) the 
triangular area Oaa' represents the zone of total tensile 
strains with point 0 defining the location of the neutral axis 
for total strain. 

If due to a change of plastic stress state the neutral 
axis for strain rate moves into the compressive zone for total 
strain (i.e. to any point inside the shaded area above point 0 
in Fig. 3.3b) the section is similar to a homogeneous one. In 
this case the strain rate theory should be applicable for predic
ting the new neutral axis position and the new strain increments 
(see Fig. 3.3c) and, therefore, equation (3.8) is valid. 

If, however, due to a change of plastic stress state 
the neutral axis for strain rate moves into the crack or zone of 
total tensile strains (i.e. to any point below point 0 1n 
Fig. 3.3b) then compressive stresses and strain increments will be 
required for all fibres above the new neutral axis position. This 
will only be possible if the physical gap above the new neutral 
axis position (from point 0 to 0t in Fig. 3.3d) is closed. 
This implies that the new neutral axis position is defined by 
total strain theory since the total tensile strains (or extensions) 
must be zero at the new neutral axis position for compressive 
stresses to exist on all fibres above it. Thus, whenever due to 
a change of plastic stress state, the neutral axis for strain rate 
moves into the cracked zone, the new neutral axis position and the 
new strain increments will be defined by equation (3.13). 

A similar situation arises when there is a physical gap 
between the end of a slab or beam member and an axially restraining 
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body (see Fig. 3.3e). Accordingly, the discussion presented 
above about the applicability of the total strain and strain 
rate theories in cracked sections will be equally valid here. 
When due to a stress state change the neutral axis for strain 
rate moves into the compressive zone for total strain, the 
neutral axis position and strain increments will be defined by 
strain rate theory but when it moves into the physical gap or 
zone of total tensile strains, they will be defined by total 
strain theory as indicated in Figs. (3.3f) and (3.3g) respectively. 

To summarize these conclusions, strain rate theory is 
valid for the analysis of all cases of homogeneous ductile 
materials but in cases of 'cracked sections' including gaps at 
axially restrained ends the theory is applicable only when the 
neutral axis for strain rate moves into the compressive zone for 
total strain. 

The total strain theory is valid in cases of uniform 
stress state (uniform in time) since similar results to those of 
strain rate theory are then predicted and notably in 'cracked 
sections' when the neutral axis for strain rate moves into the 
zone of total tensile strains. 

These important conclusions appear to be new and will 
playa significant part in the analysis of compressive membrane 
action which will be presented in later chapters of this thesis. 

78 



CHAPTER 4 

AXIALLY RESTRAINED REINFORCED CONCRETE 
SLAB STRIPS (RIGID - PLASTIC THEORY) 

4.1 INTRODUCTION AND ASSUMPTIONS 

This chapter presents a rigid-plastic theory for the 
load carrying capacity and behaviour of reinforced concrete slab 
strips that are restrained axially against longitudinal expansion. 
Restraint is provided to the edges of the slab by the in-plane 
stiffness of the surrounding panels, generating compressive 
membrane action with a consequent rise in the yield moment. This 
increases the load-carrying capacity considerably beyond that pre
dicted according to limit analysis based on failure by bending only. 
The rigid-plastic theory presented here helps to explain this kind 
of structural action, with reference initially to the simplest 
cases of one-way-spanning slabs, where all strips in such slabs 
behave alike. It is necessary to understand strip action before 
attempting to explain the compressive membrane behaviour of slabs'. 

The theoretical analysis presented in this chapter involves 
studying the load-deflection characteristics as well as determining 
the ultimate loads for rigid-plastic reinforced concrete slab strips 
that have their ends fixed against rotation and horizontal extension. 
The special case of slab strips with simple supports and lateral 
restraints will be treated as straightforward deductions from the 
general case of fixed-ended strips. 

Throughout the discussion of this chapter, it will be 
shown that the movements of the neutral axis for strain rate at 
sections of yield in these rigid-plastic slabs occur only into the 
compressive zone for total strain; the case for which strain rate 
theory must be applied. However, for the sake of comparison, the 
analysis here will be presented following both total strain and 
strain rate concepts to show the influence of these two approaches 
(each of which has been used by other authors) on t~e prediction, 
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of the plastic behaviour of such slabs. 

The loading on the slab strips considered is two 
point but certain other loadings could be analysed in a similar 
way. The system of two point loading is suggested to avoid 
having biaxial stresses at sections of yield under the load. 

The assumptions made in the analysis of the fixed-ended 
slab strips under study are as follows: 

i. Plane sections before bending remain plane after 
bending, i.e. the strain distribution across the 
depth of a section is linear. 

ii. The strength of concrete in tension is neglected. 

iii. The materials of the slab behave in a rigid -
perfectly plastic manner. 

iv. The outward movement of the surround due to axial 
forces is neglected. 

v. The incipient yield-line collapse mode is applied to 
the deformed slab strip (i.e. the strip yields at 
the fixed ends and at the weakest section of the 
central region between the two applied loads). 

vi. The collapse mechanism remains unchanged with 
deformation. 

vii. The slab strip is assumed to be reinforced in the 
bottom face only at mid-span and in the top face 
only at the ends. The reinforcement is assumed to 
extend far enough in the slab to ensure plastic 
hinges form at the central region of the slab and 
at the ends. 

Furthermore, the yield criterion represented by 
equation (3.5) of Chapter 3 will be adopted and assumed valid for 
all analyses. The equations for the collapse loads and the 
membrane forces will be given in dimensionless forms as ratios 
of the simple yield line theory load and the yield force in the 
tensile reinforcement respectively. The effect of some important 
factors will also be discussed. 



4.2 GENERAL ANALYSIS 

4.2.1 THE SLAB STRIP AND THE MECHANISM OF COLLAPSE 

Fig. (4.1b) shows a fixed-ended reinforced concrete 
slab strip AB of unit width, depth d and length L subjected 
to two point loading each of magnitude P/2 located at a distance 
la l from the nearest fixed end A or B. The slab strip is 
reinforced with steel bars of yield stress fy' cover (d-dl ) 
and having a total cross sectional area of As in the bottom face 
only at mid-span and area A; in the top face only at supports as 
shown. 

Strictly, the central plastic hinge C (Fig. 4.1a) does 
not necessarily form at mid-span but may form at any section 
(whichever is the weakest) in the portion extending between the 
two concentrated loads since this part of the slab is the region 
of maximum bending moment. In the analysis, this hinge will be 
assumed to form at a distance c from the centre of the slab as 
shown in Fig. {4.la}. 

Since the materials of the slab behave in a rigid -
perfectly plastic manner, as the assumption states, the slab will 
yield at a particular load P and the mechanism of collapse shown 
in Fig. (4.1c) is then assumed to form. 

4.2.2 MEMBRANE ACTION - DEVELOPMENT OF MEMBRANE FORCE 
AND RELATIONS TO MOMENTS AND NEUTRAL AXIS POSITION 
AT THE PLASTIC HINGES 

After formation of the collapse mechanism, the slab deflects 
and the ends rotate. The rotation of the ends produces horizontal 
movement but since the slab strip is restrained axially such move
ment is resisted and hence a compressive membrane force is generated. 
Let this force be denoted by N. The value of N at any section 
of yield is, as shown in Eq. (3.2) of Chapter 3; the difference 
between the compressive force in the concrete and the tensile force 
in the reinforcement. However, the horizontal equilibrium of the 
slab strip requires that the membrane force at both" ends of the slab 
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and at section C should be identical; . 

i.e. N* N N E = C = (4.1 ) 

If the yield bending moment corresponding to zero axial 
force at the central hinge C is designated Mo and the yield 
force in the reinforcement To ' the relationship between the 
moment M and the membrane force N at this particular section 
will be exactly the same as that given by Eq. (3.5); 

(4.2) 

At the fixed ends A and B, the cross sectional area 
of reinforcement is A~ and, therefore, if 

A' 
. y = s 

"\ 

the relationship between M and N at these sections in a 
dimensionless form with reference to Mo and To will be 

(4.3) 

It is of interest to note that Y[l + B{l - Y)] is the 
ratio of the yield bending moment corresponding to zero axial force 
at the fixed ends to the corresponding moment at section C so that 

MoE - = Y [1 + 13(1 - Y)] Mo 
(4.4) 

Generally, the plastic analysis of any concrete slab sub
jected to flexure as well as membrane action is based on finding 
the positions of the neutral axis at sections of yield at any stage 
of deformation. In the analysis of the slab strip AS the position 

* The subscript E (for end) represents both of the ends A and 
B of the slab strip AB. 
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of the neutral axis at the central and end hinges may be related 
to the value of the membrane force N in accordance with 
Eq. (3.11). Thus; 

d 2k2 (N + ASfy) 
lie = 2 - 1<]1<3 u 

d 2k2 (N + YASfy) 
liE = 2 - 1<]1<3 u 

These relations may be written in a different form by 
using the notations a and B defined by Eq. (3.5). Therefore, 

lie = [1 - 2 (1 + N )] 
(~ + 2) ~ 

d 
2 (4.5a) 

liE = [1 - 2 
(y + ~)] d 

(i + 2) 
2 (4.5b) 

In these equations, lie is positive if the neutral axis 
is located above the mid-depth of the yield section C and, 

• 
similarly, liE is positive when.this axis forms below the mid-depth 
of the fixed end sections A and B. 

4.2.3 COMPATIBILITY EQUATION 

When the vertical deflection at the centre of the slab 
strip is Wo the plastic rotation and horizontal extension of the 
mid-depth of the sections at yield A, Band C are, as shown 
in Fig. (4.1c), respectively, 9A and eA for section At 9B 
and eS for section Sand (aA + as) and eC for section C. 
Then due to the assumed rigidity of the slab strip and the surround, 
these plastic rotations and extensions are related so that for 
horizontal compatibility, 
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When 9 is small 

92 
cos 8 ~ 1 - r 

and the compatibility equation becomes 
2 2 

L 8A L 9S 
eA + eS + eC - (2 - c) --2-- - (2 + c) ~ = 0 

4.2.4 EVALUATION OF THE MEMBRANE FORCE ACCORDING TO 
'TOTAL STRAIN' AND 'STRAIN RATE' THEORIES 

(a) Total Strain Theory 

(4.6) 

If the total strain concept is adopted in this analysis, 
the relationships between the plastic rotations 8 and the plastic 
extensions e at sections A, Band C will be according to Eq. (3.l3) 
and consequently ; 

(4.7a) 

(4. 7b) 

(4.7c) 

Substituting equations (4.7) into equation (4.6) yields 
2 2 

L SA L 9a ~i (9A + 8B).+ ~C (SA + 8B) - (2 - c) --r - (2 + c) ~ = 0 

From the geometry of the collapse mechanism (Fig. 4.1c), 
the plastic rotations SA and 98 can be related to the central 
deflection Wo ; 

2 1 + 2c 
Wo r-

eA = L 2c 
1 - L 

(4.8a) 
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2w o e --,-B - L. 

and therefore the. compatibil i ty equation becomes 

# , wo 2c 
~E + ~C - ~ (1 + r-) = 0 

(4 .8b) 

(4.9) 

, , 
The values of ~E and ~C are given in equations (4.5) in terms 
of the membrane force N. Therefore, substituting these values 
into equation (4.9) and solving for N gives 

N 1 [(Q 1 ) 1 (Q 2) (1 + ¥E.) ~] 10=2 a+ -y -2 a+ L. U (4.10) 

(b) Strain Rate Theory 

When the strain rate theory is applied, the analysis will 
be concerned with the incremental variation in the plastic rotations 
and extensions (as Eq. 3.9 states) and therefore in this case 

deA = de ~E· A (4.11a) 

(4.11b) 

(4.11c) 

Substituting equations (4.11) into the derivative of 
equation (4.6) gives 

L 
~E (d9A + d9S) + ~C (deA + das) - (2 - c) 'SA d9A 

- (~ + c) as daB = 0 

and when the values of the plastic rotations 9A and 9a given by 
Eqs. (4.8) are introduced the equation becomes 
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or 
2c . 

~E + ~C - wo (1 + r-) = 0 (4.12) 

Equations (4.5) and (4.12) together produce 

N 1 a a 2c w r = 2 [(~ + 1 - y) - (i3 + 2)(1 + r-) t-] 
o 

(4.13) 

For any deflection Wo equations (4.10) and (4.13) 
furnish different values for the membrane force N. The difference 
between these two equations lies in the last tenn where a factor of 
1/2 appears in the total strain equation (4.10) which increases the 
value of N above that predicted according to the strain rate 
theory. However, both equations represent a linear relationship 
between Nand Wo with N being maximum at the start of collapse 
when Wo = O. This is shown graphically in Fig. (4.2) for the case 
of a slab strip with the following properties; 

y = 1.5 , f = 276 N/mm2 (40,000 lbfJin2) y . 

u = 27.6 N/mm2 (4,000 1bf/in2) , dJd 1 = 1.2 and c = O. 

The maximum compressive membrane force in this figure; being 13.2 T~ , 
puts the slab strip under direct stress of 8.65 N/mm2 (1254 1bfJin ) 
which is less than one third of the cube strength of the slab concrete. 

I 

4.2.5 DETERMINATION OF THE NEUTRAL AXIS POSITION 

The va 1 ue of the membrane force havi ng been determined. 
the position of the neutral axis at the plastic hinges can be defined 
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in terms of the deflection Wo in accordance to Eqs. (4.5). Therefore i 

~c = [ (y- 1) 

(~ + 2) 

~E = [ £1 -r) 

(a + 2) 

w 
+ (1 +~);]~ . 

w } (strain rate)(4.14a) 

+ (1 + ~c) -; J % . . . . 



or 

II = [(y - 1) ... 1 (l ... 2c) WO] d 
C (~ ... 2) 2 L a 2} 

6 (total 

II = (( 1 - y) ... 1 (l ... 2c) w 0 ] d 
E (~ ... 2) 2 r- a 2 

strain) (4. l4b) 

Equations (4.14) show that the neutral axis according 
to the strain rate theory moves more rapidly towards the compressed 
face of the slab than that predicted by total strain theory. For 
the special case y = 1 and c = 0 the depth of the neutral axis 
II at the plastic hinges according to the strain rate theory is 
exactly half the value of the central deflection Wo while the total 
strain theory predicts half this amount; i.e. one quarter of the 
central deflection. 

It is worth commenting here that according to the strain 
rate theory the neutral axis at the central and end hinges, for any 
value of deflection, is located at the same horizontal level but in 
total strain theory the position of this axis at the central hinge 
is always lower than that at the end hinges. From Fig. (4.ld); 
if ~ denotes the angle which the line joining the positions of the 
neutral axis at the central hinge C and at the end hinge A makes 
with the horizontal level, one can set 

llE + llC 
SA - ~ :.: [ 

2 - c 

Replacing 9A by the value given in Eq. (4.8a) leads to 

The quantity (llE'" llC) is given in equations (4.12) of strain rate 
and (4.9) of total strain as a function of the central deflection Wo • 

when these relations are considered the value of the angle .t becomes 
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t = 0 (strain rate) 

. Wo (1 + ¥-) 
~ = L (1 - fs-) (total strain) 

4.2.6 . YIELD LOAD 

At any given central deflection, the yield load can 
be found by considering the equilibrium of one of the two rigid 
portions of the slab strip. Referring to Fig. (4.1e), the 
equilibrium equation obtained by taking moments about the mid-depth 
of the fixed end A is 

Introducing the expressions for Me and ME given 
by equations (4.2) and (4.3) respectively leads to 

P a 
2Mo = [1 + r{l + 6(1 - Y)}] + 26 [(~ + 1 - Y) - (i + 2) 

W 2 
(1 + 2c) 0] (N ) _ 26 (N ) 
La~ ~ 

Noting that the yie1d load predicted by the simple yield 
1 ine theory is 

2M 
P = _0 [1 + rt1 + 6(1 - r)}] y a (4.15) 

and, therefore, the equation of the load in a dimensionless fonm 
becomes 
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W 

P 2B[~ + 1· - y - (~ + 2)(1 + f£) t-] N 2B N 2 
r = 1 + [1 + Y {l + 6(1 - Y)}J (r) -(1 + y{1 + B(l - r)1](r;) 

y 0 

(4.16) 



For any value of deflection at the centre of the slab 
the yield load P/Py can be obtained by combining Eq. (4.16) with 
either Eq. (4.10) for 'total strain' or Eq. (4.13) for 'strain 
ra te ' . Hence 

P -p - 1 
y 

+ 1'02 -;-[ -1 -:"+-y-={:Tl _B~r-or" __ t":":. [ (!! + 1 - Y) 2 - 2 (!! + 2)(!! + 1 - Y) + t3(1 - r)}] a B B 
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2 wo 2 2 2 w 2 
(1 + {) (0) + (s + 2) (1 + {> (cf) ] (strain rate) 

(4.17a) 

or 

P a a 2 a a 
n- = 1 + [(is + 1 - Y) - 2h + 2)(z + 1 - Y) 
~y 2[1 + Y{l + t3(1 - Y)}] ~ p p 

(total strain) 

(4.17b) 

These equations represent a falling parabola (Fig. 4.2) 
with the maximum load P/Py occurring at the start of collapse 
(wo = 0). Both theories (total strain and strain rate) predict the 
same value for the peak load but as the deflection Wo increases the 
load according to the total strain theory (Eq. 4.17b ) falls off more 
rapidly than that of the strain rate concept (Eq. 4.17a). 

4.3 THE PLASTIC BEHAVIOUR OF THE SLAB STRIP FOR DIFFERENT 
VALUES OF THE RATIO OF REINFORCEMENT y 

The plastic behaviour of the slab strip during the stages 
of deformation is now discussed with reference to three ranging values 
of y. 

4.3.1 THE CASEY>l 

This is the case when more reinforcement is provided at 
the fixed ends than at the central region of the slab strip. The 
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plastic behaviour of the slab strip for this case is shown in 
Fig. (4.2). When the collapse mechanism forms at zero deflection, 
the values of the compressive membrane force as well as the yield 
load are at their maxima. These values are equally predicted by 
both Itota1 strain l and Istrain rate l theories j 

from Eq. (4.13) for strain rate or £q. (4.10) for total strain 

N 
~ = ~ (~ + 1 - Y) 

o 
(4.1Sa) 

and from Eqs. (4.17) 

a . 2 
6(- + 1 - Y) 

= 1 + --.,...-..;..B_."...-_-.,-_---.,-~ 
2[1 + Y{l + B(l - y)}] 

(4 .1Sb) 

The position of the neutral axis at the central and end hinges for 
wo = 0 is from Eqs. (4.14) j 

lie {Y - 1} d = ~ a 
(a + 2) 

(4.1Sc) 

lJE = _ {Y - 1) d 
a 2 

(j3 + 2) 
(4.18d) 

indicating that the' neutral axis at the three plastic hinges lies 
above the mid-depth of the slab (by the distance given in these 
equations) and on the same horizontal level •. 

If a diagram relating the moment Me at the central hinge 
and the membrane force N is constructed similar to that shown in 
Fig. (3.2). the point representing the start of collapse (wo = 0, 
N = Nmax ) will be located on the yield locus to the right of the peak 
point representing Memax since the mid-depth of this hinge at this 
stage is undergoing tensile axial strain (i.e. the neutral axis is 
above the mid-depth). How far this starting point is from MCmax 
depends entirely on the value of Y. The larger 'the value of Y, 

92 



the farther the point will be from the peak Me. 
If a similar diagram is made which relates the moment 

M~ at the fixed ends with the membrane force N , the pOint 
c . 

representing the start of collapse will be located to the left 
of the peak point representing MEmax since in this case the mid
depth of the slab ends is undergoing compressive axial strain 
rather than tensile. Again the larger the value of y , the greater 
the distance on the yield locus between the initial stress state and 
MEmax will be. For practical values of Y , the shifting of the 
starting collapse point on the M - N curves from Mmax is in fact 
very small. 

As the central deflection Wo increases the magnitude of 
the membrane force N/To and also the yield load P/Py decrease. 
The reduction in N/To is linear (Eqs. 4.10 and 4.13) but PIP 

. Y 
follows a parabolic path (Eqs. 4.17, see also Fig. 4.2). The 
moment Me decreases too when Wo increases but the moment ME 
will increase slightly until the neutral axis at the ends of the 
slab strip forms exactly at the mid-depth of the section (in which 
case ME becomes maximum) and then decreases. Nevertheless, the 
point representing the state of stress on the yield locus for both 
Me - N and ME - N diagrams will always move, as Wo increases, 
in the negative direction of N. Physically, this implies that 
the neutral axis for strain rate at the three plastic hinges of the 
slab moves into the compressive zone for total strain in which case 
the strain rate theory must be adopted. Despite this fact the 
analysis and discussion are attempted taking into account both the' 
total strain and strain rate theories to show the differences between 
these two theories and their influence on the general plastic 
behaviour of the slab strip but it must be emphasized that the 
correct analysis for this particular example is the one based on 
the strain rate theory. The movement of the neutral axis into the 
'compressive zone for total strain' indicates increases in the values 
of Pe and PE at the central and end hinges respectively with the 
neutral axis forming closer to the compressed face of the slab as 
the deflection becomes larger. 
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At one stage while Wo is increasing the membrane 
force N/To becomes zero and consequently the yield load P/Py ' 
as from Eq. (4.16), is unity. The value of the central deflec
tion Wo corresponding to zero membrane force is obtained from 
Eq. (4.13) for strain rate or Eq. (4.10) for total strain, 

Wo = (~ + 1 - Y) 

a (~ + 2) (1 + ¥) (strain rate) (4.19a) 

or 

W (~ + 1 - Y) 
o -2~~S~ ____ ~~ 

or - (~+ 2) (1 + f£) (total strain) (4 .19b) 

which shows that the total strain theory would predict a zero membrane 
force in the slab at a central deflection exactly double that predic
ted by the strain rate theory. From Eqs. (4.5), the neutral axis at 
the central and end hinges when N/To = 0 will be located close to 
the compressed face of the slab . , 

!! 
lJC = a d 

(~ + 2) ~ (4 .19c) 

and 
(~ - 2 (Y - 1)] d 

lJE = 2 (~ + 2) 
(4.19d) 

These equations indicate that lJC is always greater than lJE for 
this particular case (Y>l) which means that the neutral axis moves 
more rapidly towards the compressed face of the slab in the central 
hinge than that at the end hinges. 

With further increments in deflection the membrane force N 
becomes tensile rather than compressive and the limiting stage is 
reached when the compressive stress block of the concrete at the 
central hinge vanishes (the slab is cracked throughout the depth) and 
the neutral axis forms at the top face of the slab where the concrete 
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is just touching. This implies 

d Pc = 2 (4.20a) 

and N r = - 1 
_ 0 

(4.20b) 

At this particular stage the fixed ends A and B are not cracked 
throughout the depth yet and there is still some compressive stress 
in the concrete. Fr?m Eq. (4.5b) the value of PE corresponding to 
N/To = -1 is 

= [~- 2(y - 2)] d 
PE 2 

(~ + 2) . 
(4.20c) 

The deflection at the centre of the slab Wo for N/T~ = -1 can be 
obtained from Eq. (4.13) for strain rate or Eq. (4.10) for total 
strain. Thus 

or 

Wo = (~+ 3 - y) 

or (~ + 2)(1 + 2C) 
B L_ 

(J 

Wo (0 + 3 - y) 
= 2 p 

a ,(~ + 2)(1 + ~c) 

(strain rate) (4.20d) 

(total strain) (4.20e) 

Again the total strain theory implies that the slab strip will be 
cracked throughout the depth at the central hinge at a value of 
central deflection twice that predicted by the strain rate theory. 
The yield load ratios corresponding to these deflections when 
N/To = -1 are from Eqs. (4.17), 

~ = 1 + [1 + y {/! f3{1 .. y)}] (strain rate) 

, 
I· 

l 

(4.20f) 
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or 
P 2a(9 + 4 - Y) 
~ = 1 + [1 + Y{l + 6(1 _ Y)}] (total strain) (4. 20g) 

If the central deflection is increased further the position 
of the neutral axis at the central hinge will lie outside the slab 
section (~C >~) and the value of the membrane force will remain 
unchanged; i.e. tensile and equal to the yield force of the rein
forcement at the central hinge. The condition of horizontal equilibrium 
requires that the position of the neutral axis at the end hinges ~E 

should remain constant and as given by Eq. (4.20c). However, the 
slab can carry some extra load with further increment in deflection 
until all the bars at the central hinge commence to fracture leading 
to failure. The yield load corresponding to deflections greather 
than that specified by Eq. (4.20d,e) can be obtained by substituting 
N/To = -1 into Eq. (4.16). The result is the following linear 
equation: 

P 26 2c wo 
~ = 1 + [l + Y{l + 6(1 - YH] [(~ + 2)(1 + r-) d - (i + 2 - Y)] 

(4.21 ) 

It is of interest to note that according to the strain 
rate theory the yield load P/Py = 1 represents the minimum yield 
load the slab strip will carry during all stages of deformation. 
The value of the membrane force corresponding to P/Py = 1 is zero 
and the central deflection is given by Eq. (4.19a). However, the 
total strain theory predicts a different value for Pmin/Py and from 
Eq. (4.l7b) the minimum value occurs when, 

(~ + 1 - Y) 
6 (4.22a)" 

This value of deflection, which is 2/3 of that corresponding to 

N/To = 0 (Eq. 4.19b), gives 
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Pmin e 2 2 
- - 1 + 6 [' [ (~ + 3) - 2 (~ + 2) + 2y (~ + 1) Py - + Y{l + 8(1 - Y)}] 8 B ~ 

2 1 a 2 
+ Y {b (B + 2) - l} 1 . (4.22b) 

and 

N 1 a 
~ = 6 (n + 1 - Y) 

o 
(4.22c) 

(which is 1/3 the maximum value of N at zero deflection; Eq. 4.18a). 

4.3.2 THE CASE 'Y <1 

This is the case when the reinforcement at the fixed ends 
of the slab is less than that at the central region. The plastic 
behaviour of the slab strip for this case is shown in Fig. (4.3) 
which is constructed for the same typical slab strip described in 
section 4.2.4 (or Fig. 4.2) with the only exception that 'Y in this 
case is taken to be 0.5. All of the equations derived for the case 
Y>l are also valid here except those corresponding to tensile 
membrane force (Eqs. 4.20 and 4.21). 

When the deflection is zero the membrane force as well as 
the yield load are maxima and given by equations (4.l8a) and (4.18b) 
respectively. The neutral axis position at the central hinge is 
defined by Eq. (4.18c) and that at the end hinges is given by 
Eq. (4.l8d). Since 'Y in this case is less than 1; these equations 
imply that the neutral axis at the three plastic hinges form below 
the mid-depth of the slab by the distance stated. Therefore in this 
case the starting stress state is located on the yield locus of the 
MC - N diagram to the left of MCmax' Similarly, the initial stress 
state lies to the right of MEmax on the yield locus representing 
the relationship between ME and N. As Wo increases the point 
representing the stress state on these curves moves to the right. 
and the compressive force becomes smaller. Again the reduction in . 
N/To is linear (Eqs. 4.10 and 4.13) and in P/P

y 
is parabolic 

(Eqs. 4.17). The neutral axis at the end hinges in this case will 
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move more rapidly towards the compressed face of the slab than 
that at the central hinge; the movement being into the compressive 
zone for total strain. 

When the central deflection reaches the value given by 
Eq. (4.l9a, b) the membrane force becomes zero and, therefore, the 
yield load will be the simple yield line theory load and ~C and 
~E will be as given by Eqs. (4.l9c) and (4.l9d) respectively. 

With further increments in deflection the membrane force 
N becomes tensile and the limiting stage is reached when the com
pressive stress blocks of the concrete at the end hinges A and B 
vanish at the same time indicating that the neutral axis at these 
hinges forms at the bottom face of the slab where the concrete is 
just in contact with the surround. In this case, the equations 
which replace Eqs. (4.20) are 

and 

d 
~E = 2 

N = -y r-; 

(4.23a) 

(4.23b) 

but at the central hinge there is still some compressive stress in 
the concrete. From Eq. (4.Sa) the value of ~C corresponding to 
NIT = -y is 

o 

(~ + 2Y) 

(~ + 2) 

d 
2 (4.23c) 

This stage is reached at a value of central deflection obtained 
from Eq. (4.13) for strain rate or Eq. (4.10) for total strain for 
NIT = -Y ; o 

or 

Wo _ (~+ 1 + Y) 

a - (~ + 2)(1 + ~) 

Wo (~ + 1 + y) 
a = 2 (i + 2){1 + f£) 

(strain rate) (4.23d) 

(total strain). (4.23e) 
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The yield load ratios corresponding to these deflections when 
N/To = -yare from Eqs. (4.17), 

p . 2ey2 
~:: 1 + [l + y {l + 6(1 - y)}] (strain rate) 

or 
2ay (~ + 1 + 2y) t- = 1 + ~---=::---.:-::---~:o-

ry [1 + Y{l + a(l - y)}] 
(total strain) 

(4.23f) 

(4. 23g) 

The value of the membrane force (N/To = -Y) and the 
position of the neutral axis Pc given by Eq. (4.23c) will remain 
unchanged for increases in w whereas the neutral axis at the end 

o 
hinges will lie outside the slab section (PE>~). This is due to 
the fact that once the slab strip is cracked throughout the depth 
at one section the value of the membrane force will be determined by 
the yield force of the reinforcement provided at that section (i.e. 
sections A and B in this case). The yield load may, however, 
be increased further until all the steel bars at the end hinges start 
to fracture when the slab strip collapses. The yield load corres
ponding to deflections greater than that specified by Eq. (4.23d, e) 
can be obtained from Eq. (4.16) by substituting NIT = -v. Hence, 
the equation which replaces Eq. (4.21) is 
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.e- = 1 + 2ey 
ry [1 + Y{l + B{l - Y)}] 

a 2c wo 
[(s + 2)(1 + r-) a - <i + 1)] 

(4.24) 

4.3.3 THE SPECIAL CASE y= 1 

This is the case when equal reinforcement is provided at 
the ends and at the central region of the slab strip. The plastiC 
behaviour of the slab strip for this special case is shown in 
Fig. (4.4) which is constructed for the same typical slab strip des
cribed in section 4.2.4 with Y in this case is unity. The moments 
MC and ME as well as the depths of the neutral a~is lie andPE 
in this case are identical at all stages of deformation. 
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When the central deflection is zero the membrane force 
and the yield load are maxima. From Eqs. (4.1Sa) and (4.1Sb) 
for Y = 1 

Nmax = a 
-r- "2i 0 

(4.25a), 

Pmax 2 
1 a 

~ 
= +rs (4.25b) 

At this stage the neutral axis at all the three plastic hinges is 
located at the mid-depth of the section. Equations (4.1Sc) and 
(4.1Sd), considering Y = 1, give 

(4.25c) 

The start of collapse in this case is indicated by the peak point 
(M = Mmax) of the yield locus representing the M - N diagram. 
The value of this moment can be obtained by combining Eq. (4.25a) 
with each of Eqs. (4.2) and (4.3) for Y = 1 • Hence 

2 
= 1 + ra . (4.25d) 

As Wo increases the state of stress changes and the 
membrane force N , the bending moment at the plastic hinges M and 
the yield load P all decline. When the membrane force becomes 
zero the ratios P/Py and M/Mo will be unity and the neutral axis 
at all the three hinges forms close to the compressed face of the slab 
so that from Eqs. (4.19c) and (4.19d) for Y = 1 

a 
B 

~ + 2 
B 

d 
2 (4.26a) 
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The corresponding value of the central deflection is from 
Eq. (4.l9a, b) with Y = 1 . , 

wo ~ 
a (strain rate) (4.26b) a = 

(~ + 2)(1 + ~) 

or 
w 2q 

0 B (total strain) (4.26c) d = 
(~ + 2)(1 + ¥-) 

When Wo exceeds this value the membrane force will be 
tensile and the compressive stress block of the concrete reduces by 
an equal amount at all hinges until the limiting stage is reached when 
the slab is cracked throughout the depth at the central and end hinges 
simultaneously. In this case and for Y = 1 ; 

from Eqs. (4.20a) and (4.20c) or Eqs. (4.23a) and (4.23c) 

from Eq. (4.20b) or Eq. (4.23b)' 

N = -1 
~ 

and by combining Eq. (4.27b) with each of Eqs. (4.2) and (4.3) 

This will occur at a value of ' central deflection obtained from 
Eq. (4.20d, e) or Eq. (4.23d, e) for Y = 1 ; 

1 (strain, rate) 
(1 + f£) 

(4.27a) 

(4.27b) 

(4.27c) 

(4.27d) 
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or 
w 

o = 
d 

2 (total strain) (4.27e) 
(1 + ~c) 

and the corresponding yield load ratios are from Eq. (4.20f, g) or 
Eq. (4.23f, g) for Y = 1 ; 

P 1 + 8 
~ 

= (strain rate) (4.27f) 

or 
P 1 + a + 38 P = (total strain) (4.27g) 
y 

With further increments in the central deflection the 
position of the neutral axis at the three sections of yield will 
lie outside the slab section [i.e. \.1C(= lJE»d/2 J. The increase 
in Wo will have no effect on the values given by Eqs. (4.27b and c) 
for the membrane force and the yield moment but the load will increase 
linearly until all the bars commence to fracture leading to failure. 
Thus for all values of central deflection greater than that specified 
by Eq. (4.27d, e) the ratio P/Py can be obtained from Eq. (4.21) or 
Eq. (4.24) by substituting Y = 1. Therefore; 

P ~ ~ 
~ = (1 - a - 8) + (a + 2B)(1 + r-) or 

4.4 THE SPECIAL CASE OF SIMPLE SUPPORTS 

(4.28) 

One of the main assumptions in the technology of concrete 
structures is that concrete, a~ a material, has no resistance to 
tension. Based on this assumption, a simply supported reinforced 
concrete slab strip may theoretically be considered as identical to 
a similar fixed end slab strip with no reinforcement at the ends 
(Y = 0). The analysis of this case can, therefore, be derived from 
the general case of fixed-ended strips. The equations representing 
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the plastic behaviour of an axially restrained reinforced concrete 
slab strip with simple supports may be summarized as follows (see 
also Fig. 4.5). 

i. When w = 0 
0 

Nmax ~ (~ + 1) (4.29a) -r- = 
0 

Pmax + Is (9 + 1) 
2 

p-= 1 (4.29b) 
y 2 S 

Pc 1 d (4.29c) = 2 (~ + 2) 

= 1 d 
(4.29d) lJE 

(~ + 2) 
2 

(~ + 1) 
(strain rate) 

{ 

(~+ 2){1 +¥) 
i 1. When 0 : i ~ or a 

(a + 1) 
2 --:-----...--

(~ + 2){1 + f£) (total strain) 

w 
~ [(~ + 1) - (~+ 2)(1 + f£) i ] (strain rate) 

} = or (4.2ge) 
o 

(total strain) 

2 2 w 2 2w 2 
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;- = or 
y 2 

1 + ~.[(~ + 1) -2(~ + 2){~ + 1)(1 + [£)(~)+{~ + 2) (1 + f£) (ar) ] 

(strain. rate) r4.29f) 

1 + ~. [(!! + 1) -2 ('.! + 2){~ + 1)( 1 
Co a a a 

W • 2 2 w 2 + ¥)(T)+ ~(i + 2) (1 + f£) (i-) ] 

(total strain) 
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II = or C 

w 
[ 1 + (1 + 2C) 0] . d 

(S! + 2) L a ~ 
B 

llE = or 

[ 1 + 1 (1 +~) ~ ]. g 
(~ + 2) 2 I. d Co 

B 

(~ + 1) 

w 
••• Wh 0 > 
111. en a = or 

a 
(ji + 1) 

2--"----~~ 

(~ + 2)(1 + f£) 

N = 0 
~ 

p 

~ 
= 1 

a 

Pc S d = (i + 2) • 2 

llE 
> d - 2 

(strain rate) 

(4.29g) 

( to ta 1 s t ra in) 

(strain rate) 

(4.29h) 

(total strain) 

(strain rate) 

(total strain) 

(4.29i) 

(4. 29j) 

(4.29k) 

(4.29\) 

Similar to all the previously discussed cases; when the 
membrane force N becomes zero the yield load P is equal to the 
yield line theory load Py ' However, in this case the load will 
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remain unchanged with further increments in deflection due to 
the vanishing of the compressive stress block between the edge 
of the simply supported slab strip and the restraining body and 
consequently the disappearance of the membrane force.* Hence, as 
shown in Fig. (4.5), the load-deflection relationship for all 
values of deflection greater than that corresponding to N = 0 
will show a horizontal line (P = Py) until the limit of useful
ness of the slab is reached when all the bars at the central 
region begin to fracture leading to collapse. 

Equations (4.29) may be compared with the theoretical 
analysis presented by Roberts (24) on a similar simply supported -
axially restrained reinforced concrete slab strip with uniformly 
distributed load. Roberts' analysis was based on a total strain 
approach and assumed that the central plastic hinge forms at mid-span. 
For S = 00, A = 0 and c = 0, Roberts' equations (2.37 and 2.39) 
will be identical with the 'total strain' equations (4.29). This 
implies that the dimensionless values of the membrane force NJTo 
and the yield load pjpy are not affected by the type of loading 
but they do depend on the shape of the collapse mechanism. The 
'total strain' approach of Roberts for the special case of rigid
plastic strips ;s not physically correct, however. 

4.5 SUMMARY OF ANALYSIS 

The equations for determining the values of the membrane 
force, the yield load and the neutral axis depth at the central and 
end hinges at any value of deflection for rigid-plastic and axially
restrained fixed-ended reinforced concrete slab strips with any ratio 
of reinforcement Yare summarized following the correct approach 
of strain rate theory as follows: 

i. For Wo = 0 

(4.30a) 

(4.30b) 

* The membrane force developing at the edge of an axially restrained 
simply supported concrete slab strip is solely represented by the 
compressive stress block of the concrete. 
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= (Y - 1) 
Pc 

{~ + 2} 

PE = (1 - Y) 
°a 
(n + 2) 

\'/ 
i 1. For 0 ~ f :: 

d 
2 

d 
2 

or 

(~ + 3 - Y) 
B 

(~ + 2)(1 + ¥-) 

(~ + 1 + Y) 

(~ + 2)( 1 + f£) 

(if Y;: 1) 

(if Y ~1) 

N 1 a a 2c w 
~ = 2 [(6 + 1 - Y) - (j3 + 2)(1 + L) ;- ] 
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(4.30c) 

(4.30d) 

(4.30e) 

P=l+ B [a 2 ~ 2 [1 + Y{l + B(l _ Y)}] (B + 1 - Y) - 2(~ + 2)(~ + 1 • Y) 

iii. 

2 w 2 2 w 2 
(1 + -r)(f) + (s + 2) (1 + ¥-) (r) ] 

Pc = (( Y - 1) + (1 + 2c) W 0 J d 
(~ + 2) r a 2· 
B 

(~ + 3 - Y) 

{ or 
w (~ + 2)(1 + ¥-) 

Fori- ~ 
a (6 + 1 + Y) 

(~ + 2)(1 + fE,) 

{ - 1 
(ifY~l) 

} N 
~ 

= or 
- Y (if y~ 1) 

(if Y ~ 1) 

(if Y ~ 1) 

(4.30f) 

(4.309) 

(4.30h) 

(4 .30i) 



P 

~ 
= or 

or 

or 

28 
1 + [1 + Y {1 + 13(1 -Y)}] [(~ + 2)(1 + f£) t- . 

a . 
- (~ + 2 - Y) 1 (ifY::1) 

2ay 2 w 
1 + -:"e[1=--+ -Y--'{=-=l-+""':-:"'a (7"::l-_-Y'"""') =}]- [ (~ + 2) (1 + r-) T 

> = 

= 

= 

-.:: 
= 

d 
~ 

- (~ + 1)] 

(~ + 2'Y) 

(~ + 2) 

(ifY~l) 

} 
(ify=l) 

(ifY~l) 

a 
[S - 2(Y - 2)] d 

(if Y;; 1) } 

(ifY~l) d 
2 

2 

4.6 STUDY OF THE EFFECT OF SOME IMPORTANT PARAMETERS 

(4.30j) 

(4.30k) 

(4.30l) 

Equations (4.30) which describe the plastic behaviour of 
the slab strip AB of Fig. (4.1) are based on three main factors. 
These are, namely, the properties of the slab at the central hinge 
represented by the notations a and a , the ratio of reinforcement 
Y and the mechanism parameter c/l. The values of a and B as 
defined by Eq. (3.5) in turn depend on the amount of reinforcement 
As/d l ' the cube strength of the concrete u • the yield stress of 
the reinforcement fy' the ratio of the depth of the slab to the 
effective depth dld l and finally the concrete stress block parameters 
k1k3 and k2 which may be considered as either a function of u 
(Eqs. 3.1) or fixed quantities like the values used by Wood (3) in 
which k1k3 = 2/3 and k2 = 1/2 • 

To enable a close study of the effect of each parameter to 
be made, the same typical slab strip described in section 4~2.4 of 
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this chapter is considered with the only exception that Y in 
this case is taken to be unity. 

The study of the effect of each parameter is made possible 
by keeping the rest of the parameters constant. 

4.6.1 RATIO OF REINFORCEMENT ~ 

Fig. (4.6) shows the relationships of the membrane force, 
the yield load and the depths of the neutral axis at the central 
and end hinges with the central deflection for different values of 
y ranging from 0 (the case of the slab with simple supports) to 2. 

It can be seen from this figure that at any value of deflection 
the non-dimensional values of the compressive membrane force (NIT) 

o 
and the yield load (P/Py) are greater for smaller values of . Y • 

The differences in the values of N/To are small but in P/Py they 
are large. Especially in the simply supported case the maximum yield 
load obtained at the start of collapse (wo = 0) is 9.5 times the 
simple yield line theory load whereas the enhancement factor of the 
load for the case Y = 2 is only 3.5. 

The neutral axis position at the plastic hinges is slightly 
affected by the steel ratio parameter. At any central deflection 
less than that corresponding to N/To = -1 , the depth of the neutral 
axis at the central hinge is bigger for higher values of. Y but it· 
is smaller at the end hinges. However, when Y = 1 the neutral 
axis depths at all hinges are the same and equal to half the value of 
the deflection Wo • 

4.6.2 AMOUNT OF REINFORCEMENT Asldl 
Fig. (4.7) shows the changes in the plastic behaviour of the 

same typical slab strip when the percentage of reinforcement at the 
central hinge is varied from 0.1% to 1%. 
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The relations of the non-dimensional membrane force N/To and 
the non-dimensional yield load P/Py with the central deflection wold 
are found to be greatly influenced by the parameter As/dl • At any 
value of central deflection the ratios N/To and P/Py are. larger in 
lightly reinforced slabs. For example a typical slab strip with 
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percentage of reinforcement as little as 0.1% when restrained 
axially and loaded will be subjected to a maximum membrane force 
of 40.5 To and the ultimate load carrying capacity of this slab 
will be 13.3 times the yield line theory load whereas if the same 
slab is heavily reinforced with percentage of reinforcement of 11 

the corresponding values of NmaxlTo and PmaxlPy will be as low 
as 3.0 and 1.8 respectively. However, the recovery in the 
load for values of wold greater than 1 (i.e. for all values of 
deflection corresponding to N/To = -1) is greater in heavily 
reinforced slabs. 

The neutral axis position at the plastic hinges will not be 

affected by the amount of reinforcement in this particular example. 
It happens that in Eqs. (4.14) when Y = 1 and c = 0 are substi
tuted the effect of the rest of the parameters are cancelled and 
the neutral axis depths ~C and ~E are then equal to half the 
value of the central deflection Wo • 

4.6.3 CUBE STRENGTH OF CONCRETE u 

The effect of this parameter is shown in Fig. (4.8). 
Values of u ranging between 13.8 N/mm2 (2000 lbf/in2) and 
69.0 Nlmm2 (10,000 1bf/in2) are considered and the results show 
that high values of the cube strength of concrete increase the 
capacity of the slab at any value of deflection less than that 
corresponding to N/To ="-1. For larger values of deflection; 
the slab will show a better recovery in the yield load P/Py if 
concrete with a lower cube strength is used. 

The membrane force is also affected by using concrete with 
different cube strengths and the effect shows greater membrane force 
for higher value of u • 

The neutral axis depth at the plastic hinges for this partic
ular example (Y = 1, c = 0) is not affected by the cube strength. 

4.6.4 MECHANISM PARAMETER clL 

Fig. (4.9) demonstrates the effect of the location of the 
central plastic hinge on the general plastic behaviour of the slab 
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strip under study. The loads on the slab are considered to be 
exerted at distance a = 0.4 l from the fixed ends; thus the 
possible values of c/l range from 0 to 0.1 • 

It can be seen from Fig. (4.9) that neither the maximum 
values of the membrane force and the yield load nor the depths of 
the neutral axis llC and llE at zero deflection are influenced 
by this parameter. However, with increasing deflection the 
behaviour of the slab changes slightly for different values of c/l. 
Although the discrepancy is small, it is found that for deflections 
less than that corresponding to N/To = -1 the ratios N/To and 
P/Py are greater for smaller values of c/l. For large deflections 
the recovery in the load is better in slabs with high values of c/l. 

The neutral axis position at the sections of yield is also 
slightly affected by the parameter c/l as the deflection increases. 
In slabs having the central plastic hinge formed close to the mid-' 
span section, i.e. c/l small, the movement of the neutral axis 
towards the compressed face of the slab at the plastic hinges is slow. 
This implies that the slab will be cracked throughout the depth at 
these hinges at an earlier stage of deformation when the value of 
c/l is higher. 

4.6.5 CONCRETE STRESS BLOCK PARAMETERS klkJ AND k2 

It has been shown in section 3.2 of Chapter 3 that unless 
k2 = 0.5 equations (3.ll) and (3.12), which determine the neutral 
axis depth according to the plastic potential theory and the equil
ibrium method respectively, are inconsistent. The value k2 = 0.5 
could be chosen to have consistency between the two predictions but 
the analysis would not be representative, simply because experimen
tal tests on reinforced concrete beams usually indicate values of 
k2 rather less than 0.5; the tests carried out by Hognestad. 
Hanson and McHenry (25) reveal a linear relationship between k2 
and the cube strength of the concrete u (Eq. J.lb). In the 
study of the problem of membrane action in slabs different authors 
have considered different values of the concrete stress block 
parameters. For instance, Wood (3), Powell (8) and Roberts (24) 
use klk3 = 2/3 and k2 = 1/2 j Kemp (4) has presented his analysis 
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using these parameters in their general form of k1 k3 and ~2 

but when numerical examples are worked out he also followed Wood; 
Park (12-16) has used Hognestadls k1k3 and k2 (Eqs. 3.1) while 
some other investigators like Morley (10), Janas (22,26) and 
Sawczuk (17) prefer to present their analysis using ac (the com
pressive strength of the concrete) in general to indicate k1k3'u 
but k2 was taken to be 1/2. However, none of the mentioned 
authors has commented on the effect of these parameters on the 
plastic behaviour of slabs except Morley who mentioned, while com
paring some peak loads of square and rectangular slabs, that the 
relationship between the compressive strength of the concrete ac 
and the cube strength u is important. 

Figure (4.10) illustrates the effect of these stress block 
parameters on the plastic behaviour of the typical slab strip under 
study. For any given cube strength of concrete u three pairs of 
values of the concrete stress block parameters are considered. 
These are; Hognestadls k1k3 and k2 represented by Eqs. (3.l), 
Hognestadls klk3 but k2 = 1/2 and Woodis design coefficients 
klk3 = 2/3 and k2 = 1/2. The figure shows variations in the 
values of the membrane force N/To and the yield load P/Py at any 
central deflection; the differences being more pronounced at high 
values of u and small deflections. However, at low cube strengths 
of concrete; the approximate coefficients of Wood are found to pre
dict lower values of N/To and P/Py (for any deflection wo ) 
than those of Hognestad but as higher values of u are used the 
effects change and Woodis parameters begin to overestimate the membrane 
force N/To and the yield load P/Py ' If concrete of cube strength 
u = 30 N/mm2 (4348 1bf/in2) is used in this particular slab strip, 
the behaviour of the slab will be equally predicted by both Wood's 
approximate coefficients and the more representative coefficients 
of Hognestad • 

. In the case of klk3 given by Eq. (3.1a) and k2 = 0.5 (to 

satisfy equilibrium but not to represent reality) the values of the 
membrane force and the yield load are found to be lower than the 
corresponding values obtained by using Hognestad's parameters for all 
but very low values of u. Again the discrepancy is greater at 
higher values of u • 
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A measure of the effect of using the three different pairs 
of concrete stress block parameters may be obtained by comparing 
the maximum values of NITo and PIP obtained at the start of 

y . 2 
collapse of the· slab strip under study using u = 69 N/mm (the 
highest value shown in the figure where the differences are expected 
to be , argest) . 

Nmax 

120 

Pmax 
To ~ 

Woodis approximate coefficients k,k3 = 2/3 and k2 = 1/2 3S.0 

Hognestadls k,k3 (Eq. 3.' a) and k2 (Eq. 3.1b) 30.6 
. 

Hognestadls k-lk3 (Eq. 3.1a) and k2 = 1/2 24.6 

4.7 STUDY OF THE MAXIMUM YIELD LOAD 

The previous analysis and discussion shows that the simple 
yield line theory underestimates the capacity of axially restrained 
slabs by a considerable margin. The enhancements in the loads have 
been found to be more pronounced in lightly reinforced concrete slabs 
made of concrete with high cube strengths. 

For any given fixed-ended slab strip, the maximum yield load 

11.7 

10.3 

8.4 

is represented by Eq. (4.30b). This equation written in a dimensional 
fonn , 

By considering equations (4.1S) and (3.4) and the definitions 
of the notations a and B as given by Eq. (3.S), the value of Pmax 



121 

can be expressed as J 

k2 k2 
(d (1 - r.-r:- t) t 
[ ) As . "1 "3 "f1R3 

P max = 2 - . Q, . f . d . --,--;..,....:-...- [1 + Y {1 + -"':--j:..---
(L2) 1 y (d )2 k2 

(1 - Y)}] 

where 

CI] ( 1 - l<':k:" t) 
1 3 

(1 _ Y) ] 2 
(d ) 
OJ 

(4.31) 

Equation (4.31) is the sum of two terms. For specified 
geometry of a slab strip, the first term depends mainly on the percen
tage of reinforcement and is slightly affected by the cube strength 
of the concrete u (see Fig. 4.11). This term expresses the effect 
of pure bending (yield line theory solution) whereas the second term 
shows the effect of membrane action. However, the second term 
depends mainly on the value of the cube strength of the concrete u. 
It is to be noted here that for the practical values of the percentage 
of reinforcement and the cube strength of the concrete the second term 
dominates the value of the maximum yield load Pmax ' In other words, 
for a given value of u , the percentage of reinforcement will have 
only a slight effect on Pmax especially for slabs with high concrete 
cube strengths. This is readily seen in Fig. (4.11) which is construc
ted for the same typical slab strip assuming that d/l = 1/20 and 
all = 0.4. This figure clearly shows that the maximum yield load 
is influenced by the quality of the concrete and not the amount of 
reinforcement. For example, the same maximum yield load, say 
1.5 N/mm2 (216 1bf/in2) can be obtained by using a slab with 
u = 27.6 N/mm2 (4000 1bf/in2) and percentage of reinforcement 
A /d1 = 1% or the same slab with no reinforcement at all but 
u
s
= 38N/mm2 (5500 1bf/in2). This illustrates that the amount of 

reinforcement can be reduced by using a richer mix of concrete to 
obtain equal initial collapse loads. 
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4.8 SUMMARY 

The analysis and discussion of this chapter showed that 
strain rate theory is always applicable to rigid-plastic and axially 
restrained concrete slabs; the movement of the neutral axis for 
strain rate at the yield sections in these slabs was found to be 
always into the compressive zone for total strain. 

The variation in the stress state due to deflection of such 
slabs was shown to cover an extensive part of the yield locus. It 
ranges from M~ Mmax (the start of collapse at zero deflection 
where the membrane force as well as the yield load are maxima and 
at which the neutral axis forms close to the mid-depth of the slab 
at all yielding hinges) to M~Mmin (the stage of large values of 
deflection where the membrane force becomes tensile and the cracks 
penetrate the whole thickness of the slab at some yield sections). 
This large movement of the stress state point on the yield locus 
causes highly significant discrepancies between the predictions of 
total strain and strain rate theories. 

The start of collapse of a rigid-plastic concrete slab shows 
consistency between total strain and strain rate theories due to the 
maximum values of the membrane force and the yield load as well as 
the position of the neutral axis at the yield sections being the 
same for both theories. As the deflection of the slab increases 
the total strain theory overestimates the membrane force and under
estimates the yield load for any specific value of deflection when 
compared to strain rate theory. Total strain theory shows a slower 
movement of the neutral axis at yiel~ sections towards the compressed 
face of the slab than that predicted by strain rate theory. The 
values of deflection corresponding to zero membrane force and when 
the cracks penetrate the whole thickness of the slab were found to 
be double those obtained by strain rate theory. The errors caused 
by using total strain theory in the analysis of rigid-plastic and 
axially restrained reinforced concrete slabs instead of strain rate 
theory, therefore, result in a steeper load-deflection curve, a 
smaller decline in the value of the membrane force ~nd a slower 
increase in the depth of the neutral axis at the yield sections with 
increasing deflection. 
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In general, a rigid-plastic and axially restrained slab 
strip analysed by the strain rate theory produces a load-deflection 
curve with the following features: 

i. The start of collapse (zero deflection) is a load (maximum) 
many times greater than the simple yield line theory load 
(or Johansen load). The value of the compressive membrane 
force corresponding to this load is also maximum. 

ii. With increasing deflection, the load falls off rapidly due 
to the value of the compressive membrane force becoming 
smaller. The reduction in the load follows a parabolic 
path. At one stage of deflection the membrane force 
becomes zero and the value of the load is minimum and 
equal to the yield line theory load. The equilibrium of 
the slab during this stage of deformation is 'unstable'. 

iii. When the deflection increases further, the slab will show 
some recovery in the load with the membrane force becoming 
tensile. Although the slab, at a certain stage of deform
ation, will be cracked throughout the depth at some sections 
of yield, it will continue to carry increasing load until 
all the reinforcing bars. fracture and collapse occurs. 
The equilibrium of the slab during this stage of recovery 
in load is 'stable'. 
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CHAPTER 5 

PARTIALLY RESTRAINED REINFORCED CONCRETE 

SLAB STRIPS (ELASTIC - PLASTIC THEORY) 

5.1 INTRODUCTION AND ASSUMPTIONS 

The ultimate strength and behaviour of axially restrained 
reinforced concrete slab strips were studied in Chapter 4 assuming' 
that the materials of the slab were rigid - perfectly plastic and 
that the slab ends were fully restrained against lateral displace~ 
ments. In this chapter, the theory for the load carrying capacity 
and behaviour of these slabs will be generalized to include the 
effects of the elastic shortening of the slab and the outward movement 
of the surround, both due to membrane forces. The ends of the slab 
strip will be considered as 'simply supported' and to be separated 
from the surrounding body by a physical gap. . It is well known that 
compressive membrane action in axially restrained slabs, in general, 
depends upon the restriction of small outward displacements at the 
boundaries and, therefore, the elastic shortening of the slab, the 
partial restraint against lateral displacement at the ends and the 
existence of a physical gap between the ends of the slab and the 
surrounding body may all cause a significant reduction in the ultimate 
strengths and may give a completely different picture for the relation~ 
ship between the load and the deflection as y;'eld proceeds. 

The analysis and discussion of this chapter will show that 
the movements of the neutral axis for strain rate at the yield 
sections, in these partially restrained reinforced concrete slab 
strips, occur initially into the zone of total tensile strains, the 
case for which total strain theory must be applied, but for large 
deflections the neutral axis (for strain rate) starts to move into 
the compressive zone for total strain and, hence, the strain rate 
theory should be used. However, for the sake of comparison, the 
analysis will be first attempted following separately 'total strain' 
and 'strain rate' concepts to show the influence of these two 
approaches on the prediction of the plastic behaviour of these slabs 
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and then the correct approach which involves the use of both 
total strain and strain rate theories will be presented in 
detail. Some important conclusions about the validity and 
applicability of these theories in the plastic analysis of 
concrete slabs, in general, will be reached in this chapter. 

The assumptions made in this investigation are the same 
as those adopted in Chapter 4 except that in this case the 
effects of the elastic shortening of the slab strip and the outward 
movement of the surround due to membrane forces are taken into 
account. The loading on the slab strips considered is, again, two 
point loading so that in comparing with experiments, the effect of 
biaxial compression on the concrete can be neglected. The analysis 
is confined to simply supported reinforced concrete slab strips 
with bottom reinforcement only. The reinforcement is assumed to 
extend far enough in the slab to ensure a plastic hinge can form 
at any section in the central region of the slab between the two 
applied loads. Although the slab strip is reinforced in the bottom 
face only, the elastic strains of the slab due to membrane forces 
are assumed uniform which is consistent with the assumption of ignor
ing the elastic curvature of the slab member. 

Wherever possible, the procedure of analysis presented in 
Chapter 4 will be followed. The yield criterion represented by 
equation (3.5) of Chapter 3 will be adopted and assumed valid for 
all analyses. The equations of the collapse loads and the membrane 
forces will be given in dimensionless forms as ratios of the simple 
yield line theory load and the yield force in the reinforcement 
respectively. In addition, some typical slab strips will be 
analysed to show the differences between the approximate rigid
plastic theory presented in Chapter 4 and the more representative 
elastic-plastic theory of this Chapter. 

5.2 GENERAL ANALYSIS 

5.2.1 THE SLAB STRIP AND THE MECHANISM OF COLLAPSE 

A simply supported reinforced concrete slaQ strip AS of 
unit width, depth d and length L is shown in Fig. (S.la). The 
slab strip is subjected to two point loading each of magnitude P/2 
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located at distance la l from the nearest simply supported 
end A or B as shown. Reinforcement of area As ' yield 
stress fy and cover (d-d l ) is placed at the bottom face 
only of the giy~n slab strip. 

As discussed in Chapter 4, the central plastic hinge C 
does not necessarily form at mid-span but will form at the 
weakest section of the portion extending between the two applied 
loads; at distance c from the centre of the slab. 

If the partially-stiff surrounding body is separated from 
each of the two simply supported ends of the slab strip by a 
physical gap 6 (see Fig. 5.la), the slab will initially yield 
under the simple yield line theory load Py and a mechanism of 
collapse will form as shown in Fig. (5.lb). 

5.2.2 BEHAVIOUR OF THE SLAB STRIP PRIOR TO MEMBRANE ACTION 

The analysis presented in the previous chapter showed that 
compressive membrane action in an axially restrained slab is formed 
because of the restraint to the outward movement of the bottom edges 
of the slab. Due to compressive membrane action very high loads, 
many times greater than the yield line theory load, were found to be 
sustained for very small deflections. However, when the edges of 
the slab are separated from the restraining body by a physical gap, 
the initial collapse of the slab will be due to pure flexure. The 
yield load as well as the neutral axis position at the yield sections 
will be defined according to the yield line theory. Therefore, the 
initial stress state of the deformed slab strip AB of Fig. (S.lb) 
is defined by 

(S.la) 

(5.lb) 

Where PoC denotes the neutral axis depth at the plastic hinge C 
corresponding to zero axial force; and. a and a are as defined 
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by Eq. (3.5) of Chapter 3. Equation (S.lb) is obtained from 
either Eq. (4.5a) of Chapter 4 assuming N = 0 or directly
according to Eq. (4.29k) of the same chapter. 

With increasing deflection the two portions AC and BC 
of the slab strip rotate about point 0 defining the neutral axis 
position at the central plastic hinge according to the yield line 
theory. The load-deflection relationship during this stage of 
pure flexure will show a horizontal line {P = Py} until the 
limit is reached when the bottom edges of the two simply supported 
ends A and B of the slab just come into contact with the 
surrounding body and the membrane force begins to be generated. 
The value of the central deflection (wo)i corresponding to this 
stage can be obtained as follows: 

Assume that when this stage is reached the two portions 
AC and BC of the slab strip have rotated through angles (SA)i 
and (9B)i respectively. The maximum total tensile strain at 
the bottom face of the plastic hinge C corresponding to these 

rotations is (lloC +~) [sin {'9A}i + sin {8B)i]' From Fig. ,(5.1b) 
when the elastic curvature of the slab strip is ignored the following 
geometrical equation can be obtained; 

(~ - c) cos (SA)i + (lloC + ~) [sin (SA)t + sin (8S)t) 

+ (~ + c) cos (SS}i = L + 2A 

Since S is small 

e 1 
a2 

cos ~ - r 

and sin e ::::::.:' a ~' 

and when the value of lloC as given by Eq. (S.Tb) is introduced 
the geometrical equation becomes 

{~ + 1} 
2 

L2 
[(SA)i + {as}i] 

L 2c (9A}i 

(~ + 2) 
a - (1 .. r-) .,- d2' 
2 

.. (1 + 2c, {9B)1 L2 
2 ~ L 

'LI 4 d2 = a d 

129 



Replacing the values of the rotations (BA)i and (9B)\ 
by the central deflection (w). according to Eqs. (4.8) and 

o 1 
solving the resulting equation gives 

1 (~ + 1) 

= (1 + .?[) [( ~ + 2) 

2 
(~ + 1) t:. l 
(r;! + 2)2 - a . a 

f3 

(5.2) 

Equation (5.2) gives the value of the central deflection 
of the slab strip when the bottom edges of the two simply supported 
ends of the slab are just in contact with the surround. For the 
special case of zero gap at the slab boundaries (i.e. t:. = 0) the 
value of the central deflection (w). will be zero indicating that 

o 1 
the membrane action takes place at the start of collapse. 

5.2.3 MEMBRANE ACTION - DEVELOPMENT OF MEMBRANE FORCE 
AND DEFINITION OF STIFFNESS FACTOR 

When the central deflection of the slab exceeds the value 
given by Eq. (5.2) the horizontal outward movement of the bottom edges 
of the slab will be resisted by the partially stiff surrounding body 
and therefore a compressive membrane force N will be generated. 
This membrane force will compress the slab strip and spread the 
surrounding body by amounts that depend on their stiffnesses. 

If the elastic stiffness of the whole slab strip is denoted 
by Sb and the elastic stiffness of the two surrounds by Ss the 
total effective deformation of the mid-plane of the slab strip under 
the force N will be ; 
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Deformation Due = of ~he Whole Slab + of the Two Surrounds 
to N Strlp 

N N N = ~+"S":"=S 
b s. 

in which S \s a stiffness factor j 



1 1 + 1 
T = !b -s-; 

S 
Sb Ss 

= A Sb = Sb + S . s 

Ss 

where A 
Sb 

= 
Ss 

+s.-
b 

Note that if Ss = 00 then A = 1.0 and S = Sb; and if Ss = 0 

then A = 0 and S = 0 , so the stiffness factor S can vary between 
o and Sb' Thus, when both stiffnesses Ss and Sb are assumed 
infinite (which represents the case of a rigid plastic slab strip 
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with fully lateral restraint) the stiffness factor S becomes infinity. 

Value of Sb 

Force N 

{
rtlrastic Shortening} 
of the Slab Strip 

Due to N 

= 
N 

N.L 
~ 

where A ;s the cross sectional area of the slab strip (A = unit 
width x d) and Ec is the modulus of elasticity of the concrete 
which can be related to the cube strength of the concrete u according 
to the following approximate relationship [as adopted by Roberts (24). 
Eq. (2.38d) of Chapter 2] ; 

Therefore 

Sb = ~ ,fo".6 x 106 N/mm2 (or ~ ~ x 106 lbf/in2) (5.3) 

Value of Ss : 

No general expression can be given for 5s since it depends 
on the particular structural form of the surround. When comparisons 



are made between theory and experiments, 5s will be determined 
by tests. 

5.2.4 COMPATIBILITY EQUATION 

For the slab strip shown in Fig. (S.lc) ; when the vertical 
deflection at the centre of the slab strip is Wo where [wo> {wo)i ] 
the horizontal displacement compatibility equation becomes; 

L eA - (es)A - (eb)A t (2 - c) cos aA 

t ec - (eb)CA - (eb)CB 

L 
t (2 + c) cos aB t eB - (es)B - {eb)S = L t 2~ 

Noting that 

(es)A + (es )8 = 

(eb)A + (eb)CA + (eb)CB + {eb)B = 

and + 

Therefore 

es 

eb 

N = 
~ 

= N 

"Sb 

N =5" 

eA t (~ - c) cos QA + eC + (~ + c) cos Q8 + eB = L + t + 2A 

When 9 is small· 

cos 9 c:: a2 
1 - r 

and the compatibility equation becomes 
2 2 

L SA L 9 8 N . 
eA t eB + eC - (2 - c) T - (2 + c) T = S + 2A (5.4) 
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5.2.5 EVALUATION OF THE MEMBRANE FORCE, THE YIELD LOAD 
AND THE NEUTRAL AXIS POSITION AT THE YIELD SECTIONS 
ACCORDING TO ' TOTAL STRAIN' AND 'STRAIN RATE' THEORIES 

(a) Total Strain Theory: 

If the total strain concept (Eq. 3.13) is followed in this 
analysis, the relationships between the rotations e and the 
extensions e at the yield sections A t Band C will be the 
same as those given by Eqs. (4.7) of Chapter 4. Therefore, substi
tuting these equations into Eq. (5.4) yields 

= .Ii. + 2/1 
S 

The g~ometry of the collapse mechanism of Fig. (S.lc) implies 
that the rotations SA and SB are related to the central deflection 
Wo according to Eqs. (4.8). When these relations are introduced 
the compatibility equation becomes 

( 2c 
2c 1 N 1 - r-) 

+ r-) = ~s-w......;;;.-

(r.) 

+ 1 /1 2 
(1 - ¥-) 

w 
(~) 

(5.5) 

Noting that the values of ~E and ~C are given in equations 
(4.S) in tenms of the membrane force N and substituting these values 
(with Y being 0 in this case) into equation (5.5) and solving for 
N gives 

~ [(~ + 1) - ~ (~ + 2)(1 

}= 
o 

[1 + 
(1 - ¥) 

. w ] 
S 0 

d 

(5.6) 

where s 
r; a 
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Equation (5.6) may be compared with the corresponding 
rigid-plastic solution given by Eq. (4.10) of Chapter 4. 
For 6 = 0, S = 00 and y = 0 , the two equations are identical. 

(b) Strain Rate Theory 

The analysis according to the strain rate theory is based 

on the incremental variation in the rotations and extensions (Eq. 3.9). 
When this concept is applied the relationships between the increments 
of rotation and·extension at the yield sections A, Band C will 
be the same as those given by Eqs. (4.11). For an infinitely small 
variation in w equation (5.4) gives 

o 

(5.7) 

It should be noted that the gap parameter 6 does not appear in 
this differential equation since 6 is not a function of w • 

o 

The values of the rotations 9A and 9S are related to the 
central deflection Wo according to Eqs. (4.8). The incremental 
values of these rotations (d9A and d9S) are related to the incre
mental value of the central deflection dwo in the same proportion. 
Differentiating Eqs. (4.8) gives 

2 1 + 2c 
L 

.~ d8A = [ 
1 2c 0 
-L 

2 .~ d8S = [ 
0 

When these values are considered the compatibility equation (5.7) 
becomes 

2 1 LT 
~E + ~C - Wo (1 + [£) = ~ Sdo . {l 
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Introducing the values of ~E and ~C as given by 
Eqs. (4.5) gives 

d(~ ) _ 
o + S 

-w- -( ~--:2"""'C-) 
d(f) 1 - L 

- (1 + $E) w S- (g + 1) 
(~o) + §2 (. ~ + 2) L (~) B 0 

I IJ (1 _ ~c) u - 2 (1 _ ¥) :a 

where S is as defined by Eq. (5.6). The solution of this first 
order differential equation is 

N (1 
T = F'e 

o 

- w 
s 2c (cr) 
- ... ) w 

L _ ~ (~ + 2)(1 + ~c) (or) 

+ ~s (~ + 2}(1 + f£}(1 - f£) + ~ (i + 1) (5.8) 

where F is a constant which can be evaluated by satisfying the 
following boundary condition, 

N = 0 
~ 

Wo Wo 
when a = {a)i given by Eq. (5.2) • 

Thus 
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1 a 2c Wo _ -215 (~+ 2)(1 + f.£)(1 - $E) - ~ (~+ 1)]. F = [2 (;3 + 2)(1 + r-)(cr)i ., L L t: IJ 

e 

- W 
s 2c {f)i 

(1 - L) 

and the equation of the membrane force becomes 

(5.9) 



~or the case S = 00, Eq. (5.9) reduces to the corres
ponding rigid-plastic solution given by the special case y = ° 
of Eq. (4. 13) . 

The relationship between the membrane force and the central 
deflection having been established, the position of the neutral axis 
at the central plastic hinge and at the simply supported ends of 
the slab can be defined in terms of the deflection Wo from Eqs.(4.5) 

with y = ° . 
The general expression of the yield load with the membrane 

force derived in Chapter 4 (namely Eq. 4.16) for fully restrained 
rigid-plastic slab strip with any steel ratio y can be equally 
appl ied here. Subsc',t.vtin3 y = ° into Eq. (4.16) to represent the 
case of slab strips with simple supports, the yield load - membrane 
force relationship becomes ; 

w 2 
Pp = 1 + 213 [(~ + 1) - (~+ 2)(1 +~) r]!L - 213 (~) (5.10) 
y .. .. L To To 

To obtain the yield load ratio P/Py for any given central 
deflection Wo ' either Eq. (5.6) for total strain or Eq. (5.9) for 
strain rate should be combined with Eq. (5.10). 

5.2.6 APPLICATION OF 'TOTAL STRAIN' AND 'STRAIN RATE' TO' 
TWO EXAMPLES . 

Comparison of the values of the membrane force, the yield 
load and the position of the neutral axis at sections of yield given 
by total strain and strain rate theories is shown in Figs. (5.2) and 
(5.3) for a simply supported slab strip with the following properties 
(as adopted in the typical slab strip of Chapter 4) ; A Id1 = 0.285% ; 
fy = 276 N/mm2 (40,000 1bf/in2); u = 27.6 N/mm2 (4000S1bf/in2) ; 
dld1 = 1.2; c = 0 and LId = 20 • 

In constructing Fig. (5.2) two more properties are considered. 
These are : 

(a) Stiffnesses of both the slab strip and the surround are 
assumed infinite (i.e. S =00) • . 
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(b) At each end of the slab strip there exists a gap 
of width equivalent to 0.02 times the slab depth 
(i.e. ~/d = 0.02). 

For Fig. (5.3), the two additional features are 

(a) ~ = 0 

(b) The elastic stiffness of the surround Ss is 
550 N/mm2 (79,700 lbf/in2)~ From Eq. (5.3), 
the elastic stiffness of the slab strip Sb is 
1456 N/mm2 (211,000 lbf/in2) and hence the 
dimensionless terms A and S for this example 
are 0.274 and 8.65 respectively. 

Fig. (5.2), therefore, shows the behaviour of a rigid~ 
plastic, simply-supported reinforced concrete slab strip with a 
physical gap at the infinitely stiff boundaries. It can be seen 
from this figure that the membrane action starts after the slab 
has deflected a distance (wo) equal to 0.23 d (Eq. 5.2). The 
total strain theory predicts an increase in the value of the 
membrane force with increasing deflection (Fig. S.2a) until the 
membrane force becomes a maximum at a value of central deflection 
equal to 0.63 d and then decreases. The strain rate theory shows 
a linear fall in the value of the membrane force with the deflection 
from a maximum at Wo = (wo)i = 0.23 d. This cannot be valid 
since it contradicts the fact that at Wo = (wo)i the membrane 
force should be zero and the reason for this is that, in this special 
case (~=oo), ~ did not appear in the governing equations. It 
will be shown later that for values of deflection corresponding to 
increasing membrane force the analysis of the slab must be associated 
with total strain theory and, that, the strain rate theory is only 
applicable for the part of membrane action that corresponds to 
decreasing membrane force. 

It is of interest to note here that for this slab strip with 
S = 00 the total strain and strain rate theories predict the same 
value of the membrane force at the 'total strain ' maximum (i.e. at 
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Wo = O.63d). This point will be discussed in de~ail in Section 5.3.3. 

* This figure represents the average elastic stiffness of the 
model rig used by the author in experimental tests. 



The relationship between the yield load and the central 
deflection is shown in Fig. (S.2b). For values of central deflec
tion ranging between zero and O.23d the relationship is a horizontal 
line (P = Py)' As the deflection continues compressive membrane 
action develops which, according to total strain theory, enables the 
slab to carry an increasing yield load. The stage of increasing 
yield load ceases at we = O.39d. With further increments in 
deflection the yield load falls off rapidly indicating that the 
equilibrium of the slab is unstable and the maximum membrane force 
occurs in this deflection range. For large values of deflection 
the total strain theory predicts negative values for the yield load 
but then shows recovery of load at a later stage. 

The load - deflection relationship according to strain rate 
is in two parts with a discontinuity between them. The first part 
is the horizontal line P = Py of pure flexure and the second is a 
falling curve from a maximum at the start of membrane action (i.e. at 
we = O.23d) to a minimum, equal to the yield line theory load, when 
the membrane force vanishes at Wo = O.97d. The discontinuity at 
we = O.23d is a further indication of the invalidity of the strain 
rate theory during the initial stages of membrane action. The load -
deflection curve according to total strain theory is lower than that 
of strain rate except at the point representing maximum membrane 
force (according to total strain) where the two curves coincide and 
a mathematical explanation of the point of tangency will be presented 
later. 

Fig. (S.2c) shows the different predictions of the total 
strain and strain rate theories for the position of the neutral axis 
at sections of yield. It can be seen from this figure that the 
depths of the neutral axis ~C at the central plastic hinge and ~E 

at the simply supported ends for values of central deflection such 

that 0~~iiO.23 are respectively 0.93 ~ (Eq. 5.lb) and ~ • 
When the central deflection exceeds the value (we)i the neutral axis 
at all yield sections according to total strain theory starts to move 
towards the mid-depth of the slab into the zone of total tensile 

w 
strains with reducing values of ~C and ~E. ~hen ~ = 0.63 
the neutral axis will be at its closest position to the mid-depth of 
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the slab. For greater deflections the neutral axis moves back 
towards the compressed face of the slab into the compressive zone 
for total strain until the membrane force becomes zero. 

The strain rate theory, however, predicts linear variation 
for the position of the neutral axis with deflection. Moreover, 
it shows that the movement of the neutral axis at the yield sections 
is always into the compressive zone for total strain. This is not 
valid since it implies a discontinuity in the relationship between 
the position of the neutral axis and the central deflection at 
w 
~ = 0.23. As demonstrated by Fig. (5.2c), the predictions of 
the total strain and strain rate theories for the position of the 
neutral axis at the yield sections of this special slab strip with 
S = C>O are different except at w = 0.63 d (i .e. when the membrane 

o 
force is maximum) and this will be explained later. 

Fig. (5.3) shows the effect of the elastic shortening of the 
slab and the elastic spread of the surround on the behaviour of the 
typical slab strip under study. The membrane action in this example 
starts at zero deflection since ~ = O. Both total strain and strain 
rate theories show similar shapes for the membrane force - central 
deflection curve (Fig. 5.3a). The membrane force increases with 
deflection to a maximum value at a certain value of central deflec
tion and then decreases for larger deflections. During the stage 
of increasing membrane force the strain rate theory predicts slightly 
higher values for the membrane force than those of total strain but 
for large values of deflection the strain rate curve falls more 
rapidly than that of total strain. The two curves intersect at a 
value of central deflection (~= 0.45) slightly beyond that corres
ponding to the maximum membrane force according to total strain 

wo 
(a = 0.36) • 

The membrane force at the point of intersection is very 
close to the 'total-strain' maximum (S.Ol T and S.12 T respectively), o 0 

but the maximum membrane force predicted by strain rate theory is 
19% higher (9.64 To)' 

The yield load - central deflection diagram of this example 
is shown in Fig. (5.3b). Both total strain and strain rate theories 
predict that at the start of collapse (w = 0) the yield load is-_ 0 

the yield line theory load and that as the slab deflects the load 
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will be increased until at a certain value of central deflection 
(less than that corresponding to maximum membrane force) the yield 
load becomes a maximum and thereafter it falls off rapidly as the 
deflection increases. For any value of central deflection the 
yield load estimated by strain rate theory is greater than that of 
total strain except at Wo = 0.45 d where they are equal which is 
also the stage when the membrane force is identical for both 
theories. The discrepancy in the maximum yield load predicted 
by strain rate theory compared to that of total strain is, for this 
example, 12%. As in the example of Fig. (5.2), the total strain 
theory for large deflections predicts negative values for the yield 
load but then shows recovery of load at larger deflections. 

From. Fig. (5.3c) it can be seen that at Wo = 0 the depth 
of the neutral axis at the central plastic hinge is 0.93 d/2 and 
at the simply supported ends is d/2. These values are equally 
predicted by both total strain and strain rate theories. As the 
slab deflects the neutral axis at all yield sections! according to 
the two theories, moves towards the mid-depth of the slab into the 
zone of total tensile strains until at a certain value of central 
deflection (normally corresponding to the maximum membrane force) 
the neutral axis is close to the mid-depth of the slab and thereafter 
it moves back towards the compressed face of the slab. During this 
deformation process the strain rate theory predicts a more rapid 
movement for the neutral axis at sections of yield than does the 
total strain theory. The 'strain-rate' and 'total-strain' curves 
of course intersect at the same value of central deflection at 
which the membrane force curves and/or the yield load curves intersect 

w 
(i.e. at or = 0.45). The position of the neutral axis at this stress 
state is in fact very close to that corresponding to the maximum 
membrane force according to total-strain. 

5.2.7 LIMITS OF APPLICATION OF 'TOTAL STRAIN' AND 
'STRAIN RATE' IN THE PLASTIC ANALYSIS OF SLAB STRIPS 

It has been argued in Chapter 3 that the analysis of cracked 
sections must be associated with total strain theory if, due to a 
change of plastic stress state, the neutral axis for strain rate moves 
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into the 'crack ' or I zone of total tensile strains'; but when 
the neutral axis (for strain rate) moves into the compressive 
zone for total strain the strain rate theory must be adopted. 

The general analysis and discussion of the previous 
sections have shown that the initial behaviour of slab strips 
with physical gaps at the boundaries is that of pure flexure 
until the bottom surfaces of the slabs, with continuing deflection, 
come into contact with the surround and compressive membrane 
action develops. When this happens the neutral axis at all yield 
sections, being close to the compressed face, starts to move towards 
the mid-depth of the slab into the zone of total tensile strains. 
This indicates a stage of increasing membrane force which terminates 
when the neutral axis is close to the mid-depth of the slab at which 
stage the membrane force is a maximum. 

For a simply-supported rigid-plastic slab strip with a 
physical gap at an infinitely stiff surround the position of the 
neutral axis at the central plastic hinge according to strain rate 
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(for this stage of increasing membrane force) is, as shown in Fig. (5.4a), 
closer to the mid-depth of the slab than that of total 5train (see also 
Fig. 5.2c). When the membrane force becomes a maximum the position 
of the neutral axis for both theories will be identical (Fig. 5.4b). 
This indicates that during the stage of increasing membrane force 
the neutral axis for strain rate moves into the zone of total .tensile 
strains in which case the total strain theory is applicable. When 
the deflection of the rigid-plastic slab strip exceeds that correspond
ing to Nmax the neutral axis for strain rate at the central plastic 
hinge moves upward into the compressive zone for total strain (N de
creasing) and therefore the strain rate theory applies. In this case, 
the position of the neutral axis for strain rate is higher than that 

of total strain (Fig. 5.4c). The curves relating the membrane force· 
and the position of the neutral axis with the central deflection are 
discontinuous in slope at the transition point. 

When the elastic shortening of the slab strip and/or the out
ward movement of the surround is considered the position of the neutral 
axis at the central plastic hinge according to strain rate, during the 
stage of increasing membrane force, is lower than that of total strain 
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(Fig. 5.4d) and will continue to be lower even when the stress 
state of maximum membrane force is reached (Figs. 5.4e and 5".3c). 
Similar to the previous case of a rigid-plastic slab strip with 
physical gaps, the total strain theory is valid for the stage of 
increasing membrane force since an increment in the membrane force 
implies a reduction in the depth of the neutral axis. As the 
membrane force decreases the neutral axis at the central plastic 
hinge according to both theories moves upward but since the neutral 
axis for strain rate is still within the crack the strain rate 
theory cannot be applied. Although the movement of the neutral 
axis for strain rate is more rapid than that of total strain the 
total strain theory continues to govern until the state of stress 
is reached when the position of the neutral axis for both theories 
coincides (Fig. 5.4f). As N decreases further the neutral axis 
for strain rate does move into the compressive zone for total strain 
(Fig. 5.4g) and, therefore the strain rate theory becomes applicable. 
The curves relating the membrane force and the position of the 
neutral axis with the central deflection are discontinuous in slope 
at the transition point. 

Whatever the type of slab strip, the stage of decreasing 
membrane force terminates when the membrane force vanishes at large 
deflection. Strictly, the membrane force vanishes when the bottom 
surfaces of the slab strip are just in contact with the surround. 
Unreinforced concrete slab strips will collapse at this stage but 
for reinforced slab strips the behaviour will be purely flexural and 
p = Py up to the fracture of the steel. 

The limits of application of total strain and strain rate 
theories in the plastic analysis of slab strips are summarized in 
the following table; 

Type of slab strip 
Theory to be used 

Stage of deformation in analysis 

Rigid-plastic with Increasing N Total strain physical gaps at 
infinitely stiff Decreasing N Strain rate boundaries, S = 00 

Increasing N and early part 
Elastic-plastic of decreasing N up to the " 

Total strain with partial stress state where N, P and 
lateral restraints ~ are equally predicted by 

both total strain and ~train 
rate theories 
Remainder of decreasing N Strain rate 
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5.3 THE PLASTIC BEHAVIOUR OF PARTIALLY RESTRAINED SLAB STRIPS 

The analysis and discussion of Section 5.2 has shown that 
the plastic behaviour of slab strips with physical gaps at the bound
aries consists of four successive stages. First, an early stage of 
pure flexure which is associated with the yield line theory, second, 
a stage of increasing membrane force where the total strain theory is 
valid, third, a stage of decreasing membrane force wh~re the strain 
rate theory is 'mainly' applicable and, fourth, the final stage of pure 
flexure where the behaviour of the slab strip follows, once again, the 
yield line theory. These four stages are shown clearly in Fig. (5.5) 
in connection with the behaviour of the same typical slab strip of 
Section 5.2.6 with 6/d = 0.02 and S = 8.65 (A = 0.274). 

A detailed study of each stage will now be discussed. 

5.3.1 EARLY STAGE OF PURE FLEXURE (YIELD LINE THEORY). 

This is the initial stage of deformation which covers values 
of central deflection between zero (start of collapse) to (wo); 
given by Eq. (5.2). The slab strip during this stage yields under 
pure flexure and rotates freely about the point defining the neutral 
axis position at the central plastic hinge. The yield load in this 
case is the yield line theory load and the depth of the neutral axis 
at the central plastic hinge ~oC is according to Eq. (S.lb). In 
a moment - membrane force diagram this stage is represented by the 
point (M = Mo ' N = 0) • 

The early stage of pure flexure, however, forms only if a 
gap exists at the boundaries of the slab. 

5.3.2 STAGE OF INCREASING MEMBRANE FORCE (TOTAL STRAIN THEORY) 

. When the central deflection is (wO)i the bottom surfaces 
of the slab strip are just in contact with the surround. With 
increasing deflection the value of the compressive membrane force 
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increases and the neutral axis, at plastic sections, moves 
towards the mid-depth of the slab into the zone of total tensile 
strain. On the yield surface (Fig. 3.2) the point representing 
t:'e state of stress moves to the left of the diagram. The 
analysis of the slab during this stage, therefore, requires the 
use of total strain theory which provides a membrane force -
central deflection relationship given by Eq. (5.6). In this 
equation the maximum membrane force is obtained when the central 
deflection reaches a 'critical' value (wo)cr such that; 
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w 1 2 
(~) = - -- (1 - ,..£) + 

(1 - 2c) (~ + 1) 6 L 
_~L,..-[_l (1 - ~)(l + #.) + -52 ~ + _. a] 

u cr S L. ( 1 + ¥) 52 L. L. (~ + 2) d 

(5.11) 

The stage of increasing membrane force covers all values of 
central deflection between (w). and (w) . For any deflection 

o 1 0 cr 
w within this range, the yield load will be given by Eqs. (5.10) and o 
(5.6) and the neutral axis positions by Eqs. (4.5) and (5.6). 

The yield load initially increases with deflection until a 
maximum value is reached and thereafter falls rapidly. The falling 
part of the load -'deflection curve indicates a state where the equil
ibrium of the slab is,unstable. The maximum yield load occurs at a 
value of central deflection given by the following equation; 

w 5 w 4 w 3 w 2 w 
A (-I-) + B (t-) + C (cf) + 0 (t-) + E <t-) + F = 0 (5.12) 

where 
2 ' 2 

A = ~ (~ + 2) (1 + f£) 
2 2 

B = ¥ t (~ + 2) (1 + ¥) (1 - ¥) - (~ + 1)(~ + 2)(1 + f£) 
2 2 2 2c 2 4 a a ~ ~ (i + 2) (1 + r-) (1 - r-) - S (B + 1 He + 2)(1 + f£)(l - f£) 

S 
c = 

2 
o = ~ 1- (~ + 2) 

c. 3 ~ 
S 
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1 1 a 2 2 2 2 4 4 2 2c 3 
E = - 4:4 (6 + 2) (1 +~) (l -~) - ~(~ + 1)(~ + 2)(1 + ~)(l - r-) 

S 513 aLL 

2 2 (~ + 1) 2 
+ I (~+ 2) (1 - f-£) [_1 (-l _ ¥.£)(l + 2c)+! f3 + 6 L] 

4 ~ L 52 L L S (~ + 2) a a 

F = 1 1 2 2 2 2c 5 
4 J5 (~ + 2) (1 + [£) (1 - r-) 

S 

- ~ (~+ l)(~ + 2){1 + ~)(l 
_'t f3 f3 L 

S 
1 1 ex 2 2c 3 1 

+ 4 S (a + 2) (l - L) [:7 (1 - fE) {l 
ex 

2c 2 (B + 1) 6 L ] 2 
+ )+-::- +--

L . S (~ + 2) d d 5 

The solution' of this equation shows that the central deflection 
at maximum yield load is significantly less than the corresponding (w)c . 

o r 
This is clearly shown in Figs. (5.l) to (5.12). It is therefore of 
critical importance to note here that the maximum yield load, being 
attained within this stage of increasing membrane force, is always 
associated with total strain theory. However, some authors [ Morley (10) 
and Janas (22,26) ] incorrectly specify maximum yield loads according 
to strain rate theory. 

5.3.3. STAGE OF DECREASING MEMBRANE FORCE (STRAIN RATE THEORY) 

When the central deflection exceeds (wo)cr the value of the 
membrane force decreases and, consequently, the neutral axis at the 
yield sections moves back towards the compressed face of the slab. 
For the special theoretical case of a rigid-plastic slab strip restrained 
by an infinitely stiff surround (i.e. 5 =00) the strain rate theory is 
then applicable. Where the elastic shortening of the slab strip and/or 
the outward movement of the surround are considered the total strain 
theory continues to govern until the state of stress is reached when 
the values of the membrane force, the yield load and the positions of 
the neutral axis are equally predicted by both total strain and strain 
rate theories, and thereafter the strain rate theory becomes applicable. 

It has been shown by the example given in Fig. (5.3) that the 
stress state at which the total strain and strain rate theories become 
identical corresponds to a central deflection reasonably close to (Wo)cr. 



The difference in the values of these two deflections reduces 
as slab strips and surrounds are used with higher stiffnesses and 
when these stiffnesses become infinite (5 =00) the two deflections 
will be identical. This implies that for the special case S '" 00 

the values of the membrane force, the yield load and the positions 
of the neutral axis, at the critical value of central deflection 
(wo)cr ' are equally predicted by both total strain and strain rate 
theories. This can be proved mathematically by referring to 
Eq. (5.11). If S in this equation is replaced by infinity, the 
critical value of central deflection will become 

(1 - ¥-) fl L 

(1 + ¥-) , a . a 

When this value of deflection is introduced into the special case 
5 = co of Eq. (5'.6) of total strain theory the value of the membrane 
force (maximum) becomes ; 

N 1 [ a a 
~ = 2 (a + 1) - (a + 2) 2c 2c) II L ] (1 + L)(l - L . a . a 

o 

The same result can also be obtained from the special case ~S = 00 

of Eq. (5.9) of strain rate theory by substituting the same value 
of (wo)cr in that equation. Referring to Eqs. (5.10) and (4.5); 
the yield load as well as the positions of the neutral axis are 
given as functions of the membrane force N and, therefore, they 
will be equally predicted by both theories at (wo)cr' 

With respect to the general case of a specified value of S • 
the substitution of Eq. (5.11) into Eq. (5.6) furnishes the following 
value for the maximum membrane force ; 

(~)max = ~ (~ + 1) - ~ (~ + 2)(1 + f£) [- ~ (1 - ¥-) + 

(l - ¥) 1 
-( 1-+~2C:--) {:-z (1 

.r s 
2c 2c 2 (~+ 1) + A • L }] - r-)(l +..-) + 7 p U 

L L ;) (~+ 2) . a a 

In this expression the quantity between the brackets ( J is indeed 
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(wo/d)cr and the value of the maximum membrane force may, therefore, 
be rewritten as : 

(~ )max = ~ (~ + 1) - ~ (~ + 2)(1 + ¥-> (t->cr 
o 

(5.13) 

It has been stated in Chapter 3, Eq. (3.6a), that when a 
reinforced concrete section is subjected to a bending moment M and 
a direct compressive force N applied at its mid-depth, the maximum 
moment wi 11 be obtained when NIT = 0( / (2 f3 ) • The form of o . 
Eq. (5.13) gives an idea about the location of the point representing 
the state of stress at the critical deflection (w) on the yield 

o cr 
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surface relative to M . For a known value of (w) equation (5.13) max 0 cr 
UsuClII~ provides a lower value for the maximum membrane force than that 
specified by Eq. (3.6a) and, accordingly, the point representing the 
stress state at the critical value of central deflection will be 
shifted along the yield locus to the right of the peak point represen
ting Mmax' The shift depends on several parameters, the principal 
ones being the gap parameter 6 ,the stiffness of the slab strip 
5b and the stiffness of the surround 5s ' However, it is only when 
the gap 6 is zero and both stiffnesses of the slab strip and the 
surround are assumed infinite that the critical deflection (wo)cr 
'becomes zero and, consequently, the point representing the stress 
state at maximum membrane force lies just to the. 14ft: oliN. p,at. "oint MmCll< • 

This special case has already been discussed in detail in Chapter 4. 
Furthermore, it must be noted that as the deformation of the slab 
goes through the stage of decreasing membrane force the movement of 
the stress state point on the yield locus will be in the negative 
direction of N • 

It is worth emphasizing here that when the point representing 
the state of stress is located on the yield locus to the right of the 
peak point Mmax ' the position of the neutral axis at the yield 
section* at this particular stress state will be above the mid-depth 
of the slab (see Fig. 3.2). Therefore, for the slab strip AB of 
Fig. (5.1), havi ng established that for almost.'!J v.lutof' def1 ection the 
point representing the stress state lies on the yield locus to the 

* The yield section considered in this discussion is the central 
plastic hinge. 



right of the peak point Mmax; it is correct to state that 
the neutral axis at the plastic hinges, throughout the whole 
deformation process of the slab, will never reach the mid-depth 
of the slab. Strictly, when the stiffnesses of both the slab 
strip and the surround are low and the gap at the boundaries of 
the slab is wide the movement of the neutral axis towards the mid
depth of the slab at sections of yield, with continuing deflection, 
will be small [the closest position to the mid-depth of the slab 
the neutral axis reaches at sections of yield being at (wo)cr]' 

It has been stated earlier and shown by the example given 
in Fig. (5.3) that the difference between the value of the central 
deflection corresponding to the state of stress where both of the 
total strain and strain rate theories are equally valid and (wo)cr 
is small. It has also been shown that the membrane forces corres
ponding to these two deflections are apparently close (a discrepancy 
of just over 1% in the example given by Fig. (5.3) in which the 
value 8.65 used for S is considered to be very small). Therefore, 
if a slight approximation in analysis is made here by applying the 
strain rate theory through the whole stage of decreasing membrane 
force, it will neither affect the value of the maximum membrane 
force nor the value of the peak load but the shape of the curves 
representing the relationships with the central deflection of the 
membrane force and the depth of the neutral axis at sections of yield 
will be slightly affected (compare the dotted line ~.-.- with the 
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solid line in the stage of decreasing membrane force of Fig. (5.3); 
also notice that the effect on the yield load - central deflection curve 
is negligible). This approximation, therefore, simplifies the 
analysis but ensures that the predicted behaviour of the slab strip 
does not depart too far from the exact behaviour. 

According to the preceding discussion, if Eq. (5.13) is 
equated to Eq. (5.8) the value of the integration constant F in this 
case will be ; - w 

(1 S 2c) . (ar)cr 
1 a 2c)( 2c - r-

F • - 25 (a + 2)(1 + r- 1 - r-) e 

. . 
and when this value is introduced into Eq. {5.8) the relationship of 



the membrane force with the central deflection for this stage 
becomes 

(5.14) 

Equation (5.14) is valid for values of central deflection 
greater than (wo)cr and expresses a falling membrane force -
central deflection curve. The combination of this equation with 
Eqs. (5.10) and (4.5) defines, respectively, the relationships of 
the yield load and the position of the neutral axis at the yield 
sections with the central deflection. 

The stage of decreasing membrane force terminates when the 
membrane force vanishes at large deflection. Let the value of this 
deflection be denoted by w;. Systematically, w; would be 

obtained by equating Eq. (5.14) to zero and solving the resulting 
equation. Unfortunately, the form of Eq.(5.14) makes an exact 
explicit solution for w; impos~ib1e, but a numerical solution can 
be obtained. A computer programme was written which gave for each 
incremental value of central deflection beyond (wo)cr the value of 
the membrane force according to Eq. (5.14). The value of the 
central deflection which changed the value of the membrane force 
from positive to negative was thus considered as w;. 

5.3.4 FINAL STAGE OF PURE FLEXURE (YIELD LINE THEORY) 

When the central deflection is w~ the bottom edges of the 
slab ends are just in contact with the surround. The value of the 
membrane, force at this stage is zero, the yield load is the yield, line 
theory load and the depth of the neutral axis at the central plastic 
hinge is as defined by Eq. (5.lb). 

When the deflection increases, the two port,ions of the slab 
strip move inwards away from the surrounding body while rotating' 
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about the point representing the position of the neutral axis 
at the central plastic hinge. This expresses yielding of the 
slab strip according to pure flexure and the yield line theory is 
applicable. The load-deflection relationship of this stage, 
therefore, shows a horizontal '1 ine P = P Y until the Hmit is 
reached when the reinforcement starts to fracture leading to 
co 11 apse. 

On a moment - membrane force diagram, the final stage of 

pure flexure is defined by the point (M = Mo ' N = 0) • 

5.4 SUMMARY OF ANALYSIS 

The equations for determining the values of the membrane 
force, the yield load and the neutral axis depth at the cracked 
and end sections at any value of deflection for partially-restrained 
simply-supporte~ reinforced concrete slab strips with physical gaps 
A at the boundaries are summarized as follows: 
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* The dimensionless value of the membrane force N/To' in 
Equations (5.15f. g and h) is given by Eq. (5.15e). 

2c - r-). 

(5.151) 

** w; is the value of the central deflection when the membrane 
force decreases to zero and can be obtained by equating Eq. (5.15i) 
to zero. 
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Equations (5.15) may be compared with the theoretical solutions 
obtained by Roberts (24) and Janas (26) on similar slab strips. The 
analysis presented by the former was based on total strain theory. 
Simply supported reinforced concrete slab strips with physical gaps at 
the supports and partial lateral restraints were considered under 
uniformly distributed load. The dimensionless values of the membrane 

t The dimensionless value of the membrane force NITa -in equations 
(S.15j J k and l) is given by Eq. (5.151) 



force N/To and the yield load P1Py obtained (Eqs. 2.37 and 
2.39) are identical to those of Eqs. (5.15e and f) for the case 
c = 0 (the value of the mechanism parameter c in slab strips 
with unifonnly distributed load is zero). This indicates that 
the type of loading does not affect the dimensionless values of 
the membrane force and the yield load if the mechanism of collapse 
is unchanged. The similarity between Roberts' solution and 
Eq. (5.20) holds for the stage of increasing membrane force only, 
i.e. for values of central deflection falling within the range 
given by step ii where the total strain theory is valid, but as the 
value of the central deflection is outside this range Roberts' 
solution starts to predict higher membrane forces and lower yield 
loads than those specified by Eqs. (5.15i and j). The early and 
final stages of pure flexure (steps i and iv) were not considered 
by Roberts at all. Although Roberts presented his solution consid
ering a physical -gap at the supports of the slab strip, he made no 
attempt to study, theoretically or experimentally, the crucial 
effect of this parameter on the plastic behaviour of the slab. 

In contrast to Roberts' analysis, Janas presented his 
solution for the problem of elastic fully restrained clamped slab 
strip based on strain rate theory. The slab strip was assumed to 
be subjected to a concentrated load at mid-span (c = 0) and to 
be reinforced in the bottom face only at middle sections and in 
the top face only at supports. The dimensionless values of the 
membrane force and the yield load obtained (Eqs. 2.40 and 2.42) are, 
for the stage of increasing membrane force, higher than the corres
ponding ones given by Eqs. (5.15e and f) in which case their maxima 
are higher but for the stage of decreasing membrane force they are 
of a similar order (Eqs. 5.1Si and j). Janas's purely strain rate 
approach, however, gives erroneous results, especially when slab 
strips are analysed with physical gaps existing at their boundaries 
the discrepancies in the maximum values of the yield load and the 
membrane force become large, as has been shown in the example of 
Fig. (5.2). 

5.5 THE SPECIAL CASE OF PARTIALLY RESTRAINED UNREINFORCED CONCRETE 
SLAB STRIPS 

The summary of analysis presented in the previous section 
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will now be modified to account for the behaviour of unreinforced 
concrete slab strips. The values of the membrane force and the 
yield load will be presented in dimensional form (for a unit width 
of slab) since To and Py are zero in this case. 

Ignoring the tensile strength of concrete, a simply supported 
unreinforced concrete slab strip with physical gaps at the supports 
and partial lateral restraints,theoretically,collapses at zero yield 
load until the gap at the slab supports is closed. . The zero 
collapse state defines the stage of pure flexure for the unreinforced 
slab strips. With further increments in deflection, compressive 
membrane action develops which enables the slab to carry some load. 
The development of membrane action is represented by two successive 
stages. These are the stage of increasing membrane force within 
which the maximum yield load is achieved and the stage of decreasing 
membrane force which terminates when the yield load becomes zero. 
The behaviour of'these slabs, therefore, includes steps i, ii and 
iii of the summary of analysis given in the previous section. 

The values of the membrane force and the yield load for 
any central deflection of these partially restrained pl'ain concrete 
slab strips are obtained by multiplying both sides of Eqs. (5.l5a, 
e and i) by T (i.e. A f) and Eqs. (5.l5b, f and j) by Py 

2 0 k2' l Yf' . 
[i.e. a Asfy (1 -.1<':'1<: i ..:.l)] and then equating A in all the 

1 3 1 us' 
resulting equations to zero. By noting also that the values of the 
dimensionless notations a and a for plain concrete sections are 
respectively ~ and zero the behaviour of partially restrained 
unreinforced con!rete slab strips (of unit width) with any physical 
gap A at the simply supported ends can be expressed as follows : 

i. 
Wo -= 1 [ 1 -V1 l::. L (1 2c )( 1 + 2c) ] For 0 :: a -

(1 + ¥) -aa -r- r 
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N = 0 (5.l6a) 

p = 0 (5.16b) 

d (5.16e) llC = 2 
> d (5.16d) llE =. ~ , 
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k2 N d 
llC = llE = (1 - 4 V3 00) 2 ** (5.16j) 

The value of the membrane force N in Eqs. (5.16f and g) 1s given 
by Eq. ( 5. 16e) • 

** The value of the membrane force N in Eqs. (5.161 and j) is given 
by Eq. ( 5. 16h) • 



Equations (5.16) are plotted in Fig. (5.6) for the case 
of a simply supported unreinforced concrete slab strip (of unit 
width) with the following properties: 
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S = 8.65 (A = 0.274) ; 6 = 0 ; u = 27.6 N/mm2 (4000 lbf/in2) ; 

c = 0 ; dJL = 1/20 ; aIL = 0.4 

From figure (S.6), it can be seen that the behaviour of the plain 
concrete slab includes the two stages of increasing and decreasing 
membrane force only since 6 = O. The value of the maximum membrane 
force, occurring at ~ = 0.32 I is S.5d NJmm (780d lbf/in) and the 
maximum yield load, obtained at ~ = 0.14 , is 0.65d N/mm (100 d lbf/in). 
It is of interest to compare this value of maximum yield load with 
that obtained by the yield line theory for a reinforced slab strip. 
If a percentage of reinforcement as high as 1% is considered in this 
comparison then the yield line theory will predict an ultimate load 
Py of 0.402 d N/mm (58.3 d lbfJin), only 60% of the mentioned maximum 
yield load of the partially restrained plain concrete slab strip. 

Another point of interest in Fig. (5.6) concerns the behaviour 
of the slab strip at large deflections. The figure shows that the 

w 
yield load becomes zero at ~ = 0.77. Therefore if the deformation 
of the slab was to be continued, the applied load would need to be 
negative (upward) for all values of central deflection ranging between 
0.77d and 1.02 d (where the membrane.force would become zero) but 
obviously such a deformation state cannot be encountered in practice. 

5.6 STUDY OF THE EFFECT OF NEW AND IMPORTANT PARAMETERS 

The plastic behaviour of partially restrained simply supported 
reinforced concrete slab strips depends, as demonstrated by Eqs. (5.15), 
on five variables. These are, namely, the properties of the slab at 
the central hinge represented by the no·tations a and 8 t the 
stiffness factor S I the gap parameter !l/d t the span-depth ratio 
LJd and the mechanism parameter c/l. The stiffness factor S 1s 
the compound effect of the elastic stiffness of the. slab 5b . and the 
elastic stiffness of the surrounds 5s '· For a specified slab strip 
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the elastic stiffness of the slab Sb ' as given by Eq. (5.3), 
is a fixed quantity whereas the elastic stiffness of the surrounds 
Ss can vary from zero (the case of no restraint) to infinity 
(the case of .rigid surrounds). Therefore, the effect of the 
stiffness factor S will be more usefully studied in terms of 
the degree of the stiffness of the surround A • Also noting 
that the dimensionless parameters a and S ,as given by Eq.{3.5), 
are functions of the amount of reinforcement As/d" the cube 
strength of the concrete u , the yield stress of the reinforcement 
f , the ratio of the depth of the slab to the effective depth d/dl ' 
y . 

and the concrete stress block parameters klk3 and k2 •. 

The effect of some of these parameters have already been 
outlined in Chapter 4 in connection with the behaviour of fully
restrained rigid-plastic slab strips. In this section the effect 
of the same parameters as well as the effect of some new and important 
parameters will be studied regarding the behaviour of partially 
restrained non-rigid simply supported reinforced concrete slab strips. 

To ena~e a close study of the effect of each parameter to 
be made, the same typical slab strip described in Section 5.2.5 and 
Fig. (5.3) is considered. The study of the effect of each parameter 
is made possible by keeping the rest of the parameters constant. 

5.6.1 GAP PARAMETER 6/d 

Fig. (5.7) shows the relationships of the membrane force and 
the yield load with the central deflection for different values of 
6/d ranging from 0 to 15/300. 

It can be seen from this figure that the membrane action in 
a slab with wider physical gaps at the boundaries starts at a later 
stage of deformation. The relationships of the membrane force and 
the yield load with the central deflection are greatly influenced 
by the gap parameter Ald. At any value of central deflection within 
the two stages of membrane action, the values of the membrane force 
and the yield load are smaller for higher values of Ald. If the 
width of the gap at the slab supports is larger than 15/300 of the 
slab depth, the behaviour of the slab will be purely flexural and 
p = Py . For the case of a slab strip with zero gap at the slab 
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boundaries the maximum value of the membrane force is 8.1 To 
and that of the yield load is 7.1 Py ' The state of stress at 
which the membrane force vanishes (i.e. the start of the final 
stage of pure flexure) is, however, 'very slightly influenced by 
the 6/d parameter: 

5.6.2 DEGREE OF THE STIFFNESS OF THE SURROUND A 

Fig. (5.8) demonstrates the effect of the degree of the 
stiffness of the surround A on the general plastic behaviour of 
the slab strip under study. . Values of A ranging between 0 (the 
case of a slab with no lateral restraint) and 1.0 (the r.ase of a 
rigidly restrained slab) are used to illustrate the behaviour. 

Due to the absence of a gap in this example, all the curves 
representing the relationship between the membrane force and the 
central deflection show that the membrane force starts to increase 
from a zero value once the slab deflects until it becomes a maximum 
and thereafter decreases rapidly. The membrane force rises more 
steeply to a higher value in slabs restrained by stiffer surrounds. 
The deflection range of the membrane action is, however, greater 
with low stiffness surrounds and the value of the central deflection 
corresponding to the maximum membrane force increases as the stiffness 
decreases. 

The relationship between the yield load and the central 
deflection is also greatly influenced by the degree of stiffness of 
the surround A. For any value of central deflection the yield 
load is larger in slabs with higher A. At large values of central 
deflection the yield load falls below the yield line theory load, but 
this is more pronounced in slabs with less stiff surrounds. The 
value of the maximum yield load is higher in slabs restrained by 
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stiffer surrounds and is attained at smaller values of central deflection. 

When A = 1.0 the value of the maximum membrane force is 
10.2. To and that of the yield load is 8.9 Py and when A = 0 no 
compressive membrane action occurs. 

5.6.3 AMOUNT OF REINFORCEMENT As/dl 
The effect of this parameter is shown in Fig. (5.9). Values 
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of As/d l ranging between 0.2% and 1% are considered and the 
results show that for any value of central deflection (within the 
two stages of membrane action) the non-dimensional values of the 
m~mbrane force N/To and the yield'load P/Py are larger in 
lightly reinforced 'slabs. A measure of the differences may be 
obtained by comparing the maximum values of NIT and PIP 

o y 
for the two extreme cases shown in the figure. When a typical 
simply supported slab strip with percentage of reinforcement as 
little as 0.2% is restrained partially along its longitudinal axis 
and loaded will be subjected to a maximum membrane force of 11.75 To 
and the ultimate yield load will be 10.72 Py , wherea,s if the same 
slab is heavily reinforced with percentage of reinforcement of 1% 
the corresponding values of Nma/To and Pma/Py will be as low 
as 2.04 and 2.30 respectively. However, the duration of the 
membrane action in heavily reinforced slabs is shorter. 

5.6.4 CUBE STRENGTH OF CONCRETE u 

Fig. (5.10) shows the changes in the plastic behaviour of 
the typical slab strip when the cube strength of the concrete u is 
varied from 13.8 N/mm2 (2000 1bf/in2) to 69.0 N/mm2 (10.000 lbf/in2). 

For any value of central deflection the value of the membrane 
force is larger in concrete slabs with higher cube strengths and the 
deflection range of the membrane action in such slabs is longer. 
The enhancement in the yield load will be more pronounced when con
crete is used with higher values of cube strengths but such enhance
ments reduce when the deformation of the slab goes through the stage 
of decreasing membrane force and when ~ = 0.88 the yield load for 
the typical slab strip with any concrete cube strength will be the 
yield line theory load. For values of the central deflection above 
0.88 d the yield load declines and becomes less than P but then , y 
recovers at larger deflections. The drop in the value of the yield 
load at large deflections will be more pronounced for concrete of 
higher cube strength. 

5.6.5 MECHANISM PARAMETER elL 

The effect of the location of the central plastic hinge is 
demonstrated by Fig. (5.11). The loads on the slab strip are applied 
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at a = 0.4 L from the simply supported ends and, therefore, 
the possible values of c/l range from ° to 0.1 • 

It can be seen from Fig. (5~11) that the formation of 
the central plasti~ hinge at different positions has a negligible 
effect on the maximum values of the membrane force and the yield 
load, though the curves are changed slightly for different values 
of c/l. The difference in the value of the membrane force is 
small for deflections wo~0.33 d , but at larger deflections the 
ratio N/To is greater for smaller values of c/l. Similarly, 
the value of the yield load at deflections ~ ~0.13 is not 
remarkably influenced by the location of the central plastic hinge, 
but for larger deflections the yield load will be higher in slabs 
having the central hinge formed closer to the mid-span section, 

\ 

i.e. c/l smaller. 

5.6.6 CONCRETE STRESS BLOCK PARAMETERS k1k3 AND k2 

It has been mentioned in previous sections that in the study 
of the problem of membrane action in slabs, different authors have 
considered different values of the concret~ stress block parameters. 
The values of these parameters commonly used by investigators are 
Hognestad's k1k3 and k2 represented by Eqs. (3.1) and Wood's 
design coefficients where klk3 = 2/3 and k2 = 1/2 • 

The effect of using either pair of these values on the 
plastic behaviour of the typical slab. strip under study is shown in 
Fig. (5.12). Values of u ranging between 13.8 N/mm2 (2000 lbf/in2) 
and 69.0 N/mm2 (10,000 1bf/in2) are used to illustrate the effect. 
The figure shows variations in the values of the membrane force N/To 
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and the yield load P/Py for any central deflection; the differences 
are significant and are more pronounced at high values of u and at 
deflections corresponding to maximum membrane force and maximum yield 
load. For high cube strengths of concrete, the approximate coefficients 
of Wood predict higher value of N/To than Hognestad's parameters for 
any central deflection. The relationship between the yield load and 
the central deflection indicates that during the whole stage of in
creasing membrane force and part of the stage of de.creasing membrane 
force the yield load P/Py using W~od's paramete~s is greater than that 
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using Hognestad's parameters for higher values of u but for large 
values of central deflection the effect reverses and Woodis para
meters start to underestimate P/Py,. 

A measure ,of the effect of using either Woodis or Hognestad's 
concrete stress block parameters in analysis may be obtained by com
paring the maximum values of N/T and PIP for a typical slab strip 

2 0 y 
with u = 69 N/mm (the highest value shown in the figure where the 
differences are expected to be largest). 

Woodis approximate coefficients 17.68 13.51 

Hognestad's klk3 (Eq. 3.1a) and k2 (Eq. 3.1b) 13.80 11.66 

5.7 STUDY OF THE MAXIMUM YIELD LOAD 

The analysis and discussion of this chapter have shown that 
due to compressive membrane action, partially restt'a'ined reinforced 
concrete slab strips can carry loads far beyond those of Johansen's 
simple yield line theory. The reserves in strengths have been found 
to be more pronounced in lightly reinforced slabs made of concrete with 
high cube strengths. 
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The maximum yield load is obtained at·a value of central deflec
tion given by Eq. (5.12). Substitution of this value into Eqs.(5.l5e 
and f) provides the maximum yield load but unfortunately, the form of 
Eq. (5.12) makes an exact explicit solution of the dimensional yield 
load Pmax impossible. However, with the aid of a digital computer a 
graph was constructed (Fig. 5.13) which gavl the relationship of Pmax 
with both the percentage of reinforcement ~ x 100 and the cube 
strength of the concrete u for the same tY~ical slab strip of 
Section 5.3.6 and Fig. (5.3) assuming that d/L = 1/20 and aIL = 0.4 • 

Fig. (5.13) clearly shows that the maximum yield loads 
increase with the percentage of reinforcement and with the strength 
of the concrete, the latter being the more dominan~ effect. For 
example, the same maximum yield load, say 0.93 N/mm2 (135 lbf/ln2) 
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can be obtained by using a typical slab strip with u = 27.6 N/mm2 
(4000 1 bf/in2) and percentage of reinforcement A~/dl = 1% 
or with no reinforcement at all but u = 44.8 NJmm (6500 1bfJin2). 
Thus, to obtain equal maximum yield loads the amount of reinforce
ment can be reduced by using a higher strength concrete. 

5.8 COMPARISON BETWEEN ELASTIC-PLASTIC AND RIGID-PLASTIC SOLUTIONS 

Eqs. (5.15) which describe the plastic behaviour of a 
simply supported reinforced concrete slab strip including the effects 
of the elastic shortening of the slab and the outward movement of 
the surround are compared in Fig. (5.14) with the corresponding 
rigid-plastic solution (S =00) for the same typical slab strip of 
Section 5.2.6, considering two values of the gap parameter 6/d = 0 
and 0.02. The rigid-plastic solution for 6 = 0 (governed by 
strain rate theory only) is given by Eqs. (4.29) of Chapter 4 and 
that for 6Jd = 0.02 by the special case S = 00 in Eq. (5.15). 

For either case of ~ , the rigid-plastic solution at the 
initial stages of deformation provides higher values for the membrane 
force and the yield load than does the elastic-plastic solution but 
as the deflection becomes large the plastic behaviour of the slab 
strip changes and the rigid-plastic theory starts to give lower 
values for the membrane force but the yield load remains slightly 
larger. The membrane force - central deflection curves for both 
solutions intersect at the critical value of central deflection for 
elastic-plastic behaviour. This implies that at this value of 
deflection the membrane force according to the rigid-plastic solution 
is equal to the Imaximum l membrane force according to the e1astic
plastic solution. A mathematical explanation for the pOint of inter
section may be given by comparing the value of the maximum membrane 
force found by elastic-plastic; i.e. Eq. (5.13), with the rigid
plastic solution (4.2ge) for the case 6 = 0 and the special case 
S.= 00 of Eq. (5.15i) for 6/d = 0.02. All equations are identical 
at Wo = (wo)cr for elastic-plastic behaviour. 

The yield load - central deflection curve according to the 
rigid-plastic theory for any value of 6 is higher than the 
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corresponding elastic-plastic curve except at the critical 
(elastic-plastic) deflection where the two curves coincide. 
From Eq. (5.10), it follows that when the membrane forces for 
two identical 'slab strips become equal (at a certain value of 
central deflection) the y~eld loads will automatically be equal. 

5.9 SUMMARY 

The consideration of the elastic shortening of the slab 
member and the outward movement of the surround in the plastic 
analysis of axially restrained concrete slabs has not only shown 
the validity of the total strain theory during the early stages 
of membrane action, but has also demonstrated that this theory 
applies to the prediction of the maximum yield loads. Total 
strain theory has also been shown to be applicable during the 
stage of increasing membrane force in fully restrained rigid-plastic 
slab strips with physical gaps at the simply supported ends. The 
applicability of the total strain theory in these cases is due to 
the movement of the neutral axis at sections of yield i~to the zone 
of the crack. 

The behaviour of an elastic-plastic simply-supported slab 
strip with physical gaps at partially stiff surrounds was found to 
consist of four successive stages. First, an early stage of pure 
flexure where the yield line theory is valid. Second, a stage of 
increasing membrane force where the neutral axis at the yield 
sections moves towards the mid-depth of the slab into the 'crack' 
or 'zone of total tensile strains' and thus the total strain theory 
is valid. The yield load during this stage increases rapidly' (the 
equilibrium of the slab is 'stable') until it becomes a maximum at 
a certain value of central deflection an~ thereafter falls. The 
falling part of the load-deflection curve represents a state where 
the equilibrium of the slab is 'unstable'. The maximum yield load 
is always attained within the stage of increasing membrane force. 
The third stage is a stage of decreasing membrane force where the 
neutral axis at the yield sections moves back towards the compressed 
face of the slab. For slabs with S =00 the movement of the neutral 
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axis for strain rate during the whole stage of decreasing 
membrane force is into the compressive zone for total strain 
in which case the strain rate theory applies (i.e. immediately 
after N becomes maximum) but for elastic plastic slabs with 
partial lateral restraints the neutral axis for strain rate 
during the early part of decreasing membrane force will continue 
to be into the crack, which requires the continuing use of total 
strain theory. When the state of stress is reached when both 
the total strain and strain rate theories predict equal values 
for the membrane force, yield load and position of the neutral 
axis at the yield sections, the strain rate theory becomes 
applicable since the neutral axis for strain rate then moves into 
the compressive zone for total strain with continuing deflection. 
For elastic plastic slabs, the strain rate theory applies over 
the major part of the decreasing membrane force stage. The 
fourth and final stage is pure flexure which starts when the 
membrane force vanishes at large deflection and yield line theory 
applies up to the fracture of the steel. .. 

On the yield surface (Fig. 3.2), the stress state moves 
from the point M = Mo ' N = 0 at the start of compressive 
membrane action to a point of largest membrane force just to the 
right of M = Mmax and .then returns to its original position. 
This large movement of the stress state causes highly significant 
discrepancies between the predictions of total strain and strain 
ra te theories. 

The errors caused by using the wrong theory in the analysis 
of either of the two stages of membrane action can be summarized as 
follows 

i. The errors caused by using the s.train rate theory in 
the analysis of the slab during the stage of increasing 
membrane force instead of total strain theory will 
result in predicting higher values of membrane force 
and yield load and smaller depth of the neutral axis 
at the yield -sections. 

ii. The errors caused by using the total strain theory in 
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the analysis of the slab during the stage of 
decreasing membrane force instead of strain rate 
theory include overestimates of membrane force· 
and underestimates of yield load and depth of the 
neutral axis at sections of yield. 
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CHAPTER 6 

EXPERIMENTAL TESTS 

6.1 INTRODUCTION 

The theoretical analysis presented in the previous chapter 
has been examined by a series of experiments. 36 simply supported 
concrete slab strips (28 reinforced and 8 unreinforced), restrained 
axially by a surround of low stiffness, were tested under two point 
loading. The main object of these experiments was to check the 
validity of the proposed hypothesis regarding the relevance of total 
strain and strain rate theories in cracked sections and their limits 
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of application to slabs with membrane action. They were also intended 
to test the effect of certain significant parameters on the behaviour 
of axially restrained slab strips. The testing procedure and comparison 
of experimental results with the corresponding analytical predictions 
will be presented in this chapter. 

During the loading of the slab, wherever possible, the following 
items were recorded: 

i. The applied load and particularly the maximum value. 
ii. Central deflection of the slab. 
iii. Membrane force: 
iv. The load corresponding to the first visible crack. 
v. The shape of the collapse mechanism and the location of 

the positive plastic hinge from mid-span. 

6.2 SPECIMEN SLABS AND SCOPE OF EXPERIMENTS 

Because of factors such as casting, handling and the size of 
the testing rig, the dimensions of all the slab strips were 
1.5621 m (61j in) in length, 203.2 mm (8 in) in width and 76.2 mm (3 in) 
in depth. The span:depth ratio was 20: 

The 36 slab strips tested were designed to cover as many 
important parameters as possible. Key parameters have been shown in . 
Chapter 5 to be the following, 

I . , 
I 



i. The gap parameter ~Jd 

ii. The cube strength of concrete u 
iii. The amount of reinforcement Asldl per unit width. 
iv. The degree of stiffness of the surround A 

v. The span: depth ratio lJd 
vi. The mechanism parameter c/l. 

The effect of the latter (vi) has been shown theoretically to be of 
little significance. The effect of the span: depth ratio parameter 
can be predicted to be similar to that of the gap parameter (see 
Eqs. 5.15). Therefore, for a given stiffness of surround, the para
meters that are most significant are the first three amongst those 
listed. The effects of the cube strength of concrete and the amount 
of reinforcement on the dimensionless values of the yield load and 
the membrane force in axially restrained slabs, are governed by the 
effect of one combined factor, that is t = ~ x ~ per unit width. 
This factor appears in the dimensionless notations a and B given 
by Eq. (3.5). 

The programme consisted of five series of experiments I, II, 

III, IV and V. The first three series were for reinforced slab strips 
whereas the last two were for unreinforced strips. Series I, II and 
III had different t values and within each series the gap width 6 

was varied as shown in table (6.1). The distribution of the reinforc
ing bars in the slab strips of each series is shown in Fig. (6.l). 
Series IV and V had different concrete cube strengths u and repres
ented the cases of Ina gap' only. All the slab strips were tested 
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in pairs and an average experimental value was used for comparison with 
corresponding theoretical predictions. The five series of tests provide 
an extensive experimental study of the effect of gap width on the ultimate 
loads and behaviour of slab strips with membrane action. 

The sequence of testing was as follows ; 

(a) The first pair of slab strips in each series were tested 
such that the surrounds were initially in contact with the 
surfaces of the slab ends (no gap) and by using a 1:1 ~ 

mortar mix of high-alumina cement and sand (screened to 

pass a No. 25 sieve), having a water: cement ratio 0.35, 
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TABLE (6. I ) Propert ies of the Test Slab Strips 

.0 Depth Cube 5trength Average Diameter cI t "~ t--'= Gap .. ~ Cube 5trength Reinforcing '" ~ 0 iii ... of * luI :. c 8 width z " slab - lulave . Bars In 8_j~ ~I~ '0 ~ 0 
1/1 '0 .t o. E )( 

.!! .. LI mm in .. )( N/mm2 Ibf/in2 N/mm2 Ibf/in2 mm in "'1- mm in ... 0. " 0..- £ A • ..f: . ct"C .. >- iii ~~ Ttl u"'~t" (.f) t- , .MII .!., 

51 48.3 7010 No Gap 
t-- 76 3 A 49.8 7215 5.5 0.216 2 0.378 0.0223 with 
52 51.2 7420 Mortar 

53 48.8 7080 
7265 5.5 0.216 2 0.378 0.0221 

No Gap 
I-- 76 3 A 50.1 ~Morbr 

"0 
54 51. 4 71.50 

I 
.. 

55 54.5 7910 u ... t-- 76 3 A 54.8 7940 5.5 0.216 2 0.378 0.0202 0.51 0.02 
0 56 55.0 7970 -c .- S7 53.3 7730 .. 

1.27 0.05 ~ I-- 76 3 A 53.0 7685 5.5 0.216 2 0.378 0.0209 
58 52.7 7640 

S9 51. 3 7445 
7545 5.5 0.216 2 0.378 0.0213 2.03 0.08 I-- 76 3 A 52.0 

510 52.7 7645 

S17 27.6 4005 No Gap 
t-- 76 3 B 27.7 4010 5.5 0.216 2 0.378 0,0401 with 
518 27.7 4015 Mortar 
519 30.6 4440 

0.0359 
No Gap 

I-- 76 3 B 30.9 4480 5.5 0.216 2 0.378 
NoMartar S20 31. 2 4520 

"C .. 521 30.1 4360 
D 

u ... I-- 76 3 B 30.2 4370 5.5 0.216 2 0.378 0.0368 0.51 0.02 0 S22 30.2 4380 -.S 
tI S23 29.9 4330 a:: t-- 76 3 B 30.3 4390 5.5 0.215 2 0.378 0.0366 1.02 Q04 

S24 30. 7 4450 

525 29.8 4315 
I-- 76 3 B 29.2 4235 5.5 0.216 2 0.378 0,0379 2.03 0,08 
S26 28.6 4155 

529 38.8 5625 No.~ 
I-- 76 3 C 38.8 5625 5.5 0.216 5 0.945 0.0714 wit 
S30 38.8 5625 Mort3l'°' 

"C 531 40.9 5925 
5.5 0.216 5 0.945 ~.0698 

No Gap 
tI 1532 76 3 C 39.7 5755 No Mortal u 38.5 5585 ... 

UI 0 - 533 37.7 5475 c 0.945 0.0702 0.51 0.02 tI t-- 76 3 C 39.4 5720 5.5 0.216 5 
0:: S34 41.1 5965 

535 40.0 5795 
381 5520 5.5 0.216 5 0.945 0.0728 I-- 76 3 C 1.02 0.04 

S36 36.2 5245 

"C 513 51.3 7U5 No Gap 
tI I-- 76 3 A so.5 7320 0 0 0 0 0 with 
u S14 49.7 7205 Mortar ... 

IV 0 - S15 54.0 7830 No Gap c 
'u t-- 76 3 A 52.4 7590 0 0 0 0 0 ! 516 50.7 7350 No Mortar 

"C S39 37.9 5500 ~i8.ap tI 
f-- 76 3 C 37.9 5495 0 0 0 0 0 u ... S40 37.8 5490 V 0 Mortar -.S S41 36.6 5300 tI No Gap ... 
IS42 76 3 C 36.0 5210 0 0 0 0 0 c 35.3 5120 ~Mortar ::l 

* The proportions of the'different types of mixes are given in Tables '6.2) & 16.3) 

* * The cover used for reinforcement WaS 12nm (0.472 in) 

t The yield stress fA reinforcement of, was 293 N/mm2 (42.500 Ibflin2 ) 
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and a cube strength of at least 69 N/mm2 (10,000 lbf/in2) 
at 24 hours, the effective gaps existing due to irregu
larity of the concrete surfaces were filled. 

(b) The second pair of slab strips in each series were also 
tested with I.no gap I but no cement mortar was used. 

(c) In testing the third, fourth and fifth pair of slab strips 
in series I, II and III, gaps of different widths (see 
table 6.1) were provided at the slab boundaries prior to 
testing. 

6.3 MATERIALS AND CONTROL SPECIMENS 

(a) CONCRETE 

Three concrete mixes were used for the slab strips designated 
as mixes A, Band C. In each mix, clean, washed and 24 hours oven 
dried aggregates of maximum size 19.05 mm (3/4 in) were used. The 
coarse aggregate [of sizes ranging between 19.05 mm (3/4 in) and 
4.76 mm (3/16 in)] was irregular gravel whereas the fine aggregate 
[ sizes 4.76 mm (3/16 in) and lower] was Thames Valley sand. The 
design of the concrete mixes was according to Grade 2 (see Fig. 6.2) 
specified by the Road Research Note No.4., London (31), for the 
19.05 mm (3/4 in) maximum size of aggregate. The weight of the 
different sizes of aggregate, according to this grading, as a percen
tage of total weight of aggregate is given in table (6.3). Ordinary 
Portland Cement was used. The three mixes had the details listed in 
table (6.2). 

Three 152.4 nm (6 in) cubes were cast with each slab 'strip 
as control specimens and these were vibrated and cured in the same 
manner (which will be described later) as the slab strips. At age 
28 days, immediately after the corresponding slab strip was tested, 
the three concrete cubes were tested in uniaxial compression and their 
average crushing strength was considered as representative of the 
crushing strength of the slab concrete. The procedure of casting one 
slab at a time caused only small discrepancies in the values of the 
concrete cube strength in each series, the maximum 'differences being 
of the order ±6.5% for series I, ±6.l% for series II and ±7.61 for 
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TABLE 16.2) Details of Mixes 

Type of Mix 
ITEM 

A B 

water : cement ratio 0.38 0.65 

totoal aggregate: cement ratio 3.80 6.50 

FII 
15 

100 

90 

80 

70 

60 

cement kg/m J 462 288 

content 
Ib/yd J 718 485 

degree of work abilit y low medium 

TABLE 16.3) Proportions of Aggregate 

Size of aggregate 
I relative to B. S. sieve size) 

mm or '"" in or No. 

19.05mm - 9.S2mm 314in - 318 in 

9.52mm - 4.75mm 3/8 in - 3116 in 

4.76mm -2.40mm 3/16 in - No.7 

2.40mm - t20mm 

1. 20mm - 600 11'" 

6OO1lIn - 30011'" 

~O~m -15011'" 

below 150 11'" 

150 300 600 

No.7 - No. 14 

No.14 - No. 25 

No.25 - No.52 

No. 52 - No. 100 

below No.lOO 

Metric size 

mm 
1.20 

Percentage 
of total 
aggregate 

" 
22 

7 

1 

.1 

10 

2~ 
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2040 U& 
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series III. However, when theoretical predictions were compared 
with results of experiments an average value of the concrete cube 
strength obtained for the nominally, identical pair of slabs was 
used. 

(b) REINFORCEMENt 

The theoretical analyses presented in the earlier chapters 
assumed that the reinforcement of the slab behaved in a rigid -
perfectly plastic manner. Therefore, it was realised at the outset 
of this investigation that the type of reinforcing bars to use must 
have a definite yield point and a long yield plateau. These two 
properties were found in annealed black mild steel. 

Surface rust was removed with wire wool and the average 
diameter of the steel bars, determined by micrometer measurements at 
three different locations on each bar, was 5.5 mm (0.216 in); the 
maximum differences in the diameters of the bars being of the order 
±2%. This average size of bar with a cover of 12 mm (0.472 in) gave 
an effective depth dl of 61.5 mm (2.420 in) in the sl~b strips. 

The stress-strain characteristics of the reinforcing steel 
was determined using a Hounsfield Tensometer. The extension of a 
50.8 mm (2 in) length under test was measured using a mechanical 
extensometer. Fi g. (6.'3) shows the average of four stress-strain 
curves. The yield stress was well defined with an average value of 
293 N/mm2 (42,500 lbf/in2) with a long yield plateau up to a value of 
strain 0.045. The ultimate stress was 386 N/mm2 (56,000 lbf/in2). 

6.4 TESTING RIG 

A steel testing rig (Fig. 6.4) was designed and constructed 
such that 

i. It provided partial axial restraint against longitudinal 
expansion. 

ii. It enabled controlled gaps to be provided at the simple 
supports. 

iii. The slab was completely exposed to examination while the 
experiment was in progress and thus cracking was readily 
observed. 
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iv. The slab ends had the freedom of movement which elimin
ated any friction from developing at the interface between 
the slab and the supports. 

v. The mid-depth of the slab was positioned so that the 
maximum compressive force resulting due to membrane action 
(as an average theoretical prediction of all slab strips 
tested) coincided with the centre line of the surround. 
This minimised the effect of rotation of the surround which 
was ignored in the theoretical model. 
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The rig consisted of two identical stiffened end plates with 
overall dimensions 0.4064 m (16 in) width and 0.2540 m (10 in) height 
(Fig. 6.5). The end plates were tied together by four 19 mm (3/4 in) 
diameter bright mild steel bars of yield stress 331 N/mm2 (48,000 lbf/in2) 
and Young's r·lodu1us of Elasticity 207 x 103 N/11II12 (30.1 x 106 lbf/in2). 
The end plates were supported on a rigid base by roller bearings which 
provided longitudinal freedom of movement as shown in Fig. (6.5). The 
slab strip specimens were positioned between the end plates and suppor
ted by the end support system shown in Figs. (6.5) and (6.8) which pro
vided rotational and longitudinal freedom. To minimize any rotation 
of the steel end plates and bending of the tie bars resulting from the 
compressive membrane action, the mid-depth of the slab strip was 
arranged to be 25.4 mm (1 in) above the centre of the four tie bars 
(i.e. the centre of the end plates) as shown in Figs. (6.4) and (6.5). 
This setting, based on a preliminary theoretical calculation, was to 
position the maximum compressive force resulting due to membrane action, 
as an average of all slab strips tested, at the centre of the four tie 
bars. The centre to centre distance between the two simple supports 
was constant at 1.5240 m (60 in) for all the slab strips. 

The width of the gap between the slab end and the steel end 
plates was controlled by adjustment of the nuts at the anchorage of the 
tie bars. Each nut was provided with a circular scale having 20 divi
sions (Fig. 6.5), each division representing a longitudinal movement of 
0.127 mm (0.005 in). A constant width gap was provided by turning each 
nut through an equal number of divisions. 



6.5 LOADING SYSTEM 

The conventional two point loading system was adopted and 
applied for all tests to avoid biaxial stresses in the concrete at 
sections of yield which was not considered in the theoretical model. 
To enable the falling branch of the load-deflection relationship of 
such partially restrained slab strips to be followed, a stiff loading 
system was used as shown in Fig. (6.6). The system consisted of a 
loading frame (capacity 50 tons), a mechanical screw jack (capacity 
10 tons) and a load spreader system. 

The load P was applied through the mechanical screw jack 
and was recorded by using a load cell and a digital voltmeter. With 
the loading arrangement as shown in Fig. (6.6), the load was distri
buted to two points at distance 304.8 mm (12 in) centre to centre, the 
bending moment across the central part between the two point loads 
being then constant at ~ PL . 

6.6 MEASUREMENTS OF MEMBRANE FORCE AND CENTRAL DEFLECTION 
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The membrane force exerted on the specimen when a slab was 
loaded was measured by resistance foil strain gauges (Fig. 6.7) mounted 
on the surface of each of the four tie bars. Two active gauges were 
used on each tie bar, one of which was mounted on the top surface of 
the bar and the other one on the bottom surface. These two gauges were 
wired in series in one arm of the strain gauge bridge and their resistance 
change was measured and compared with two similar dummy gauges wired in 
series in the other arm of the bridge. In this way, any effects of 
bending strains in the tie bars were eliminated. At each stage of 
loading, the readings from the strain gauge bridge were measured for 
each tie bar. The total value of these strain readings multiplied by 
58.7 x 106 N or 13.3 x 106 1bf (i.e. Young's Modulus of Elasticity x 
cross sectional area of one tie bar) gave the measure of the membrane 
force. This measurement was checked by·using a hydraulic jack system 
(see Photo 6.1) applied in the same position as the resultant membrane 
force in the slabs which confirmed that the measurements of the membrane 
force by the strain gauges were reliable with a maximum error of . ±1%. 

The deflection at the centre of the slab was measured using a 
transducer of 101.6 mm (4 in) travel and a digital voltmeter. 
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6.7 MEASUREMENT OF THE ELASTIC STIFFNESS OF THE SURROUND S 
s 

The stiffness factor S has been introduced in Chapter 5 
to represent the combined effect of the elastic stiffness of the whole 
slab strip Sb and the elastic stiffness of the two surrounds Ss • 
For a specific slab strip with known properties, Sb can be determined 
according to Eq. (5.3) and Ss (for the testing rig shown in Fig. 6.4) 
is the membrane force per unit movement of the two steel end plates at 
the point of application of the membrane force. If the two steel end 
plates had been infinitely stiff the elastic stiffness of the two 
surrounds would have been represented by the sum of the elastic stiff
nesses of the four tie bars which is given by ; 

where 

(A) (E) 6 6 
E(Ss)tie bar = 4 s lb s tb = 0.140 x 10 NJrnm (0.802 x 10 lbfJin) 

tb 

Cross sectional area of one tie bar 
= 285.0 rnm2 (0.44l8 in2) 

. 
Young's Modulus of Elasticity of the steel 

= 0.207 x 106 NJmm2 (30.1 x 106 1bfJin2) 

Length of. the tie bar measured between the two nuts 
= 1.6795 m (66.125 in) for the case of no gap. 

Thus for unit width of the slab, t{Ss)tie bar = 689 NJmm2 (100,250 lbfJin2). 

However, when the membrane force is generated the two steel end plates 
deform and the elastic stiffness of the two surrounds varies slightly 
across the width of the slab. 

The testing rig had been designed so that the compressive force 
acting on the end plates was at the centre of the four tie bars for the 
maximum membrane force. The elastic deformation of the end plates was 
measured for this case of maximum membrane force and assumed to apply 
linearly for other values of N . 

In preliminary tests on slab strips, dial gauges were used to 
measure the total horizontal movement of the two surrounds due to deform
ation of the end plates (see Photo 6.2). The measurements were taken 
immediately after maximum membrane forces had been reached. Ss was 



then determined according to the following, 

where Nmax 

- -
Nmax + Nmax 
esl · es2 

2 
2 

Total maximum membrane force; obtained by 
multiplying the highest sum of the four 
strain gauge readings by 58.7 x 106 N or 
13.3 x 106 lbf (i.e. Youngls Modulus of 
Elasticity x cross sectional area of one 
tie bar). 

Total horizontal movement of the two steel 
end plates corresponding to Nmax measured 
at the centre of ea.ch of the two p.nd plate 
side s ti ffeners. 

es3 Total horizontal movement of the two steel 
end plates corresponding to Nmax measured 
at the centre of the end plate middle 
stiffener. 

From four slab tests it was found that the values of the 
elastic stiffness of the two end plates measured at the centre of the - _. 
two end plate side stiffeners, i.e. Nmax/esl and Nmax/eS2' were 
very slightly different (average difference 0.5%) but at the centre 
of the end plate middle stiffener Nmax/es3 was, as an average, 5% 
lower than the average of Nmax/es1 and Nma/eS2 • However, Ss 
was calculated as the mean of these values which was 
0.112 x 106 N/mrn (0.637 x 106 1bf/in), and per unit width of the slab 
550 N/mm2 (79,700 lbf/in2). Comparing this value with the sum of 
the elastic stiffnesses of the four tie bars gives a measure of the 
deformation of the two end plates at maximum membrane force. 
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Another interesting comparison may be made between the 
values of Ss and Sb. The values of the latter varied from 
14Bl N/mm2 (214,500 lbf/in2) for 517 to 20B7 N/mm2 (302,600 lbf/in2) 
for S6 givlng a variation of S from B.B4 (A = 0.271) to 
5.40 (A = 0.20B) respectively. For an average value of Sb» the 
ratio of the elastic stiffness of the two surrounds to that of the 
slab was 0.31 which illustrates the low stiffness of the restraining 
frame. 

6.B CASTING AND TESTING OF SLABS 

(a) CASTING 

The base and the two longitudinal sides of the slab mould 
were made of steel channels bolted together whereas the two ends were 
equal steel angles which gave smooth and vertical ends to the slab 
strips. The base of the mould was covered with a teak wood finish to 
produce a smooth under surface for the slab strips and to give the 
required internal dimensions of the mould. All joints in the mould 
were fi 11 ed wi th p 1 as tercene • The slab mou 1 d and the three 
152.4 mm (6 in) cube moulds were thoroughly oiled before use. 

The two reinforcing bars in the slab strips of series I and II 
were placed at distance 127 mm (5 in) centre to centre whereas in the 
slab strips of series III there were five steel bars at distance 
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31.8 mm (11 in) centre to centre. All the steel bars were 1.473 m (58 in) 
long without hooks. Transverse ties consisting of 2.38 mm (0.094 in) 
steel bars were used at 304.8 mrn (12 in) centres to position the main 
steel. 12 mm (0.472 in) plastic blocks were used to provide the correct 
cover to the main reinforcement in the mould. 

The concrete was mixed in a 0.0566 cU.m (2 cu.ft) horizontal 
paddle type pan mixer for 2 minutes. The casting of the slab strips 
and the control cubes was done on a vibrating table (frequency 3000 cycles 
per minute). The concrete was placed in 25.4 mm (1 in) layers and com
pacted well by varying the amplitude of vibration in a low-high-1ow cycle' 
during the casting operation. The top surface was carefully levelled 
at the end. The time of placing and compaction was maintained unifonm 
for all the slabs at approximately 15 minutes. After 24 hours the 



slab and the three cubes were de-moulded and cured in thick polythene 
bags for 28 days. 

(b) TESTING 

The slab strip to be tested was placed symmetrically in the 
rig on the two simple supports. The slabs had a projection of 
3.2 mm (1 in) at each support which prevented contact between the 
simple supports and the end plates. 

To permit easy and accurate measurement of the central deflec-. 
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tion of the slab, a thin plate of perspex 25.4 mm (1 in) wide was firmly 
glued onto the bottom face of the slab centre for the transducer contact. 
On the top surface of the slab the loading arrangement shown in Fig.(6.6) 
was set up. Before the test programme was performed, the voltage stabil
izer was set and the load cell, the load and deflection digital volt
meters and the strain gauge galvanometer were all accurately zeroed. 

The gap conditions at the slab ends were arranged as follows 

i. No gap with cement mortar: 

The first pair of slab strips in each series was tested by using 
cement mortar to completely fill the gaps at the slab ends. 

A U-shaped aluminium mould, see Fig. (6.8a) and Photo (6.4), 
was screwed onto the front surface (shown in Fig. 6.5) of each steel 
end plate. With the slab strip in position over the supports and the 
loading system on top of the slab the nuts'of the four 19 mm (i in) tie 
bars were turned until the bases of the aluminium moulds just came into 
contact with the webs of the supports and each strain gauge just started 
to indicate a reading. The contact of the aluminium moulds with the 
webs of the supports left a gap 6.35 mm (1 in) wide between each slab 
end and its corresponding end plate. This gap was then filled with 
cement mortar of the quality and proportions described in section 6.2. 
The cement mortar was fairly workable and placed in layers, each layer 
being compacted well by using a 2.38 nr" (0.094 in) diameter steel rod. 
The top surface of the cement mortar was levelled with the top surface 
of the slab and left for 24 hours before loading was applied on the 
slab. The cube strength of the mortar fill was at least 
69 NJmm2 (10,000 1bfJin2) compared with the maximum cube strength of 
the slab concrete 51.3 N/mm2 (7435 lbf/in2) so there was no possibHity 



of failure of the mortar instead of the slab concrete (Photo 6.4). 

ii. No gap, No cement mortar: 

This case applied to the second pair of slab strips in each 
series. The ends of the slab were arranged to be in contact with the 
end plates without using any cement mortar, as shown in Fig. (6.Bb). 
With the slab strip in position over the supports and the loading 
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system on top of the slab, the nuts of the four 19 mm (i in) tie bars 
were turned until both end plates just came into contact with the ve~
tical end surfaces of the slab strips and each strain gauge just started 
to indicate a reading. Under these conditions there was an effective 
gap at the slab ends and this will be shown in Section 6.9 to be equiva
lent to a uniform gap of width O.lB mm (0.007 in). This figure repres
ents an average value established theoretically by comparing the experi
mental results of this case with those found in case (i) using cement 
mortar fi 11 ing. 

iii. Specified gap width: 

The remainder of the slab strips were tested after adjustment 
of the end plates to provide a specified gap width. The slab strip was 
first set according to case (ii) and thereafter each nut at each tie bar 
was turned the same number of scale divisions to produce a uniform gap 
of the speci fi ed wi dth. . 

Increments of deflection of the order 0.25 mm (0.01 in) were 
used for early stages of deformation, 0.76 mm (0.03 in) for advanced 
stages of increasing membrane force (prior to maximum yield load) and 
the early part of decreasing membrane force, and 1.27 mm (0.05 in) for 
later stages of decreasing membrane force. Readings of the load, the 
central deflection and the strains in the four tie bars were recorded 
for each deflection increment. At each stage of loading the side faces 
of the slab between the two point loads were examined for cracks. 
Reinforced slabs were loaded until the final stage of pure flexure was 
well defined and the yield load became constant. Unreinforced slabs 
were loaded up to sudden failure. At the end of the test the shape 
of the collapse mechanism was sketched and the distance between the 
central plastic hinge and mid-span was measured. ~hotographs were 
taken of the collapse mode (Photo 6.3). the crushing on the top surface 
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of the slab at the central plastic hinge (Photo 6.5) and on the 
bottom surface at the ends (Photo 6.6). These photographs illustrate 
the large depth of the compression zone due to the membrane force in 
these slab strip tests. 

6.9 RESULTS AND DISCUSSION 

The following data is presented in tables (6.4) for each 
slab strip tested j 

i. The distance of the central plastic hinge from mid-span c 

ii. The experimental dimension1ess* values of the maximum 
yield load (Pmax)E , the maximum membrane force (Nmax)E 

Pv {wo)E T 
and the corresponding central deflections d 0 

iii. The theoretical t dimension1ess* values of the maximum 
(P )T (N )T 

yield load mpx , the maximum membrane force mIX 
and the correspo~ding central deflections (Wa)T, 0 

based on average values of the concrete cube strength (u)ave 
and the location of the central plastic hinge from mid-span 
(c)ave for the pair of similar slab strips. 

iv. The ratios of the experimental laverage l values to the 
theoretical values of the maximum yield load (Pmax)Eave, 
the maximum membrane force {Nmax)Eave {Pmax}T 

(Nmax)T (wo)Eave 
and the corresponding central deflections 

(wo)T 
v. The dimensionless value of the yield load at the first 

visible crack :c for reinforced strips and Pc for unrein-

forced strips. Y 

Figs. (6.9) show the experimental and theoretical variation of 
the yield load and the membrane force with the central deflection for 
all slab strips tested. To visualise the effect of gap on behaviour, 
separate figures are shown for each series. 

* For unreinforced slabs, the values of the yield load and the membrane 
force are given in dimensional form since P and T are zero. t yo. 
The theoretical values given in tables (6.4) were obtained from 
Eqs. (5.15) for reinforced slab strips and from Eqs. (5.16) for unrein-
forced strips. . 



i .l:l .lI: Cltle Strength ,.. ~ 

ill ~ (u I 
~ 15 

~ ! 
.l:l ,.. Nlmm2 Ibf lin2 

en 

Sl 48.3 7010 

52 51.2 1420 

S3 4B.8 7080 

54 51.4 74 SO 

I 
S5 54.5 7910 

0 
w 56 55.0 7970 
u 
0:: 
0 57 53.3 7730 u.; 
z -
w 58 52.7 7640 
0:: 

59 51.3 7445 

SI) 52.7 7645 

TABLE (6.4a) 

EXPERIMENTAL RESULTS THEORETICAL COMPARISON 
PREDICTIONS 
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Strength (ul_. c c. ~u width(lJ 

~. 

(Nm .. lr 
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r ti) 6) I(j) 

unit mm in 
'ci) 

N/mmz Ibflinz 
width 

nvn in rom in Pm .. P- N .... Nm .. Pm .. Nm .. Pm .. 

61 H 7.TT 0.240 6.70 0.271 

49.8 7215 0.0223 0 0 56 2.2 - 7.53 f-- 0.242 7.09 - 0.262 6.89 0.150 8.15 0.380 1.09 1. 61 0.87 

51 2.0 7.79 0.2" 7,48 0.253 

76 3.0 6.30 0.184 5.82 0.350 

SO. 1 7265 0.0221 0.18 0.007 76 3.0 - 6.13 - 0.172 5.98 - 0.350 6.31 0.170 7.61 0.400 0.97 1.01 0.79 

76 10 5.96 0.160 6.14 0.350 

89 15 4.92 02" 5.05 0.430 

54.8 7940 0.0202 0.69 0.027 89 3.5 - 5.04 f-- 0.237 5.13 - 0.430 5.08 0.250 6.49 0.490 0.99 0.95 0.79 

89 3.5 5.16 0.230 521 0.430 

51 2.0 3.1) 0.329 3.16 0.470 

53.0 7685 0.0209 1.45 0.057 51 2.0 - 3.04 f-- 0.327 3.16 ~ 0.510 3.28 0.380 4.39 0.630 0.93 0.86 0.72 
51 2.0 2.98 0.325 3.16 0.550 

64 2.5 
2.36 0.420 2.65 0.600 

52.0 75L5 0.0213 2.21 0.087 64 2.5 - 2.20 :....-- 0.427 2." ~ 0.625 2.08 0.500 2.69 0.720 1.05 0.85 0.91 
64 2.5 2.04 0.434 2.23 0.650 
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TABLE (6.4b) 

EXPERIMENTAL RESULTS THEORETICAL COMPARISON 
PREDICTIONS 

Average Cube A'xf, Gap IP ..... le IPm .. le- ~le wole_ IN ..... le IN..,..Ie... WO Ie wol.:- (Pmax h (wo IT (Nmaxlr (Wo lr (Pmax1eaw (Wok ... (Nmaxlaw 
Strengthlu)_. [d,' U width I~l c c_ 

(Pmaxlr (NmaxIT p; ~ ""To ra- T Py d To -d- (w.1t 
P, d To per Q) ij) Q) Q) 'Q) 'ii> tv 

N/mn 2 Ibf/in2 unit mm in rom in mm ... 
width Pmu 

P
m

_ Nmax Nmu Pmu Nmu Pm. 

102 4.0 5.24 0.200 5.20 0.255 

27.7 4010 0.0401 0 0 107 4.2 I-- 5.28 - 0.202 5.30 r-- 0.255 5.03 0.115 5.68 0.300 1.05 1. 76 0.93 

112 U 5.32 0.204 5.40 0.255 

38 1.5 4.97 0.180 4.40 0.250 
30.9 4480 0.0359 0.18 0.007 38 1.5 t---- 4.99 - 0.187 4.64 '---- 0.252 4.89 0.165 5.65 0.390 1.02 1.13 0.82 

38 1.5 5.01 0.194 4.88 0.254 

76 3.0 3.72 0.229 3.72 0.355 

30.2 4370 0.0368 0.69 0.027 69 2.7 - 3.72 - 0.232 3.62 - 0.377 3.72 0.245 4.41 0.480 1. 00 0.95 0.82 

61 2.4 3.72 0.235 3.52 0.399 

140 5.5 3.10 0.305 3.00 0.'15 

30.3 4390 0.0366 1.19 0.047 122 4.8 r--- 3.04 r-- 0.307 2.92 r--- 0.450 2.91 0.300 3.49 0.520 1.04 1.02 0.84 

104 4.1 2.98 0.309 2.84 ~.465 

51 2.0 1.58 ~.440 1.32 ~.684 
29.2 4235 0.037'9 2.21 0.087 99 3.9 r--- 1.68 r-- 0.435 1.44 r--- 0.637 1.72 0.440 1.82 0.630 0.98 0.99 0.79 

147 5.8 . 1.78 ~.43O 1.56 ~.590 

Experimental Results and Comparison with Theoretical Predictions (( Series H, Reinforced J) 
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~ Cube Strength i J! 
~ 1/1 lu I 

'0 E 1/1 
II 

N/mml~/inl '': 8. ~ 
~ ~ en 

1529 38.8 5625 

~O 38.8 5625 

S31 40.9 5925 

m Q 
1532 38.S 5585 w 

u 
a:: 

1533 0 37.7 5475 
IL 
z - ~34 w ".1 5965 
a:: 

~JS 40.0 5795 

~36 36.2 5245 

TABLE (6.4c J 

EXPERIMENTAL RESULTS THEORETICAL COMPARISON 
PREDICTION S 

Average Cube ~xtL Gap P ..... IE e..1E.e [w.IE WOIE_ N", .. IE N....,)ea .. Wo ~ w" IEow (P .... h fwolr N .... Ir (w.h (P,.,.. lea .. Wo lEa .. (N ..... IE ... 
Strength (u)_ dl u width I~I c c_ 

d 7 Yo T pY r----ro- lP ..... lr liwo It (Nmulr ;:;;- Py To d d d per 
@ Q) Q) @ Ii> @ li) 

Nhnml IJbtlin1 unit 
width mm in mmn mm in p ..... p ..... N ..... N",. P ..... Nmu P ..... 

0 0 2.67 0.214 2.24 0.274 

38.8 5625 0.0714 0 0 0 0 I-- 2.61 - 0.212 2.26 r--- 0.267 2.69 0.140 2.59 0.370 0.97 1. 51 0.S7 

0 0 2.55 0.210 2.28 p.260 

61 2.4 2.49 0.170 1.99 0.280 

39.7 5755 ~0698 0.18 ~.OO7 30 1.2 I-- 2.52 - 0.180 1.98 ---- 0.265 2.52 ~.165 2.42 0.380 1.00 1.09 0.82 

0 0 2.55 0.190 1.97 11250 

51 2.0 1.88 0.235 1.37 O.~O 

39.4 5720 0.0702 0.69 0.027 56 2.2 f-- 2.00 - 0.252 1.46 ---- 0.325 2.03 ~.260 1.86 0.490 0.98 0.97 0.78 
61 2.4 2.12 0.269 1.55 p.300 

51 2.0 1.40 ~285 0.85 ~U'1O 
38.1 5520 ~0728 1.19' 0.047 43 1.7 I-- 1.46 - 0.290 0.89 I--- 0.420 1.65 ~.350 1.36 0.5'10 0.89 0.83 0.66 

36 U 1.52 0295 0.93 p.370 

Experimental Results and Comparison with Theoretical Predictions (( Series m, Reinforced)J 

(W. lea •• 
(w.h 

'Q) 

Nmu 

0.72 

0.70 

0.66 
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~ i .JI: Cube 5trength 
~ (ul 

~ 
'15 E 
II ~ :i ~ N/mmz Ibflinz 

en 

513 51.3 7435 

a 
w 
u 514 49.7 7205 
0: 

IV 0 
~ 
z - 515 ~.O 7830 w 
0: 
z 
::» 

5~ 50.7 7350 

TABLE (6.4d' 

E X PER J MEN TAL RESULTS TH EORETI CA L COM PAR ISON 
PREDICTIONS 

Average Cube Gap Width c c_ (Pm ... l£ e.Jea .. ~£ (W.lh .. (N",..)£ (N"..b. (NnwJr ~ ... (w.)eavc 
Strength (ul_ (~ ) (wole (wo)£ ... (PmaJr (wo IT (woh (PmJea .. (w.h (NmJea.. (w.1r 

~ dei) dei) d.@ Oij) (lPI ..... h 6) (N ..... h Q) 
Newtons Newt>ns Q) Newtons Newtons Newtons Newtoos 

N/nvnz Ibf/inz mm in mm in mm in (Pounds (Pounds P- P- (Pounds) (Pounds) Nmu N", .. (Pounds) Pm,.,. (Pounds) NinO Pm .. Nmax 

51 2.0 1"40N 86520N 
0.195 0.274 

50.5 7320 0 0 51 2.0 
(32461b) 15135N (194SOlb) 91080N 153lON 117820N - 0.210 f--- 0.262 0.155 0.390 0.99 1. 35 0.77 0.67 

51 2.0 
15830N (34031b) 95640N (20475Ib) (3441Ib) (26488Ib) 

0.225 0.250 
(3560Ib) (21500lb 

112 4.4 14550N 0.209 90970N 0.28L 

~OO7 
(32701b1 14060N (204501b 87300N 0.327 14060N 0.175 112500N 1.00 1.15 0.78 0.80 52.4 7590 0.18 94 3.7 - 0.202 I-- 0.410 

76 3.0 13570N (3160lb 83630N (19625Ibl (31601b (252901b 
0.195 0.370 

(3050Ib (188001b - ....... ----- -- L... -~ -

Experimental Results and Comparison with Theoretical Predictions (( Series IV, Unreinforced)) 

Load@lst 
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1730N I 
(3901bl 
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~ ..lIC Cube Strength 
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&I 
.~ ! 

.J:J Nlmm2 Ibf/in2 
&I " en u; 

0 539 37.9 5500 
w 
u 
ct: S'D 0 37.8 5490 

V IL. 
Z -w 1s41 36.6 5300 ct: 
z 
:;) 

~Q 35.3 5120 

TABLE (6. 4e ) 

EXPERIMENTAL RESULTS THEORETI CAL COMPARISON 
PREDICTIONS 

lfIerage Cube Gap Width c c_ ~le. .. ~ 
(N .... )E N ..... ~ ... Pmuh (N...,.)y (P ..... )Ea .. 

(W.),:M 
(N".)e-

(W.)f~v. 
[strength (u)_ (A) (Pm .. )E ~ Iw. )E ~~- ~. lr (;0 It iIWoTT (w.h 

~ aa; (Pmaxlt '6) (N ..... 1t Q) 
~wtons ~ewtons Q) ~tons ~ons @ Newtons ~ewtons 6) 

N/mm2 Ibf/in2 mm in mm in mm in (Pounds Pooo:ls p .... P- ~Pounds) (Pounds) Nm .. N ..... (Pounds) p ..... (Pounds) N ..... p ..... Nm •• 

12520N 80510N 
102 4.0 (2815Ib) 0.190 (18100lb) 0.lT4 

12970 N 100710N 
37.9 ~95 0 0 76 3.0 12365N 

I--- 0.187 
77845N 

I-- 0.262 0.140 10.350 0.95 1.34 0.77 0.75 
12210N (27801b 75180N (17S00Ib) (2915Ib) (22640Ib 

51 2.0 
(2745Ib) 0.184 (169001b) 0.250 

10630N 82740N 
86 3.4 Q200 0.330 (2390lb 10400N (1860011 78960N 11270 N 90850N 36.0 5210 Q18 0.007 69 2.7 I--- 0.192 I-- 0.325 0.165 0.390 0.92 1.16 0.87 0.83 

10170N (2338b 75180N 117750Ib) (2534lb) 1204231b 
51 2.0 0.184 

1169001b 
0.320 

(22851b) 

Experimental Results and Comparison with Theoretical Predictions (( Series V, Unreinforced)J 
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Newtons 
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Photo (6.1) Checking the Measurement of the Membrane Force 
Using Hydraulic Jack System 

Pho to (6.2) Heasurement of t he Stiffness of the Surround 
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Photo (6.3) Reinforced Slab Strip S2 After Test 

P oio (6. 4) End of Sl ab t ri p S2 S owi 9 Fa ilure of 
the Sl ab Co ncr t e Without Fai l re of t e 

Cement Mor ar 

215 



Photo (6.5) The Compressive Surface of Slab Strip S2 
After Test 

Photo (6.6) Compression Zones at the Ends of the 
Slab Strips of Series II After Test 

Photo (6.7) Unreinforced Slab Strip S14 After Test 
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The theoretical curves in Figs. (6.9) were obtained from 
a modified form of Eqs. (5.15) for reinforced slab strips and Eqs.(5.16) 
for unreinforced strips to allow for the self-weight of the slab. If 
the weight of the slab strip per unit length is p, the yield load -
membrane force equation that replaces Eq. (5.15f, j) for reinforced 
strips is ; 

w 2 
~ = 1 + r2B [(~ + 1) - (~ + 2)(1 + 2c) 0 J(N ) - r2a (rN) (6.1) 
t'y 8 a L a 10 0 

where 

and that which replaces Eq. (5.16f, i) for unreinforced slab strips is 

2d 2c Wo k2 N2 L2 2 2 
p = - [1 - ( 1 + r-) -] N - 4 r-r:- - - ~ (1 -..£ )( 1 + LC

) 
a L d kl "3 ua 4a L 

(6.2) 

As expected, the two cases of nominal zero gap width and 
mortar filled gap produced different results in the tests. The maximum 
values of the yield load and the membrane force were lower in the slabs 
tested with a nominal zero gap width than those with mortar filling. 
Excluding any effects due to the small differences in the value of the 
concrete cube strength, the differences illustrate the effective gap 
existing at the slab ends without mortar filling due to irregularity of 
the concrete surface. To enable a comparison to be made between theory 
and experiment these irregular gaps were considered to be equivalent to 
a uniform gap. The width of this uniform gap was determined as follows. 
f~rst) the experimental dimensionless val(Rs or the maximum yield load 
( pax E and the maximum membrane force m~: E (or the dimensional 

val~es for the case of unreinforced slabs) for a slab strip tested with 
a nominal zero gap width were compared with the corresponding values 
obtained for a similar slab strip tested with morta"r filling. Then a 



trial gap width was introduced in the theoretical equations (5.15) 
and (6.1) (or 5.16 and 6.2 for the case of unreinforced slabs) to 
give the same relative change in maximum yield loads and membrane 
forces. When agreement was reached the introduced gap width was con
sidered to be the width of the effective gap existing at the ends of 
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the slab strip tested with nominal zero gap. This procedure was 
repeated for the five series of experiments and in each series a differ
ent effective gap width was obtained. The average value of these five 
effective gap widths was 0.18 mm (0.007 in), the maximum differences 
being of the order ±9%. This figure was then used in the theoretical 
predictions for the slab strips tested with specified gap widths, by 
adding 0.18 mm (0.007 in) to the specified width. 

The experimental 1~men~ion1ess value of the maximum yield load 
for the reinforced slabs max E , as shown in tables (6.4), varies 

Pv {N J 
from 7.79 to 1.40 and the maX1mum membrane force max E ranges from T 
7.48 to 0.85. The highest values relate to a slab s~rip (S2) having 
a high cube strength [51.2 N/mm2 (7420 1bf/in2)J , a low percentage of 
reinforcement (0.378%), i.e. t = 0.0217, and tested for the case of no 
gap with mortar filling; and the lowest values to a slab strip (535) 
having a low cube strength [40.0 N/mm2 (5795 lbf/in2)] , a high percen
tage of reinforcement (0.945%), i.e. t = 0.0693, and tested for the case 
of a specific gap width 1.02 mm (0.04 in). 

p 
The load ~ at which first cracking occurred increased with 

the concrete cube st~ength, and with decreasing gap width and percentage 
of steel. Tables {6.4} show that the load at the first visible crack 
ranges from 1.69 Py (slab S2) to 0.72 Py (slab S35) which indicate that 
compressive membrane action not only increases the load carrying capacity 
of the slab but also delays the development of the first visible crack. 
It must be noted that in all the slabs tested the load at the first visible 
crack was well below the corresponding maximum yield load. In fact when 
the peak load was attained the central plastic hinge was well defined with 
a wide crack in the tension zone. 

The degree of accuracy of the proposed theoretical model relative 
to total strain and strain rate approaches was examined for two pairs of 
slab strips with two different slab end conditions,.the case of slab 
strips tested under end condition I no gap with mortar fillingl and the 
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case of a specified gap width. For the first case, the average 
experimental results of slab strips S17 and S18 (6 = 0) are compared 
with the corresponding theoretical predictions in Fig. (6.10), and for 
the second case the average results of slab strips S25 and S26 
[~ = 2.21 mm (0.087 in)] are shown in Fig. (6.11). In both figures, 
the total strain curves were plotted according to Eqs. (5.6) and (6.1), 
the strain rate curves according to Eqs. (5.9) and (6.1) and the pro
posed theoretical curves according to Eqs. (5.15) and (6.1). 

Comparing these theoretical curves with the experimental 
behaviour, it can be seen that the latter agreed reasonably 
well with the proposed theoretical model. The peak loads and maximum 
membrane forces are much better predicted by total strain theory than 
strain rate but for large values of deflection which correspond to 
decreasing membrane force the experimental results showed a closer 
agreement with strain rate theory than total strain. The lack of 
agreement between the experimental values and the strain rate predic
tions for the maximum yield load and the maximum membrane force is more 
apparent in slab strips tested with specific gap widths at their re
straining ends (Fig. 6.11). 

Based on the comparisons of Figs. (6.10) and (6.1l), the exper
imental yield load - central deflection and membrane force - central 
deflection curves, plotted in Figs. (6.9) for all the slab strips, com
pared favourably with the corresponding proposed theoretical curves. 
The start of membrane action was well predicted. The slab strips 
showed ability to support increasing loads once the membrane forces 
developed. The maximum yield loads were many times greater than the 
simple yield line theory load and agreed reasonably well with the corres
ponding values obtained from proposed theoretical solution (see Fig.6.l2). 
The deflection at maximum yield load, for slabs tested with no gaps at 
their boundaries, was only a small fraction of the thickness of the 
slab but was relatively larger in slabs tested with gaps. The deflec
tion at maximum yield load did not agree with the one assumed by Park (12), 
half the thickness of the slab, but agreed fairly well with the theoret
ical model presented in the previous chapter. Large reductions in 
strength were apparent in slabs tested with small physical gaps existing 
at their restrained ends. The membrane forces in these slabs did not 
develop before the slabs had deflected certain distances. In all tests 
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the experimental value of the maximum membrane force was less than 
the corresponding theoretical values, also the membrane force decreased 
much more rapidly than was predicted. Experimentally, the ratio of 
the maximum membrane force to the maximum yield load varied from approx
imately 8 (541) to 3 (S35). The highest value of the maximum yield 
load for all the slabs was approximately 20 kN (c=. 2 tons), slab S2, 
which produced a maximum membrane force of approximately 100 kN (~10 tons). 
These values relate to the slab with the highest cube strength and with 
a mortar filled gap. 

Results from tests on eight unreinforced slabs confirmed the 
fact that the load carrying capacity of an axially restrained slab is 
dominated by the cube strength of the concrete. One unreinforced slab 
strip [S14 (Photo 6.7), u = 49.7 N/mm2 (7205 lbf/in2)] tested with a 
mortar filled gap carried a maximum yield load identical with the maximum 
load applied on a heavily reinforced slab [529, u = 38.8 N/mm2(5625 lbf/in2)] 
tested for similar slab end conditions. The eight unreinforced slab 
strips failed suddenly in an explosive manner and the strain gauges on 
the tie bars indicated a high value of membrane forces at failure, as 
the theoretical analysis predicted. 

A summary of the comparison between theory and experiment is 
given in table (6.5) below for reinforced and unreinforced slab strips. 

TABLE (6.5) Summary of the Comparison Between Experiment~ 
Results and Theoretical Predjctions 

I T E M (Pmax)Eave (wo)Eave . (Nmax )Eave 
Mean of two 

(Pmax)T (wo)T 
I 

(Nmax)T identical samples @ Pmax 
Mean Value Relriforcea 1.00 loll 0.82 slab strips 

for Unreinforced 
All Tests slab strips 0.97 1.25 0.80 

Extreme Reinforced 1.09 1.76 0.93 
slab strips (51&S2) (517&S18) ( S17&S18) 

Upper 
Unrei nforced! 1.00 1.35 0.87 Value slab s tri ps i (S15&S16) (S13&S14) (S41&S42) 

Extreme Reinforced I 0.89 0.83 0.66 
slab strips! (S35&S36) (S35&S36) (S35&S36) Lower I 

Value Unreinforced 0.92 1.15 0.77 
slab strips (S41&S42) (S15&S16) (S13&S14) 

(S39&S40) 

{wo)Eave 
(wo)T 

@ Nmax 
0.79 

0.76 

1.01 
(S25&S26) 

0.83 
(S41&S42) 

0.65 
(S19&S20) 

0.67 
(S13&S14) 



This table shows that the mean value of the maximum experi
mental yield load is very well predicted by the proposed theory, 
fortunately for reinforced slab strips with no error at all but for 
unreinforced strips with an error of -3% only; the extreme upper and 
lower differences being respectively +9% and -11% for reinforced slabs 
and +3% and -5% for unreinforced slabs. 

The mean value of the maximum membrane force, however, was 
for reinforced slab strips 18% lower than that obtained theoretically, 
with the extreme upper and lower values being respectively 7% and 34% 
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lower. For unreinforced slabs, the mean value of the maximum membrane 
force was 20% lower than the corresponding theoretical value; the 
extreme upper and lower values being respectively 13% and 23% lower. 
The lack of agreement is not altogether unexpected since the maximum 
membrane force, in all the slabs tested, occurred at a later stage of 
deformation than that of the maximum yield load. The theoretical 
analysis was based on the stress distribution of the concrete compressive 
block defined by the parameters given by Hognestad, Hanson and McHenry {25}. 
These parameters were derived at a state where the maximum yield load and 
maximum axial force were reached simultaneously. However, the analysis 
of the previous chapter has shown that in partially restrained slabs the 
maximum yield load is usually reached at an earlier stage of deformation 
than that of maximum membrane force. In this case, Hognestad's para
meters could be expected to give reasonable estimates of the maximum 
yield load. For states of stress after the maximum yield load, the use 
of these parameters leads to overestimation of the compressive force on 
concrete. It must be noted that for all deformation stages except that 
corresponding to the ultimate load, the theory overpredicts the load 
carrying capacity of the slab because at these stages the integral sum 
of the stresses occurring on the fibres of the compressive ~ock is less 
than that represented by Hognestad's equivalent rectangular block. 
For all stages of deformation occurring prior to ultimate load the dis
crepancy can be predicted to be small since the stress on the concrete 
increases rapidly with initial increments of strain but for large deflec
tions the concrete disintegrates and its strength declines rapidly which 
results in large discrepancies between experimental results and theoret
ical predictions. Nevertheless, the error in the 'value of the maximum 
membrane force is not excessive for such a non-homogeneous material as 



concrete. Concrete is clearly not a perfectly plastic material as 
assumed in the theoretical model. 

The ratio of the experimental to theoretical central deflec
tions at the corresponding maximum yield load for the reinforced slab 
strips tested is shown in table (6.5) to have a mean value of 1.11, 
the extreme upper and lower values being 1.76 and 0.83 respectively. 
For the unreinforced strips tested, the corresponding ratio is 1.25, 
with the extreme upper and lower values being 1.35 and 1.15. For 
that corresponding to the maximum membrane force, the ratio is 0.79 as 
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a mean value for the reinforced slabs, the extreme upper and lower limits 
are 1.01 and 0.65; and as a mean of the unreinforced slabs the ratio 
is 0.76, the extreme upper and lower values being 0.83 and 0.67 respec
tively. The discrepancies are undoubtedly due to the negligence of 
the elastic bending curvature of the slab member in the theoretical 
analysis and to perfectly plastic assumptions for the concrete. 

6.10 SUMMARY 

36 simply s~pported concrete slab strips (28 reinforced and 
8 unreinforced) restrained axially against longitudinal expansion by a 
surround of low stiffness were t~sted under two point loading. The 
main object of these tests was to examine. the validity and reliability 
of the proposed hypothesis regarding relevance of total strain and strain 
rate theories in cracked sections. 

The tests formed five series of experiments, the slab strips of 
each series having a similar concrete cube strength, the same amount of 
reinforcement and tested for different gap widths at their restrained 
ends. The experimental results compared favourably with the correspond
ing predictions obtained from the proposed theoretical model. The maxi
mum values of the yield load and the membrane force showed a much closer 
agreement with total strain theory than with strain rate but the values 
at large deflections agreed much better with the latter. For the rein
forced slab tests the average maximum applied load was fortuitously 
identical with the theoretical collapse load, the extreme differences 
varied between +9% and -11%, but for unreinforced slabs the mean .va1ue 
of the maximum experimental load was 3% lower than "the corresponding 



theoretical load with extreme errors of +3% and -5%. These errors 
are well within the discrepancies that can be expected for concrete 
slabs. 

Results of the tests confirmed the beneficial effect of com
pressive membrane action in increasing the load carrying capacity of 
axially restrained slabs beyond those suggested by the simple yield 
line theory. The ratio of the maximum applied load to Johansen's 
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yield line theory load varied from 7.79, for a slab with a high concrete 
cube strength and a low percentage of reinforcement, to 1.40 for a slab 
strip with a low concrete cube strength and a high percentage of rein
forcement. The experimental tests had also shown that compressive 
membrane action delays the development of the first visible crack. 
The ratio of the yield load at which first cracking occurred to yield 
line theory load was found to increase with the concrete cube strength, 
and with decreasing gap widths and percentage of steel. 

The slabs at test behaved wholly as expected. With physical 
gaps at the slab ends the membrane action did not start before the slab 
had deflected a certain distance. The development of the membrane 
force, the increments in the yield load at the early stage of increasing 
membrane force as well as the value of the peak load were all very well 
predicted. Thus, the experimental results provided a firm support to 
the theoretical model presented in which the value of the maximum yield 
load is associated with total strain theory as is the whole stage of 
increasing membrane force. At later stages of deformation the yield 
load and the membrane force were found to fall more rapidly than expec
ted but then showed some recovery and started to coincide with the theor
etical predictions at larger deflections. This supports the validity of 
the strain rate theory at the stage of decreasing membrane force. The 
final stage of pure flexure was well defined and was reasonably close to 
the theoretical estimations. 

The effect of gap in reducing the values of both the ultimate 
load and the maximum membrane force was apparent. The reduction in 
these values was high when only small gap widths were present at the 
restrained ends of the slabs. A gap width as small as 0.01 x slab depth 
can reduce the ultimate load by one third. 



Tests on eight unreinforced slab strips restrained 
axially against longitudinal expansion showed that ultimate loads 
are dominated by the cube strength of the concrete. 
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CHAPTER 7 

DISCUSSION AND GENERAL CONCLUSIONS 

7.1 SUMMARY OF THE STUDY AND CONCLUSIONS 

Intensive previous studies have been carried out during the 
last two decades in an attempt to understand and utilise the consider
able reserves of strength obtained in reinforced concrete slabs in 
which membrane action can occur. These studies have shown that due 
to 'compressive membrane action ' in slabs restrained axially against 
longitudinal expansion very high ultimate loads, many times greater 
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than the yield line theory load, can be sustained for very small deflec-
tions. 'Tensile membrane action ' in axially unrestrained slabs has 
been found to occur only when a collapase mechanism forms that has a non
developable surface and does not greatly influence the load at which the 
yield mechanism forms but it raises the load necessary for continuing 
deflection. 

In the present work, the diverse existing methods of approach 
were reviewed, closely examined and criticised. The limits of appli· 
cation of each method, the assumptions upon which it is based and the 
method of analysis were carefully outlined. The equations for the 
ultimate loads obtained were given in a unified form to enable compar
isons to be made. 

The existing methods of approach can be broadly classified as 
approximate and rigorous. Each of the approximate methods is based on 
completely different assumptions such as assuming that the membrane force 
developing in the slab due to axial restraint against longitudinal expan
sion is constant along yield lines, or the neutral axes at yield sections 
lie on the same horizontal level, or membrane forces and moments do not 
change with deformation, •••• etc. The rigorous methods were found to 
be based on one of two fundamental assumptions concerning plastic flow 
behaviour, namely, total strain and strain rate. It is perhaps surprising 
that authors have adopted either of these two assumptions without giving 
any physical justification for its validity. 

In this thesis, a careful examination of total strain and strain 
rate assumptions with detailed arguments for the correct flow theor,y to 



use has been presented. A new and important study of the plastic 
behaviour of non-homogeneous materials based on these two assumptions 
was discussed for cracked reinforced concrete sections. The proposed 
hypothesis was·then applied to problems of axially restrained slab 
strips where compressive membrane action is present. The study is 
the first of its kind to be reported and plays a highly significant 
part in the concept of plasticity in concrete. As is usual with new 
concepts, questions emerge at the end of the study which were not 
present at the beginning. 

From a physical discussion, it was argued that strain rate 
theory is always valid in cases of homogeneous ductile materials, but 
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in cases of cracked sections, including gaps at axially restrained ends, 
the strain rate theory is applicable only when the neutral axis for 
strain rate moves into the compressive zone for total strain. The 
total strain theory is valid in cases of uniform stress state (uniform 
in time) since similar results to those of strain rate theory are then 
predicted, but more importantly in cracked sections when the neutral 
axis for strain rate moves into the crack, i.e. the zone of total ten
sile strains. 

These concepts were applied to the study of the problem of 
compressive membrane action in axially restrained slab strips. Both 
total strain and strain rate assumptions were separately adopted in the 
analysis and showed highly significant discrepancies. 

Firstly, the slab elements were assumed rigidly restrained at 
the ends and considered to behave in a rigid - perfectly plastic manner. 
The theoretical load - deflection relationship for such slabs showed an 
initial maximum yield load, occurring at zero deflection, which is many 
times greater than Johansen's yield line theory load. The value of 
the compressive membrane force corresponding to this load is also a 
maximum. It was found theoretically that with continuing deflection 
the load falls off rapidly (taking a parabolic path) due to the value of 
the compressive membrane force falling linearly. The equilibrium of 
the slab during this stage is 'unstable'. Eventually the membrane 
force becomes zero and the value of the load is the yield line theor,y 
load. When the deflection increases further the slab shows some 
recovery in the load with the membrane force becoming tensile. Even 
when at a later stage the slab is cracked throughout the depth at some 



sections of yield it continues to carry increasing load until all 
the reinforcing bars fracture and the slab reaches its limit of use
fulness. The equilibrium of the slab during this stage of recovery 
in load is 'stable ' • 

During the whole deformation process of the rigidly restrained 
rigid-plastic slab strip the neutral axis for strain rate at yield 
sections moves into the compressive zone for total strain and therefore 
in this case the strain rate theory is valid. The variation in the 
stress state due to deflection of such slabs was shown to cover an 
extensive part of , the yield locus ranging from m~ximum yield moment 
to minimum. This large variation of the stress state point causes 
highly significant discrepancies between the predictions of total strain 
and strain rate theories. 

Although the start of collapse showed consistency between 
these two theories (due to the maximum values of the yield load and 
the membrane force being the same) the total strain theory was found to 
overestimate the membrane force and underestimate the yield load for 
any specific value of deflection when compared to strain rate theory. 
For total strain theory the values of deflection corresponding to zero 
membrane force and when the cracks penetrate the whole thickness of the 
slab were found to be double those obtained by strain rate theory. 

It must be emphasized that the rigidly restrained rigid-plastic 
strip is only a theoretical idealisation. It cannot exist in reality 
and there is no possible experimental verification for its behaviour. 

Within similar theoretical considerations the concepts of 
total strain and strain rate theories were applied to the study of the 
behaviour of rigid-plastic simply supported slab strips with physical 
gaps at their rigid boundaries. In this case the total strain theory 
was found to predict an initial non-linear increase in the values of 
the membrane force and the yield load after contact of the bottom 
surfaces of the slab strip with the surrounds takes place with increas
ing deflection. The neutral axis at the yield sections during this 
stage of increasing membrane force moves towards the mid-depth of the 
slab into the 'crack' or I zone of total tensile strains'. When the 
membrane force becomes a maximum, the neutral axis is at its closest 
position to the mid-depth of the slab and the yield load has' passed its 
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peak point. The equilibrium of the slab strip then becomes 
unstable due to the values of the membrane force and the yield 
load becoming smaller. The neutral axis during this stage of 
decreasing membrane force moves back towards the compressed face 
of the slab into the compressive zone for total strain. 

In contrast to the total strain theory, the strain rate 
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theory, at the start of membrane action (i.e. when the bottom surfaces 
of the slab strip are just in contact with the surrounds), predicts an 
abrupt change in the value of the membrane force from zero to a maximum 
(equal to the value obtained from the rigid plastic - no gap solution 
at that particular deflection). Also the value of the yield load 
corresponding to this deflection according to strain rate theory changes 
suddenly from that of the yield line theory load to a maximum equal to 
the rigid plastic - no gap load at that particular deflection. Such 
sudden changes in the values of the yield load and the membrane force 
demonstrate the invalidity of the strain rate theory during the early 
stages of membrane action where the neutral axis normally moves into 
the crack or zone of total tensile strains. For any value of deflection 
at which membrane action occurs, the strain rate theory gives identical 
predictions to that of the corresponding rigid plastic - no gap solution 
because of the disappearance of the gap parameter from the governing 
equations. 

The total strain and strain rate predictions for rigid-plastic 
slab strips with simple supports and physical gaps at the infinitely 
stiff boundaries were shown to be identical only at a value of central 
deflection corresponding to the 'total strain' maximum membrane force. 
According to the proposed hypothesis the behaviour of such slabs follows 
total strain theory during the stage of increasing membrane force and 
strain rate theory for the whole stage of decreasing membrane force, 
thus the maximum yield load, which always occurs within the stage of 
increasing membrane force, is associated with total strain theor.y. 

The effect of a gap on the behaviour of infinitely restrained 
rigid-plastic slab strips was found to lower the values of the maximum 
membrane force and the peak load and to increase the deflections at 
which they occur. The differences between the predictions of total . 
strain and strain rate theories increase as the physical gap at the slab 

boundaries widens. 



The most important practical case, however, is that of 
elastic-plastic strips with elastic restraints and physical gaps. 
Such slabs were considered in the second part of the research and 
the elastic shortening of the slab and the outward movement of the 
surround were taken into account. Again the analysis was performed 
assuming either a total strain or a strain rate flow rule to apply. 
In this case the load - deflection relationship consisted of four 
successive stages. First, an early stage of pure flexure where the 
yield line theory is valid. Second, a stage of increasing membrane 
force where the neutral axis for strain rate at the yield sections 
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moves towards the mid-depth of the slab into the 'crack' or I zone of total 
tensile strains ' in which case the total strain theory is valid. The 
yield load during this stage increases rapidly (the equilibrium of the 
slab is 'stable ' ) until it becomes a maximum at a certain value of 
central deflection and thereafter decreases. The falling part of the 
load - deflection curve represents a state where the equilibrium of the 
slab is 'unstable ' . The maximum yield load is always attained within 
the stage of increasing membrane force. The third stage is one of 
decreasing membrane force where the neutral axis at the yield sections 
moves back towards the compressed face of the slab. During the early 
part of this stage of decreasing membrane force, the neutral axis for 
strain rate was shown to continue to move into the crack so that total 
strain theory still applies. When the state of stress is reached 
when both the total strain and strain rate theories predict equal values 
for the membrane force, yield load and position of the neutral axis at 
the yield sections, the strain rate theory is applicable since the 
neutral axis for strain rate then moves into the compressive zone for 
total strain with continuing deflection. The application of the strai~ 
rate theory in the analysis of such slabs covers the major part of the 
decreasing membrane force stage. The fourth and final stage is pure 
fl exure which starts when the membrane force vanishes at large deflection· 
and yield line theory applies up to the. fracture of the steel. 

On the yield surface, the stress state moves from the point 
representing pure flexure (i.e. zero membrane force) to a point of 
largest membrane force just to the right of the maximum yield moment 
point and then returns to its original position. ihis large movement 

.. 



of the stress state again causes highly significant discrepancies 
between the predictions of total strain and strain rate theories. 

The errors caused by using the strain rate theory in the 
analysis of the slab during the stage of increasing membrane force 
instead of total strain theory produce too high values of membrane 
force and yield load. The errors caused by using the total strain 
theory in the analysis of the slab during the stage of decreasing 
membrane force instead of strain rate theory lead to overestimates of 
membrane force and underestimates of yield load. The differences 
between the predictions of total strain and strain rate theories are 
greatest in slab strips with relatively wider physical gaps at the 
boundaries and restrained laterally by stiffer surrounds. However, 
it must be emphasized that for these practical cases of slab strips, 
the maximum yield loads are always associated with total strain theory. 
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The effect of a gap on the behaviour of these elastic - plastic 
slab strips with elastic restraints is similar to that of the infinitely 
restrained rigid-plastic strips; it produces lower values for the 
maximum membrane and the peak load compared to those corresponding to 
similar slabs with no gap, and these occur at larger deflection. The 
degree of the stiffness of the surround was found to have an opposite 
effect on the behaviour of slab strips compared to the gap parameter; 
the maximum values of the yield load and the membrane force are higher 
when slab strips are restrained with stiffer surrounds and they are 
attained at lower values of deflection. 

for a specified geometry of a slab strip, the enhancement in 
the yield load above the yield line theory load was found to be directly 
proportional to the cube strength of the concrete and the degree of 
stiffness of the surround and inversly proportional to the percentage 
of reinforcement and the width of the gap at the restrained ends. By 
comparing the results of the analysis with solutions previously found 
by other investigators it was found that the type of loading does not 
affect the ratio of the yield load to the yield line theory load but 
the shape of the collapse mechanism does. The value of the maximum 
yield load was found to be dominated by the cube strength of the concrete 
rather than the amount of reinforcement. 



A series of experimental tests were carried out on concrete 
slab strips (both reinforced and unreinforced) to check the validity 
of the proposed hypothesis and to demonstrate the effect of the 
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important parameters, particularly the gap parameter since it illustrates 
most vividly the large differences between total strain and strain rate 
theory approaches. The experimental results showed that the maximum 
yield loads were very accurately predicted by the new model with for-
tuitously zero average error for the reinforced 
error of 3% only for the unreinforced strips. 
action and the final stage of pure flexure also 

strips and an average 
The start of membrane 

showed very close agree-
ment between theory and experiments. The values of the maximum membrane 
force and the deflections corresponding to it and the peak load were 
overestimated by the theory but these errors are considered to be primar
ily due to the fact that concrete is not a perfectly plastic material as 
assumed theoretically. The experiments also demonstrated that the 
appearance of the first visible cracks are delayed when axial restraints 
are present. 

7.2 REMARKS AND FURTHER RESEARCH 

Membrane action is a common occurrence in structural concrete 
slabs since they are frequently restrained against outward movement by 
surrounding bodies. Due to compressive membrane action, axially 
restrained concrete slabs can carry ultimate loads which are far beyond 
those obtained by yield line theory. The enhanced strengths, however, 
have not yet been taken into account in design codes. Because of the 
unstable equilibrium at the peak load, care is needed in including 
membrane action in design and therefore a thorough understanding of 
the behaviour of axially restrained slabs is required. The work pre
sented here is a contribution to this understanding although restricted 
to slab strips. The significance of this study of membrane action in 
slabs arises in providing a better understanding of the higher strengths 
obtained in restrained slabs which could lead eventually to a more 
economic use of reinforcement. Certainly more research should be 
directed towards this aim. 

It is to be noted that the elastic-plastic analysis of the 
slab strips in the present work was based on adopting an equivalent 



rectangular compressive stress block for the concrete that does not 
change with deformation of the slab. The effect of this assumption 
on the behaviour of the slab strip was demonstrated by comparing 
theoretical predictions with results obtained from experiments. The 
theory according to this assumption overestimated the values of the 
yield loads and the membrane forces at all deflections except that 
corresponding to maximum yield load. Further investigations need to 
be made including a more representative stress distribution for the 
concrete which should be a function of deformation. 

The analysis in this research is restricted to elemental 
strips of slabs having uniform depth. Another field for extending 
this work in the future will perhaps be by attempting to study the 
effect of compressive membrane action in axially restrained tapered 
slab elements. Slabs with bottom surfaces tapered to the shape of 
pyramids provide both economy in material and attractive appearance. 
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Also, further investigation is needed to consider the effect of 
the elastic curvature of the slab strip which would help to give a 
closer agreement between the theoretical and experimental curves 
representing the yield load - central deflection and the membrane force -
central deflection relationships, especially the early parts of the 
relations that correspond to initial deformations. 

Another point worth considering concerns the analysis of 
membrane action in doubly reinforced slabs. In such analysis, 
attention must be given to the conditions at large deflection when the 
slab cracks throughout the depth at some yield sections and the neutral 
axis lies outside the slab on the top surface. In this case, the 
'compression' reinforcement will not act in compression but will be 
subjected to tensile strains. 

In the present work, new concepts and limits were given for 
the use of total strain and strain rate plastic flow theories in the 
study of membrane action in slab strips.. A promising field for future 
research is the application of these concepts to the analysis of various 
shapes of slabs with different boundary conditions in which membrane 
action can occur. Two methods of approach may be followed in the 
analysis of these slabs, the strip method and the slab element method. 



In the strip method the slab can be considered as composed 
of strips running in the longitudinal and transverse directions of 
the slab. In this case the new theoretical model may be applied 
directly. Thus for the analysis of rigidly restrained - rigid 
plastic slabs the strain rate theory is applicable for the whole 
deformation process of the slab whereas in elastic-plastic slabs 
with physical gaps at partially stiff surrounds the total strain 
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theory must be used for the whole stage of increasing membrane force 
and the early stage of decreasing membrane force up to the stress state 
where the membrane force, yield load and position of the neutral axis 
at sections of yield are equally predicted by both total strain. and 
strain rate theories. The strain rate theory then applies for the 
remaining part of the decreasing membrane force stage. 

For slabs axially restrained on all sides, this approach should 
give reasonable predictions of behaviour but for slabs restrained on 
some sides and the remaining sides free to move laterally, the solution 
will have limitations similar to those of Parkls (12) strip method. 
Parkls method neglects any membrane action developing in the slab in 
the direction perpendicular to an unrestrained edge and so predicts an 
ultimate load equal to the yield line theory load. If however the slab 
is considered to be composed of strips running in the diagonal directions, 
membrane action will be developed in some strips which will enable the 
slab to carry ultimate loads higher than Johansen1s load. The predictions 
of strip theory therefore depend on the directions chosen for the strips. 

In the second method of approach (slab element method), the 
slab can be considered as composed of elements or portions bounded by 
yield lines (for example triangular elements in square slabs or 
trapezoidal and triangular elements in rectangular slabs). In this 
method and for rigidly restrained - rigid plastic slabs the strain rate 
theory is predicted to apply for the whole stages of slab deformation, 
but for elastic-plastic slabs with physical gaps at partial lateral 
restraints the new theoretical model should be applied. It is matter 
for future research to decide how this can be done, especially the 
way the elastic shortening of the slab element, the outward movement 
of the surround and the existence of physical gaps .at the boundaries ~f 
the slab, can be considered in the analysis. One possible approach in 



this case will perhaps be by attempting to solve the problem 
numerically by using the finite element technique, but this is 
likely to be demanding in computer time. As a first step it would 
certainly be of interest to compare a finite element elastic plastic 
analysis of slab strips with the method presented in this thesis. 

In conclusion, it is recognised that much more research 
is required before it will be possible to include membrane action 
in design methods for restrained slabs. It is hoped that this 
study is a useful contribution towards this end. 
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